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Ââåäåíèå

Àêòóàëüíîñòü òåìû äèññåðòàöèè. Êîíñòàíòû íåîïðåäåë¼ííîñòè ÿâ-

ëÿþòñÿ âàæíûì èíñòðóìåíòîì â èçó÷åíèè îðòîãîíàëüíûõ è íåîðòîãî-

íàëüíûõ ñèñòåì ôóíêöèé â ãèëüáåðòîâîì ïðîñòðàíñòâå. Îíè õàðàêòåðè-

çóþò ëîêàëèçàöèþ èñïîëüçóåìûõ ôóíêöèé êàê âî âðåìåííîé (ïðîñòðàí-

ñòâåííîé), òàê è â ÷àñòîòíîé îáëàñòÿõ. Ïåðâûé îðòîíîðìèðîâàííûé áà-

çèñ, ïîñëåäîâàòåëüíîñòü êîíñòàíò íåîïðåäåë¼ííîñòè ýëåìåíòîâ êîòîðî-

ãî îãðàíè÷åíà ñâåðõó, áûë ïîñòðîåí â 1986 ãîäó È. Ìåéåðîì, ñ ÷åãî è

íà÷àëàñü òåîðèÿ âñïëåñêîâ. Â 1988 ãîäó Æ. Áóðãåéí äîêàçàë, ÷òî ìîæ-

íî ïîñòðîèòü îðòîíîðìèðîâàííûé áàçèñ ñ êîíñòàíòîé íåîïðåäåë¼ííîñòè

äëÿ âñåõ ýëåìåíòîâ, ñêîëü óãîäíî áëèçêîé ê ìèíèìàëüíîé. Îäíàêî, ÷òî

î÷åíü âàæíî äëÿ òåîðèè âñïëåñêîâ, äîêàçàòåëüñòâî íå äàëî êîíñòðóêòèâ-

íûõ ïðèìåðîâ â äàëüíåéøåì. Áàçèñû Ìåéåðîâñêîãî òèïà, ñ óëó÷øåíèåì

ñâîéñòâ ìàñøòàáèðóþùåé ôóíêöèè è óìåíüøåíèåì êîíñòàíòû íåîïðåäå-

ë¼ííîñòè, èçó÷àëèñü â ðàáîòàõ Ëåáåäåâîé Å.À [18]�[21], [49]. Àêòóàëüíû-

ìè îñòàþòñÿ çàäà÷è óëó÷øåíèÿ ñâîéñòâ ëîêàëèçîâàííîñòè óæå èçâåñò-

íûõ áàçèñîâ ôóíêöèé. Îäíèì èç ïîäõîäîâ ê òàêèì çàäà÷àì ÿâëÿåòñÿ ïî-

ñòðîåíèå áàçèñà âñïëåñêîâîãî òèïà, ÷òî íà ïðèìåðå ñèñòåìû ýðìèòîâûõ

ôóíêöèé ðåàëèçîâàëè Þ. Ïðåñòèí è Á. Ôèøåð [48].

Â ïîñëåäíèå ãîäû áîëüøîå ðàñïðîñòðàíåíèå â ïðèêëàäíûõ çàäà÷àõ

ïîëó÷èëè ñèñòåìû öåëî÷èñëåííûõ ñäâèãîâ ôóíêöèé. Îíè, êàê ïðàâèëî,

íå îðòîãîíàëüíû. Ïîýòîìó ðàçëîæåíèå ïî ýòèì ñèñòåìàì äèñêðåòíûõ

îöèôðîâàííûõ ñèãíàëîâ ñâÿçàíî ñ ðåøåíèåì ñëîæíûõ èíòåðïîëÿöèîí-
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íûõ çàäà÷. Êëþ÷åâûì ìîìåíòîì ïðè ðåøåíèè òàêèõ çàäà÷ ÷àñòî ÿâëÿ-

åòñÿ ïîñòðîåíèå óçëîâîé ôóíêöèè.

Îïðåäåëåíèå. Ôóíêöèÿ g(x), ÿâëÿþùàÿñÿ ëèíåéíîé êîìáèíàöèåé

ϕk(x), g(x) =
∑∞

k=−∞ dk ϕk(x), íàçûâàåòñÿ óçëîâîé ôóíêöèåé, åñëè äëÿ

íå¼ âûïîëíåíà ñèñòåìà ðàâåíñòâ g(m) = δ0m, m ∈ Z, ãäå δ0m � ñèìâîë

Êðîíåêåðà.

Íàèáîëåå ðàçðàáîòàííûìè â ýòîì ïëàíå ÿâëÿþòñÿ áàçèñíûå ñïëàéíû

è ñèñòåìû ðàâíîìåðíûõ ñäâèãîâ ôóíêöèè Ãàóññà Gσ(t) = exp
(
− t2

2σ2

)
.

Ñëó÷àé ôóíêöèè Ãàóññà ïîäðîáíî ðàññìîòðåí â ìîíîãðàôèè Â.Ã. Ìàçüè,

Ã. Øìèäòà [52] è ïîñëåäóþùèõ ðàáîòàõ ýòèõ àâòîðîâ. Â öèêëå ðàáîò Â.Ë.

Âåíäëàíäà, Â. Êàðëèíà ïîêàçàíî, ÷òî ñèñòåìû ñäâèãîâ ôóíêöèè Ãàóññà

ìîãóò áûòü ïðèìåíåíû äëÿ àïïðîêñèìàöèè ðàçëè÷íûõ ïîòåíöèàëîâ, à

òàêæå äëÿ ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ ãðàíè÷íûõ çàäà÷ ìàòåìà-

òè÷åñêîé ôèçèêè. Ðàçëè÷íûå àñïåêòû èíòåðïîëÿöèè ñ ïîìîùüþ ñèñòåìû

ñäâèãîâ ôóíêöèè Ãàóññà èçó÷àëèñü â ðàáîòàõ Ñ.Ô. Áîéñà, Ê. Êàëêàòåð-

ðû.

Èçó÷åíèå ñèñòåì ðàâíîìåðíûõ ñäâèãîâ äëÿ äðóãèõ ôóíêöèé, à òàêæå

äëÿ êîíå÷íîìåðíûõ äèñêðåòèçèðîâàííûõ âàðèàíòîâ ÿâëÿåòñÿ àêòóàëü-

íîé çàäà÷åé. Êðîìå òîãî, òàê êàê íàõîæäåíèå óçëîâîé ôóíêöèè ñâÿçàíî

ñ ïîëó÷åíèåì å¼ êîýôôèöèåíòîâ dk, òî âàæíûìè ÿâëÿþòñÿ âîïðîñû î

ñâîéñòâàõ ýòèõ êîýôôèöèåíòîâ.

Â ðàáîòàõ ïî êâàíòîâîé îïòèêå, òàêèõ àâòîðîâ êàê Ý. Âîëüô, Ð. Ãëàó-

áåð, Ë. Ìàíäåëü, À.Ì. Ïåðåëîìîâ, èñïîëüçóþòñÿ êîãåðåíòíûå ñîñòîÿíèÿ,

ïðåäñòàâëÿþùèå ñîáîé ôóíêöèè âèäà

ψ(x) = exp

(
−(x− a)2 − ibx

2σ2

)
, a, b ∈ R.

ñ ôèêñèðîâàííûì ïàðàìåòðîì σ.

Öåëü ðàáîòû. Èçó÷åíèå ñâîéñòâ óçëîâûõ ôóíêöèé, ïîñòðîåííûõ íà

îñíîâå öåëî÷èñëåííûõ ñäâèãîâ ôóíêöèé Ëîðåíöà è Ãàóññà. Èçó÷åíèå êîí-

ñòàíò íåîïðåäåë¼ííîñòè äëÿ ñèñòåì êîãåðåíòíûõ ñîñòîÿíèé è áàçèñà èç
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ôóíêöèé Ýðìèòà. Îñíîâíûå çàäà÷è ðàáîòû ñîñòîÿëè: â ïîëó÷åíèè ÿâíûõ

âûðàæåíèé äëÿ êîíñòàíò íåîïðåäåë¼ííîñòè, â èññëåäîâàíèè çàâèñèìîñòè

ýòèõ êîíñòàíò îò ðàçëè÷íûõ ïàðàìåòðîâ.

Ìåòîäèêà èññëåäîâàíèé. Â ðàáîòå èñïîëüçóþòñÿ ìåòîäû òåîðèè

ôóíêöèé, ëèíåéíîãî ôóíêöèîíàëüíîãî àíàëèçà, ëèíåéíîé àëãåáðû, òåî-

ðèè âñïëåñêîâ è òåîðèè ñïåöèàëüíûõ ôóíêöèé.

Íàó÷íàÿ íîâèçíà è çíà÷èìîñòü ïîëó÷åííûõ ðåçóëüòàòîâ. Ñëå-

äóþùèå ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå, ÿâëÿþòñÿ íîâûìè.

1. Ïîëó÷åíû ôîðìóëû äëÿ âû÷èñëåíèÿ êîíñòàíòû íåîïðåäåë¼ííîñòè

ëèíåéíûõ êîìáèíàöèé ôóíêöèé Ýðìèòà. Â ñëó÷àå äâóõ ôóíêöèé ìèíè-

ìóì êîíñòàíòû íåîïðåäåë¼ííîñòè íàéäåí àíàëèòè÷åñêè, â ñëó÷àå òð¼õ

ôóíêöèé � ÷èñëåííî.

2. Äîêàçàíû çíàêî÷åðåäîâàíèå è ìîíîòîííîñòü ñ ðîñòîì ïî ìîäóëþ

èíäåêñà êîýôôèöèåíòîâ óçëîâîé ôóíêöèè, ïîñòðîåííîé ñ ïîìîùüþ öå-

ëî÷èñëåííûõ ñäâèãîâ ôóíêöèè Ãàóññà, à òàêæå íàðóøåíèå ýòèõ ñâîéñòâ

äëÿ óçëîâîé ôóíêöèè, ïîñòðîåííîé ñ ïîìîùüþ öåëî÷èñëåííûõ ñäâèãîâ

ôóíêöèè Ëîðåíöà.

3. Äëÿ ñëó÷àÿ óçëîâîé ôóíêöèè, ïîñòðîåííîé ñ ïîìîùüþ êîíå÷íûõ

ñóìì ñäâèãîâ ôóíêöèè Ãàóññà, ïðåäëîæåí ñïîñîá óìåíüøåíèÿ àìïëèòóäû

êîëåáàíèé çà ïðåäåëàìè îòðåçêà èíòåðïîëÿöèè.

4. Ïîëó÷åíû ôîðìóëû äëÿ êîíñòàíò íåîïðåäåë¼ííîñòè ëèíåéíûõ êîì-

áèíàöèé êîãåðåíòíûõ ñîñòîÿíèé â îáùåì ñëó÷àå è ïðîâåäåíî óïðîùåíèå

ýòèõ ôîðìóë ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ íà êîýôôèöèåíòû

ëèíåéíûõ êîìáèíàöèé.

Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ çíà÷èìîñòü. Ðàáîòà èìååò òåî-

ðåòè÷åñêèé õàðàêòåð. Ðåçóëüòàòû äèññåðòàöèè òåîðåòè÷åñêè îáîñíîâûâà-

þò ñâîéñòâà óçëîâûõ ôóíêöèé, ïîëó÷åííûõ ñ ïîìîùüþ öåëî÷èñëåííûõ

ñäâèãîâ ôóíêöèè Ãàóññà èëè Ëîðåíöà.

Àïðîáàöèÿ ðàáîòû. Îñíîâíûå ðåçóëüòàòû ðàáîòû äîêëàäûâàëèñü

è îáñóæäàëèñü íà ìåæäóíàðîäíîé êîíôåðåíöèè "Âñïëåñêè è ïðèëîæå-
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íèÿ" â ã.Ñàíêò�Ïåòåðáóðãå â 2012 ã., íà V III ìåæäóíàðîäíîì ñèìïîçè-

óìå "Ðÿäû Ôóðüå è èõ ïðèëîæåíèÿ" â ã. Íîâîðîññèéñê â 2014 ã., â Âîðî-

íåæñêîé çèìíåé ìàòåìàòè÷åñêîé øêîëå â 2011 ã., à òàêæå íà ñåìèíàðàõ

Âîðîíåæñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà â 2011 � 2014 ãã.

Ïóáëèêàöèè. Îñíîâíûå ðåçóëüòàòû îïóáëèêîâàíû â ðàáîòàõ àâòîðà

[53]�[59]. Èç ñîâìåñòíûõ ïóáëèêàöèé [55], [56], [59] â äèññåðòàöèþ âîøëè

ðåçóëüòàòû, ïðèíàäëåæàùèå ëè÷íî àâòîðó. Ðàáîòû [54]�[56], [59] îïóáëè-

êîâàíû â èçäàíèÿõ, ñîîòâåòñòâóþùèõ ñïèñêó ÂÀÊ ÐÔ.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèÿ ñîñòîèò èç ââå-

äåíèÿ, ïÿòè ãëàâ, çàêëþ÷åíèÿ, ñïèñêà ëèòåðàòóðû èç 59 íàèìåíîâàíèé.

Îáùèé îáúåì äèññåðòàöèè 101 ñòð.

Êðàòêîå ñîäåðæàíèå äèññåðòàöèè.

Âî ââåäåíèè îáîñíîâàíà àêòóàëüíîñòü òåìû äèññåðòàöèîííîé ðàáîòû,

ñôîðìóëèðîâàíû öåëè è çàäà÷è èññëåäîâàíèÿ, îïðåäåëåíû íàó÷íàÿ íî-

âèçíà è ïðàêòè÷åñêàÿ çíà÷èìîñòü.

Íóìåðàöèÿ ïðèâîäèìûõ íèæå òåîðåì è îïðåäåëåíèé ñîâïàäàåò ñ èõ

íóìåðàöèåé â äèññåðòàöèè.

Ïåðâàÿ ãëàâà ÿâëÿåòñÿ ââîäíîé. Çäåñü ïðèâîäÿòñÿ îñíîâíûå îïðå-

äåëåíèÿ, íåîáõîäèìûå ôîðìóëû è èçëàãàþòñÿ ðåçóëüòàòû, èñïîëüçóåìûå

â ðàáîòå. Âàæíîé õàðàêòåðèñòèêîé äëÿ ôóíêöèè ÿâëÿåòñÿ êîíñòàíòà

íåîïðåäåë¼ííîñòè.

Ïóñòü f(x) ∈ L2(R) è xf(x) ∈ L2(R), ïðè÷¼ì ‖f‖L2
6= 0, òîãäà ðàäèóñ

∆(f) ôóíêöèè f(x) îïðåäåëÿåòñÿ ðàâåíñòâîì:

∆f :=
1

‖f‖L2


+∞∫
−∞

x2|f(x)|2 dx− 1

‖f‖2L2

 ∞∫
−∞

x|f(x)|2 dx

2


1
2

.

Àíàëîãè÷íî îïðåäåëÿåòñÿ ðàäèóñ ∆(f̂) äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

7



öèè f :

∆f̂ :=
1

‖f̂‖L2


∞∫

−∞

ξ2|f̂(ξ)|2 dξ − 1

‖f̂‖2L2

 ∞∫
−∞

ξ|f̂(ξ)|2 dξ

2


1
2

,

ãäå ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå, çàäàåòñÿ ñëåäóþùèì îáðàçîì:

f̂(ξ) =
1√
2π

∞∫
−∞

f(x) e−ixξdx.

Îïðåäåëåíèå 1.1. Âåëè÷èíà

u(f) = ∆(f) ·∆(f̂).

íàçûâàåòñÿ êîíñòàíòîé íåîïðåäåë¼ííîñòè ôóíêöèè f .

Â òîì ñëó÷àå, êîãäà èíòåãðàë ∆(f̂) ðàñõîäèòñÿ, ïîëàãàþò u(f) = ∞.

Êîíñòàíòà íåîïðåäåë¼ííîñòè äà¼ò èíôîðìàöèþ î òîì íàñêîëüêî õîðîøî

ôóíêöèÿ f ëîêàëèçîâàíà êàê âî âðåìåííîé, òàê è â ÷àñòîòíîé îáëàñòÿõ.

Îïðåäåëèì ñòàíäàðòèçèðîâàííûé ìíîãî÷ëåí Ýðìèòà Hn(x) ïðè ïîìî-

ùè ôîðìóëû Ðîäðèãî:

Hn(x) = (−1)nex
2

(e−x
2

)(n), n = 0, 1, . . . ,

ò.å. n�ûé ïîëèíîì Ýðìèòà Hn(x) ðàâåí n�îé ïðîèçâîäíîé îò e−x
2

, óìíî-

æåííîé íà (−1)nex
2

.

Îðòîíîðìèðîâàííûå ôóíêöèè Ýðìèòà

ϕn(x) =
1√

2nn!
√
π
Hn(x) e−

x2

2

îáðàçóþò áàçèñ â L2(R). Îíè ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè ïðåîá-

ðàçîâàíèÿ Ôóðüå: ϕ̂n(ξ) = (−i)nϕn(ξ), n = 0, 1, 2 . . . . Êîíñòàíòà íåîïðå-

äåë¼ííîñòè äëÿ ôóíêöèè Ýðìèòà èìååò âèä:

u(ϕn(x)) = n+
1

2
.
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Îïðåäåëåíèå 1.4. Ôóíêöèÿ g(x), ÿâëÿþùàÿñÿ ëèíåéíîé êîìáèíàöè-

åé ϕk(x),

g(x) =
∞∑

k=−∞

dk ϕk(x),

íàçûâàåòñÿ óçëîâîé ôóíêöèåé, åñëè äëÿ íåå âûïîëíåíà ñèñòåìà ðàâåíñòâ

g(m) = δ0m, m ∈ Z, ãäå δ0m � ñèìâîë Êðîíåêåðà.

Óçëîâóþ ôóíêöèþ, ïîñòðîåííóþ èç ñäâèãîâ ôóíêöèè Ãàóññà Gσ(t) =

exp
(
− t2

2σ2

)
îáîçíà÷èì ÷åðåç G̃σ(t), à èç ñäâèãîâ ôóíêöèè Ëîðåíöà Ls(t) =

s2

t2+s2 � ÷åðåç L̃s(x),

G̃σ(t) =
∞∑

k=−∞

dGσk Gσ(t− k), L̃s(t) =
∞∑

k=−∞

dLsk Ls(t− k),

ãäå ïàðàìåòðû σ > 0 è s > 0.

Â äàëüíåéøåì ïîòðåáóþòñÿ ðåçóëüòàòû Ìàçüè Â. è Øìèäòà Ã. èç âû-

øå óïîìÿíóòîé ìîíîãðàôèè äëÿ êîýôôèöèåíòîâ dGσk .

Òåîðåìà 1.3. Ñïðàâåäëèâà ôîðìóëà

dGσk =
1

C (σ)
· exp

(
k2

2σ2

)
·
∞∑

r=|k|

(−1)r · exp

(
−(r + 0.5)2

2σ2

)
,

C (σ) =
∞∑

r=−∞
(4r + 1) · exp

(
−(2r + 0.5)2

2σ2

)
.

Êîýôôèöèåíòû dGσk ÿâëÿþòñÿ êîýôôèöèåíòàìè ðàçëîæåíèÿ â ðÿä Ôó-

ðüå ôóíêöèè
1

ϑ3
(
t
2 ; q
) , q = exp

(
− 1

2σ2

)
,

ãäå ϑ3 (t; q) =
∑∞

k=−∞ q
k2e2ikt, � òðåòüÿ òåòà-ôóíêöèÿ ßêîáè. Çàìåòèì,

÷òî ôîðìóëà äëÿ ðÿäà Ôóðüå ýòîé ôóíêöèè áûëà èçâåñòíà åù¼ â 1903

ãîäó èç ðàáîòû Óèòòåêåðà Ý.Ò. è Âàòñîíà Äæ.Í..

Èçâåñòíà ôîðìóëà [11] äëÿ êîýôôèöèåíòîâ dLsk :

dLsk =
(−1)k sh(σπ)

σπ2

π∫
0

cos(kt)

ch(st)
dt.
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Âî âòîðîé ãëàâå âûïèñàíà îáùàÿ ôîðìóëà êîíñòàíòû íåîïðåäåë¼í-

íîñòè äëÿ ëèíåéíîé êîìáèíàöèè
m−1∑
j=n0

ajϕj(x):

u

(
n0+m−1∑
j=n0

ajϕj(x)

)
=

(
n0 +

1

2
+

n0+m−1∑
j=n0

a2jj+

+

n0+m−3∑
j=n0

ajaj+2

√
(j + 1)(j + 2)− 2

(
n0+m−2∑
j=n0

ajaj+1

√
j + 1

)2
 ·

·

(
n0 +

1

2
+

n0+m−1∑
j=n0

a2jj −
n0+m−3∑
j=n0

ajaj+2

√
(j + 1)(j + 2)

)
.

Âî âòîðîì ïàðàãðàôå âûâîäèòñÿ ôîðìóëà äëÿ êîíñòàíòû íåîïðåäå-

ë¼ííîñòè ëèíåéíîé êîìáèíàöèè Ψα,n,k(x) = cosαϕn(x) + sinαϕk(x), ãäå

ïàðàìåòð α ∈ [0; 2π], n, k = 0, 1, 2 . . . . Ðåçóëüòàò ñôîðìóëèðîâàí â âèäå

òð¼õ òåîðåì, â çàâèñèìîñòè îò ðàçíîñòè èíäåêñîâ ôóíêöèé.

Òåîðåìà 2.1. Ïóñòü |n− k| > 2, òîãäà

u (Ψα,n,k) = n cos2 α + k sin2 α +
1

2
,

min
α∈[0,2π]

u(Ψα,n,k) = min(n, k) +
1

2
.

Çíà÷åíèå u (Ψα,n,k) â ýòîì ñëó÷àå ïðèíàäëåæèò îòðåçêó, êîíöàìè êîòî-

ðîãî ÿâëÿþòñÿ êîíñòàíòû íåîïðåäåë¼ííîñòè äëÿ èñõîäíûõ ôóíêöèé ϕn

è ϕk.

Òåîðåìà 2.2. Ñïðàâåäëèâû ôîðìóëû:

u(Ψα,n,n+2) =

√
(n2 + 3n+ 6) sin4 α + (n− n2) sin2 α + n2 + n+

1

4
,

min
α∈[0,2π]

u(Ψα,n,n+2) =

√
2n4 + 14n3 + 39n2 + 27n+ 6

4(n2 + 3n+ 6)
,

ìèíèìóì äîñòèãàåòñÿ ïðè sin2 αn = n2−n
2(n2+3n+6).
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Òåîðåìà 2.3. Âåðíà ôîðìóëà

u(Ψα,n,n+1) =

=

√
2(n+ 1) sin6 α + (2n2 + n) sin4 α− (2n2 + n) sin2 α + n2 + n+

1

4
,

ìèíèìóì äîñòèãàåòñÿ ïðè sin2 αn =
√
a2+3a−a

3 , ãäå a = 2n2+n
2(n+1).

Òî÷êè ìèíèìóìà â òåîðåìàõ 2.2 è 2.3 ñòðåìÿòñÿ ê îäíîìó èç ñëåäóþ-

ùèõ óãëîâ π
4 + πm

2 ,m = 0, 1, 2, 3. Â ýòîì ñëó÷àå äëÿ êîíñòàíò íåîïðåäå-

ë¼ííîñòè âåðíî:

u(Ψπ
4 ,n,n+2) ≈

√
3

2
(n+

3

2
), u(Ψπ

4 ,n,n+1) =

√
2

2
(n+

1

2
),

ãäå an ≈ bn � îçíà÷àåò, ÷òî lim
n→∞

an
bn

= 1.

Äëÿ ñëó÷àÿ òð¼õ ôóíêöèé Ýðìèòà ðàññìàòðèâàåòñÿ ëèíåéíàÿ êîìáè-

íàöèÿ fi,j(n, α, β) = an−iϕn−i(x) + anϕn(x) + an+jϕn+j(x), ãäå

an−i = sinα cos β, an = sin β, an+j = cosα cos β,

α, β ∈ [0, π], i, j, n ∈ N, n > i.

Âîçìîæíû ïÿòü ðàçëè÷íûõ ñëó÷àåâ. Ïðè i > 1, j > 1 êîíñòàíòà

íåîïðåäåë¼ííîñòè ïî òåì æå ïðè÷èíàì, ÷òî è â òåîðåìå 1, ïðèíàäëå-

æèò îòðåçêó [n − i + 1
2 , n + j + 1

2 ]. ×èñëåííûå çíà÷åíèÿ ìèíèìàëüíûõ

çíà÷åíèé êîíñòàíòû íåîïðåäåë¼ííîñòè äëÿ äðóãèõ ñëó÷àåâ ïðèâåäåíû â

òàáëèöå 2.1.

Â òðåòüåé ãëàâå ðàññìàòðèâàþòñÿ ñèñòåìû öåëî÷èñëåííûõ ñäâèãîâ

ôóíêöèè Ãàóññà Gσ(t) è ôóíêöèè Ëîðåíöà Ls(t).

Òåîðåìà 3.1 Êîýôôèöèåíòû dGσk çíàêî÷åðåäóþòñÿ.

Â îòëè÷èå îò çíàêî÷åðåäîâàíèÿ, ìîíîòîííîå óáûâàíèå |dGσk | äîêàçàòü
äëÿ âñåõ çíà÷åíèé ïàðàìåòðà σ íå óäàëîñü. Ñïðàâåäëèâà

Òåîðåìà 3.2 Íà÷èíàÿ ñ íîìåðà

k = max
{[

logq
√

1− q − 1
]
, 0
}
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Òàáëèöà 1: Ìèíèìàëüíûå çíà÷åíèÿ êîíñòàíòû íåîïðåäåë¼ííîñòè äëÿ ôóíêöèè

fi,j(n, α, β).

min
α,β

u(fi,j) n = 10 n = 100 n = 1000

min
α,β

u(f1,1) 4.46748 42.8727 426.82

min
α,β

u(f2,2) 7.12383 71.0334 707.457

min
α,β

u(f1,2) 8.27098 68.0436 674.265

min
α,β

u(f2,1) 6.68749 67.338 673.559

êîýôôèöèåíòû dGσk ìîíîòîííî óáûâàþò ïî àáñîëþòíîé âåëè÷èíå.

Ñëåäñòâèå 3.1 Äëÿ ìîíîòîííîãî óáûâàíèÿ |dGσk | ñ íóëåâîãî íîìåðà

äîñòàòî÷íî âûïîëíåíèÿ íåðàâåíñòâà: q <
√
5−1
2 , ÷òî ñîîòâåòñòâóåò

σ <

√√√√ 1

ln
(√

5+3
2

) = 1.01933 . . .

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî äëÿ ñëó÷àÿ ôóíêöèè Ëîðåíöà

ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà s çíàêî÷åðåäóåìîñòè íåò.

Òåîðåìà 3.3 Âñå êîýôôèöèåíòû dLsk îòðèöàòåëüíû, çà èñêëþ÷åíèåì

dLs0 , ïðè âûïîëíåíèè íåðàâåíñòâà s < ln(3+2
√
2)

π = 0.5611 . . .

×èñëåííûå ðàñ÷åòû ïîêàçûâàþò, ÷òî è ïðè áîëüøèõ çíà÷åíèÿõ s çíà-

êî÷åðåäîâàíèå ñ íåêîòîðîãî ìîìåíòà ïðåêðàùàåòñÿ.

Ââåä¼ì îáîçíà÷åíèÿ äëÿ äâóõ ôóíêöèîíàëîâ

F σ
GL(s, λ) =

+∞∫
−∞

(
e−

x2

2σ2 − λ s2

x2 + s2

)2

dx

è

F s
LG(σ, λ) =

+∞∫
−∞

(
s2

x2 + s2
− λe−

x2

2σ2

)2

dx.

Äëÿ ïåðâîãî ôóíêöèîíàëà ñ÷èòàåì çàôèêñèðîâàííûì ïàðàìåòð σ, äëÿ
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âòîðîãî � ïàðàìåòð s. ×åðåç Erfc(x) îáîçíà÷èì äîïîëíèòåëüíóþ ôóíê-

öèþ îøèáîê

Erfc(x) = 1− 2√
π

x∫
0

e−
t2

2 dt.

Òåîðåìà 3.4 Ïóñòü b = s
σ . Ìèíèìóì F σ

GL(s, λ) äîñòèãàåòñÿ ïðè

λ1 = 2e
b2

2 Erfc

(
b√
2

)
.

è ðàâåí

F σ
GL(b, λ1) = σ

(√
π − 2π b eb

2

Erfc2
(
b√
2

))
,

ìèíèìóì F s
LG(σ, λ) äîñòèãàåòñÿ ïðè

λ2 =
√
π b e

b2

2 Erfc

(
b√
2

)
,

è ðàâåí

F s
LG(b, λ2) = s π

(
1

2
−
√
π b eb

2

Erfc2
(
b√
2

))
.

Ìèíèìóì ïî ïåðåìåííîé b äëÿ ôóíêöèîíàëîâ áûë íàéäåí ÷èñëåííî

ñ ïîìîùüþ ïðîãðàììû "Mathematica". Îí äîñòèãàåòñÿ â îáîèõ ñëó÷àÿõ

ïðè îäíîì è òîì æå çíà÷åíèè b = 0.925368 . . . :

min
b, λ

F σ
GL(b, λ) = σ · 0.0494425 . . . , min

b, λ
F s
LG(b, λ) = s · 0.0438173 . . . .

Â ÷åòâåðòîé ãëàâå ðàññìàòðèâàåòñÿ êîíå÷íîìåðíûé âàðèàíò çàäà÷è

èíòåðïîëÿöèè: óçëîâàÿ ôóíêöèÿ gn(x) èùåòñÿ â âèäå êîíå÷íîé ñóììû

gn(x) =
n∑

k=−n

dk · q(x−k)
2

, q = exp

(
− 1

2σ2

)
,

ïðè÷åì ÷èñëî óðàâíåíèé ìîæåò áûòü áîëüøå ÷èñëà íåèçâåñòíûõ

gn(j) = δ0j, j = −m, . . . , 0, . . . ,m, m ≥ n.

Ïðè ÷èñëåííîì ðåøåíèè ñèñòåìû âåëè÷èíû gn(j) áóäóò èãðàòü ðîëü êîí-

òðîëüíûõ ñóìì. Ïîëó÷åííóþ ïðè m = n óçëîâóþ ôóíêöèþ îáîçíà÷èì
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÷åðåç gσn(x), à ïðè m > n � ÷åðåç gσn,m(x). Èñõîäíóþ ñèñòåìó óðàâíåíèé

ìîæíî çàïèñàòü â ìàòðè÷íîé ôîðìå:

A · d = y, (4.2)

ãäå aij = q(i−j)
2

, yj = δ0j, i = −n, . . . , n, j = −m, . . . ,m.
Îáîçíà÷èì ÷åðåçW (x1, . . . , xn) òðàíñïîíèðîâàííûé îïðåäåëèòåëü Âàí-

äåðìîíäà, íàïðèìåð

W (x1, x2, x3) =

∣∣∣∣∣∣∣∣
1 x1 x21

1 x2 x22

1 x3 x23

∣∣∣∣∣∣∣∣ .
Äëÿ ìèíîðàWl, k(x1, . . . , xn), ïîëó÷àþùåãîñÿ ïðè âû÷åðêèâàíèè l-îé ñòðî-

êè è k-îãî ñòîëáöà, ñïðàâåäëèâî ðàâåíñòâî [4, ñòð. 273]:

Wl, k(x1, . . . , xn) =
∑

xα1
xα2

. . . xαn−k ·
∏

n≥i>j≥1, i6=l,j 6=l

(xi − xj), (4.3)

ãäå ñóììà áåðåòñÿ ïî âñåì ñî÷åòàíèÿì n − k ÷èñåë α1, α2, . . . , αn−k èç

íàáîðà 1, 2, . . . , n.

Ñèñòåìà (4.2) â ñëó÷àå ðàâåíñòâà ÷èñëà íåèçâåñòíûõ è óðàâíåíèé èìå-

åò åäèíñòâåííîå ðåøåíèå.

Òåîðåìà 4.1 Ìàòðèöà A ïðè m = n � íåâûðîæäåíà, à å¼ îïðåäåëè-

òåëü

detA = q
2n(n+1)(2n+1)

3 ·W (q−2n, . . . 1, . . . , q2n). (4.4)

Ñëåäñòâèå 4.1 Ïîñêîëüêó èçó÷àåìûé â òåîðåìå 1 îïðåäåëèòåëü ïðè

m > n ÿâëÿåòñÿ íàèáîëüøèì íåíóëåâûì ìèíîðîì ìàòðèöû A ðàçìåðà

(2n+ 1)× (2m+ 1), òî å¼ ðàíã ðàâåí 2n+ 1.

Òåîðåìà 4.3 Äëÿ êîýôôèöèåíòîâ dk âåðíà ôîðìóëà:

dk = (−1)kq−k
2Wk, n+1(q

−2n, . . . , q0, . . . , q2n)

W (q−2n, . . . , q0, . . . , q2n)
.
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Ñëåäñòâèå 4.2 Ñïðàâåäëèâà ôîðìóëà

dk =
(−1)kq−k

2∑
qα1qα2 . . . qα2n+1−k·

n∏
i 6=k,i=−n

|qk − qi|
,

ãäå ñóììà áåðåòñÿ ïî âñåì ñî÷åòàíèÿì 2n+1−k ÷èñåë α1, α2, . . . , α2n+1−k

èç íàáîðà −n,−n+ 1, . . . , n.

Ñëåäñòâèå 4.3 Êîíòðîëüíûå ñóììû ìîæíî çàïèñàòü â âèäå îòíî-

øåíèÿ îïðåäåëèòåëåé:

gσn(j) = qj
2W

(
q−2n . . . q−2, q−2j, q2, . . . q2n

)
W (q−2n . . . q0 . . . q2n)

.

Ñëåäñòâèå 4.4 limσ→∞ |gσn(n+ 1)| = Cn
2n+1.

Ïðè m > n ñèñòåìà (1) ñòàíîâèòñÿ íåñîâìåñòíîé, êîýôôèöèåíòû dk

âû÷èñëÿþòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ. Ïîëó÷àåì íîâóþ ñèñòåìó

Cm · x = z, ãäå

cij(m) =
m∑

k=−m

aikakj, zj = exp

(
− j2

2σ2

)
, i, j = −n . . . , 0, . . . n.

Òåîðåìà 4.4 Ïðè m→∞ ýëåìåíòû ìàòðèöû cij(m)→ cij, ãäå

cij =

 q
(i−j)2

2 ϑ3
(
1
2 ; exp(−πσ)

)
, ïðè íå÷¼òíîì (i+ j),

q
(i−j)2

2 ϑ3 (0; exp(−πσ)) , ïðè ÷¼òíîì (i+ j).

×èñëåííîå ðåøåíèå èñêàëîñü ìåòîäîì Ãàóññà, äëÿ ïðîâåðêè âû÷èñ-

ëÿëèñü êîíòðîëüíûå ñóììû gn(j). Â ñèëó ÷¼òíîñòè ôóíêöèè qx
2

âåðíî

ñîîòíîøåíèå dk = d−k. Áëàãîäàðÿ ýòîìó óìåíüøàåòñÿ êàê ÷èñëî óðàâíå-

íèé, òàê è ðàçðûâ â ïîðÿäêå ìåæäó ýëåìåíòàìè ìàòðèöû. Âíå îòðåçêà

èíòåðïîëÿöèè gn(x) ñèëüíî îñöèëëèðóåò. Êðîìå òîãî, ÷åì áîëüøå n, òåì

ìåíüøå ðàñòåò êîíòðîëüíàÿ ñóììà gn(j) çà ïðåäåëàìè îòðåçêà èíòåðïî-

ëÿöèè.
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ßâëåíèå îñöèëëÿöèè çà ïðåäåëàìè îòðåçêà èíòåðïîëÿöèè â ñëó÷àå

m > n ìîæåò áûòü çíà÷èòåëüíî óìåíüøåíî, õîòÿ ïðè ýòîì âîçíèêàåò

ýôôåêò ðåãóëÿðèçàöèè, ïðè êîòîðîì çíà÷åíèå ôóíêöèè gn,m(x) â íóëå-

âîé òî÷êå ”ðàñòåêàåòñÿ” ïî ñîñåäíèì óçëàì.

Â ïÿòîé ãëàâå ðàññìàòðèâàþòñÿ ñèñòåìû êîãåðåíòíûõ ñîñòîÿíèé

fk,m(ω1, ω2, x) = exp

(
−(x− kω1)

2

2

)
eimω2x

è ðàâíîìåðíûõ ñäâèãîâ ôóíêöèè Ãàóññà

fk(σ, x) = exp

(
−(x− k)2

2σ2

)
,

èçó÷àþòñÿ èõ ëèíåéíûå êîìáèíàöèè

F (ω1, ω2, x) =
∑
k,m

ck,mfk,m(ω1, ω2, x), (5.1)

G (σ, x) =
∑
k

ckfk (σ, x) . (5.2)

Âñå èíäåêñû â ñóììàõ çäåñü è â äàëüíåéøåì ìåíÿþòñÿ îò −∞ äî +∞.

Ïðåäïîëàãàåòñÿ àáñîëþòíàÿ ñõîäèìîñòü ðÿäîâ (5.3)�(5.4), ÷òîáû ìîæíî

áûëî ïðîèçâîëüíûì îáðàçîì ìåíÿòü ïîðÿäîê ñóììèðîâàíèÿ è ãðóïïèðî-

âàòü ñëàãàåìûå ïðè ïåðåìíîæåíèè ðÿäîâ. Äëÿ ýòîãî äîñòàòî÷íî, íàïðè-

ìåð, âûïîëíåíèÿ óñëîâèé

ckm = O
(
(k2 +m2)−1−ε

)
, ck = O

(
k−1−ε

)
, ε > 0.

Âî âòîðîì ïàðàãðàôå âûïèñàíà ôîðìóëà êîíñòàíòû íåîïðåäåë¼ííî-

ñòè äëÿ ñèñòåìû êîãåðåíòíûõ ñîñòîÿíèé â îáùåì ñëó÷àå. Äëÿ å¼ óïðî-

ùåíèÿ íàêëàäûâàþòñÿ äîïîëíèòåëüíûå óñëîâèÿ íà êîýôôèöèåíòû è ïà-

ðàìåòðû. Ïðåäñòàâëÿåò èíòåðåñ ñëó÷àé íåïîëíîé ñèñòåìû êîãåðåíòíûõ

ñîñòîÿíèé:

ω1ω2 = 4πN, N ∈ N. (5.16)

Îòíîñèòåëüíî êîýôôèöèåíòîâ ck,m ïðåäïîëîæèì, ÷òî

ck,m = cω1

k · c
ω2
m , (5.17)
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ãäå ω1, ω2 � ýòî âåðõíèå èíäåêñû, îçíà÷àþùèå çàâèñèìîñòü êîýôôèöè-

åíòîâ îò ýòèõ ïàðàìåòðîâ. Êðîìå òîãî, áóäåì ñ÷èòàòü, ÷òî ëèíåéíàÿ êîì-

áèíàöèÿ F (ω1, ω2, x) ÿâëÿåòñÿ ÷¼òíîé âåùåñòâåííîé ôóíêöèåé. Îòñþäà

êîýôôèöèåíòû ck,m âåùåñòâåííûå è âûïîëíåíî

cω1

k = cω1

−k, c
ω2
m = cω2

−m. (5.18)

Äàííûå ïðåäïîëîæåíèÿ åñòåñòâåííû ïðè ïîñòðîåíèè óçëîâîé ôóíêöèè ñ

ïîìîùüþ ëèíåéíîé êîìáèíàöèè êîãåðåíòíûõ ñîñòîÿíèé èëè ïðîâåäåíèè

îðòîãîíàëèçàöèè ñ ñîõðàíåíèåì ñòðóêòóðû ñäâèãîâ.

Òåîðåìà 5.1. Ïóñòü âûïîëíåíû óñëîâèÿ (5.16)�(5.18), òîãäà âåðíà

ôîðìóëà

u2 (F (ω1, ω2)) =

(
1

2
− ω2

2

4

Cω2

Aω2

− ω2
1

4

Cω1

Aω1

+ ω2
1

Dω1

Aω1

)
·

·
(

1

2
− ω2

1

4

Cω1

Aω1

− ω2
2

4

Cω2

Aω2

+ ω2
2

Dω2

Aω2

)
,

ãäå

Cw =
∑
l

l2 exp

(
−l

2w2

4

)
awl , Dw =

∑
l

exp

(
−l

2w2

4

)
dwl ,

Aw =
∑
l

exp

(
−l

2w2

4

)
awl , a

w
l =

∑
k′

cwl+k′c
w
k′, d

w
l =

∑
k′

k′
2
cwl+k′c

w
k′.

Òåîðåìà 5.2. Ïóñòü âûïîëíåíû óñëîâèÿ ck ∈ R, ck = c−k. Òîãäà

u (G(σ)) =

σ22 −
∑
l

l2al exp
(
− l2

4σ2

)
4
∑
l

al exp
(
− l2

4σ2

) +

∑
l

dl exp
(
− l2

4σ2

)
∑
l

al exp
(
− l2

4σ2

)


1
2

·

·

 1

2σ2
−

∑
l

l2al exp
(
− l2

4σ2

)
4σ4

∑
l

al exp
(
− l2

4σ2

)


1
2

,

ãäå al =
∑
m
cl+mcm, dl =

∑
m
m2cl+mcm.
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Ãëàâà 1

Îñíîâíûå ïîíÿòèÿ, îáîçíà÷åíèÿ è

ôàêòû î êîíñòàíòå íåîïðåäåë¼ííîñòè

è ñèñòåìàõ öåëî÷èñëåííûõ ñäâèãîâ

1.1 Ïðåîáðàçîâàíèå Ôóðüå è êîíñòàíòà íåîïðåäåë¼í-

íîñòè.

Ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî êîìïëåêñíîçíà÷íûõ ôóíêöèé L2 (R) ñî

ñêàëÿðíûì ïðîèçâåäåíèåì

〈f, g〉 =

∞∫
−∞

f(x) g(x) dx (1.1)

è íîðìîé

‖f‖L2
=

 ∞∫
−∞

|f(x)|2dx

1/2

. (1.2)

Â äàëüíåéøåì, äëÿ ïðîñòîòû, âìåñòî ‖ · ‖L2
áóäåì ïèñàòü ‖ · ‖.

Ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå, çàäàâàåìîå ñëåäóþùèì îáðàçîì:

f̂(ξ) =
1√
2π

∞∫
−∞

f(x) e−ixξdx, (1.3)
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ÿâëÿåòñÿ óíèòàðíûì îïåðàòîðîì èç L2(R)â L2(R). Ôîðìóëà îáðàòíîãî

ïðåîáðàçîâàíèÿ Ôóðüå èìååò âèä

f(x) =
1√
2π

∞∫
−∞

f̂(ξ) eixξdξ. (1.4)

Äëÿ ïðåîáðàçîâàíèÿ Ôóðüå âåðíî ðàâåíñòâî Ïàðñåâàëÿ (òåîðåìà Ïëàí-

øåðåëÿ) [25, ãë.7].

〈f, g〉 = 〈f̂ , ĝ〉, ‖f‖L2
= ‖f̂‖L2

. (1.5)

Â äàëüíåéøåì èçëîæåíèè âàæíóþ ðîëü èãðàåò ôîðìóëà ñóììèðîâà-

íèÿ Ïóàññîíà [44, òåîðåìà 2.25]

∞∑
k=−∞

f(x+ 2πk) =
1√
2π

∞∑
k=−∞

f̂(k) eikx, (1.6)

êîòîðàÿ èìååò ìåñòî, åñëè ôóíêöèÿ f(x) ∈ L2(R) è óäîâëåòâîðÿåò ñëå-

äóþùèì óñëîâèÿì:

à) ðÿä â ëåâîé ÷àñòè ðàâåíñòâà (1.6) ñõîäèòñÿ âñþäó ê íåêîòîðîé íåïðå-

ðûâíîé ôóíêöèè;

á) ðÿä Ôóðüå â ïðàâîé ÷àñòè ýòîãî æå ðàâåíñòâà ñõîäèòñÿ ïðè âñåõ

x ∈ [0, 2π].

Ïóñòü f(x) ∈ L2(R) è xf(x) ∈ L2(R) (òàêèå ôóíêöèè íàçûâàþòñÿ

îêîííûìè), ïðè÷¼ì ‖f‖ 6= 0, òîãäà öåíòð x∗f è ðàäèóñ ∆(f) ôóíêöèè

f(x) îïðåäåëÿþòñÿ ðàâåíñòâàìè [30], [44]:

x∗f :=

∞∫
−∞

x|f(x)|2 dx

‖f‖2
, (1.7)

∆(f) :=
1

‖f‖


+∞∫
−∞

(x− x∗f)2|f(x)|2 dx


1
2

. (1.8)
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Â äàííîé ðàáîòå äëÿ âû÷èñëåíèÿ èñïîëüçóåòñÿ äðóãàÿ ôîðìóëà:

∆(f) :=
1

‖f‖


+∞∫
−∞

x2|f(x)|2 dx− 1

‖f‖2

 ∞∫
−∞

x|f(x)|2 dx

2


1
2

. (1.9)

Àíàëîãè÷íî îïðåäåëÿþòñÿ öåíòð ξ∗
f̂
è ðàäèóñ ∆(f̂) äëÿ ïðåîáðàçîâàíèÿ

Ôóðüå ôóíêöèè f :

ξ∗
f̂

:=

∞∫
−∞

ξ|f̂(ξ)|2 dξ

‖f‖2
, (1.10)

∆(f̂) :=
1

‖f̂‖


∞∫

−∞

ξ2|f̂(ξ)|2 dξ − 1

‖f̂‖2

 ∞∫
−∞

ξ|f̂(ξ)|2 dξ

2


1
2

. (1.11)

Öåíòð ïðåäñòàâëÿåò ñîáîé ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âå-

ëè÷èíû ñ ïëîòíîñòüþ âåðîÿòíîñòè, ðàâíîé |f(x)|2/‖f‖2, ðàäèóñ æå ÿâ-
ëÿåòñÿ ñðåäíèì êâàäðàòè÷åñêèì îòêëîíåíèåì ýòîé ñëó÷àéíîé âåëè÷èíû.

Òàêèì îáðàçîì, ðàäèóñ ôóíêöèè ïîêàçûâàåò, íàñêîëüêî ôóíêöèÿ f õî-

ðîøî ëîêàëèçîâàíà.

Îïðåäåëåíèå 1.1 [30, ñòð. 49], [44, ñòð. 103]. Âåëè÷èíà

u(f) = ∆(f) ·∆(f̂). (1.12)

íàçûâàåòñÿ êîíñòàíòîé íåîïðåäåë¼ííîñòè ôóíêöèè f .

Â òîì ñëó÷àå, êîãäà ∆(f̂) ðàñõîäèòñÿ, ïîëàãàþò u(f) =∞.

Åñëè ôóíêöèþ f ∈ L2(R) ðàññìàòðèâàòü êàê àíàëîãîâûé ñèãíàë ñ

êîíå÷íîé ýíåðãèåé, îïðåäåëÿåìîé åãî íîðìîé ‖f‖, òî å¼ ïðåîáðàçîâàíèå
Ôóðüå f̂(ξ) ïðåäñòàâëÿåò ñîáîé ñïåêòð ýòîãî ñèãíàëà. Â àíàëèçå ñèãíàëîâ

àíàëîãîâûå ñèãíàëû îïðåäåëÿþòñÿ âî âðåìåííîé îáëàñòè, à ñïåêòðàëü-

íàÿ èíôîðìàöèÿ îá ýòèõ ñèãíàëàõ äàåòñÿ â ÷àñòîòíîé îáëàñòè. Òàêèì

îáðàçîì, êîíñòàíòà íåîïðåäåë¼ííîñòè äà¼ò èíôîðìàöèþ î òîì íàñêîëü-

êî õîðîøî ôóíêöèÿ f ëîêàëèçîâàíà êàê âî âðåìåííîé, òàê è â ÷àñòîòíîé

îáëàñòÿõ.
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Íèêàêàÿ ôóíêöèÿ, îòëè÷íàÿ îò òîæäåñòâåííîãî íóëÿ, íå ìîæåò èìåòü

êîìïàêòíîãî íîñèòåëÿ îäíîâðåìåííî âî âðåìåííîé è â ÷àñòîòíîé îáëà-

ñòÿõ:

Òåîðåìà 1.1 ([22]) Åñëè f 6= 0 èìååò êîìïàêòíûé íîñèòåëü, òî f̂(ξ)

íå ìîæåò èìåòü êîìïàêòíîãî íîñèòåëÿ. Àíàëîãè÷íî, åñëè f̂(ξ) èìååò

êîìïàêòíûé íîñèòåëü, òî f(x) íå ìîæåò èìåòü êîìïàêòíîãî íîñè-

òåëÿ.

Â ñëåäóþùåé òåîðåìå óñòàíàâëèâàåòñÿ òî÷íàÿ íèæíÿÿ ãðàíèöà äëÿ

êîíñòàíòû íåîïðåäåë¼ííîñòè u(f).

Òåîðåìà 1.2 ([30]) Äëÿ ëþáîé ôóíêöèè f ∈ L2 (R) ñ íåíóëåâîé íîðìîé

âûïîëíÿåòñÿ íåðàâåíñòâî

∆(f) ·∆(f̂) ≥ 1

2
. (1.13)

Áîëåå òîãî, ðàâåíñòâî äîñòèãàåòñÿ òîãäà è òîëüêî òîãäà, êîãäà

f(x) = C · exp

(
−(x− b)2

2σ2

)
· ei ax,

ãäå C 6= 0; a, b, σ ∈ R, σ 6= 0.

Â ôèçèêå ýòà òåîðåìà íàçûâàåòñÿ ïðèíöèïîì íåîïðåäåë¼ííîñòè Ãåé-

çåíáåðãà. Ýòîò ïðèíöèï èìååò îñîáåííî âàæíóþ èíòåðïðåòàöèþ â êâàí-

òîâîé ìåõàíèêå êàê íåîïðåäåë¼ííîñòü ïîëîæåíèÿ ñâîáîäíîé ÷àñòèöû è

çíà÷åíèÿ å¼ èìïóëüñà. Ïîëîæåíèå îäíîìåðíîé ÷àñòèöû îïèñûâàåòñÿ âîë-

íîâîé ôóíêöèåé f(x), à å¼ èìïóëüñ � ïðåîáðàçîâàíèåì Ôóðüå f̂(ξ). Ñðåä-

íåå ïîëîæåíèå ýòîé ÷àñòèöû åñòü öåíòð x∗f , à ñðåäíèé èìïóëüñ � öåíòð

åãî ïðåîáðàçîâàíèÿ Ôóðüå ξ∗
f̂
. Òàêèì îáðàçîì, ÷åì áîëüøå ∆(f), òåì áî-

ëåå íåîïðåäåëåííî ïîëîæåíèå ñâîáîäíîé ÷àñòèöû; ÷åì áîëüøå ∆(f̂), òåì

áîëåå íåîïðåäåë¼ííûì ÿâëÿåòñÿ å¼ èìïóëüñ.
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1.2 Ôóíêöèè Ýðìèòà

Îïðåäåëèì ñòàíäàðòèçèðîâàííûé ìíîãî÷ëåí Ýðìèòà Hn(x) ïðè ïîìîùè

ôîðìóëû Ðîäðèãà [41], [17]:

Hn(x) = (−1)nex
2

(e−x
2

)(n), n = 0, 1, . . . , (1.14)

ò.å. n�ûé ïîëèíîì Ýðìèòà Hn(x) ðàâåí n�îé ïðîèçâîäíîé îò e−x
2

, óìíî-

æåííîé íà (−1)nex
2

. Ïåðå÷èñëèì âàæíûå ñâîéñòâà ïîëèíîìîâ Ýðìèòà

ñîãëàñíî [41].

Ôóíêöèÿ Hn(x) ÿâëÿåòñÿ íå÷¼òíîé èëè ÷¼òíîé, â çàâèñèìîñòè îò òî-

ãî, íå÷¼òíî èëè ÷¼òíî n. Ïîëèíîìû Ýðìèòà îðòîãîíàëüíû íà âñåé âåùå-

ñòâåííîé îñè ñ âåñîâîé ôóíêöèåé e−x
2

è äëÿ íèõ âåðíà ôîðìóëà:

+∞∫
−∞

Hn(x)Hk(x) e−x
2

dx =

{
2n n!

√
π, n = k

0, n 6= k
. (1.15)

Ôóíêöèÿ Hn(x) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

y′′ − 2xy′ + 2ny = 0.

Äëÿ ïîëèíîìîâ Ýðìèòà âåðíî ðåêóððåíòíîå ñîîòíîøåíèå [17, ñòð. 84]:

2xHn(x) = Hn+1(x) + 2nHn−1(x). (1.16)

Îðòîíîðìèðîâàííûå ôóíêöèè Ýðìèòà ϕn(x) çàäàþòñÿ ñîîòíîøåíèåì

ϕn(x) =
1√

2nn!
√
π
Hn(x) e−

x2

2 . (1.17)

Îíè îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(R). Äëÿ Hn(x) âåðíà ôîð-

ìóëà:

√
2πe−

x2

2 (i)nHn(x) =

+∞∫
−∞

exp

(
ixt− t2

2

)
Hn(t)dt, n = 0, 1, 2, . . .
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Îòñþäà ñëåäóåò, ÷òî ôóíêöèè ϕn(x) ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè

ïðåîáðàçîâàíèÿ Ôóðüå:

ϕ̂n(ξ) = (−i)nϕn(ξ), n = 0, 1, 2 . . . . (1.18)

Îòìåòèì, ÷òî ýòè ôóíêöèè èãðàþò âàæíóþ ðîëü â êâàíòîâîé ìåõàíè-

êå. Ðàññìîòðèì îäíîìåðíîå óðàâíåíèå Øð¼äèíãåðà:

ψ′′(x) +
2µ

~2
(E − U)ψ(x) = 0, (1.19)

ãäå ôóíêöèÿ ψ(x), íàçûâàåìàÿ âîëíîâîé ôóíêöèåé, îïðåäåëÿåò äâèæå-

íèå ýëåìåíòàðíîé ÷àñòèöû â íåêîòîðîì ñèëîâîì ïîëå, µ � ìàññà ýòîé

÷àñòèöû, E � å¼ ïîëíàÿ ýíåðãèÿ, U � ïîòåíöèàëüíàÿ ýíåðãèÿ, à ~ �

ïîñòîÿííàÿ Ïëàíêà. Ïîòåíöèàëüíàÿ ýíåðãèÿ îïðåäåëÿåòñÿ ôîðìóëîé:

U(x) =
µω2

2
x2,

ò.å. íà ÷àñòèöó äåéñòâóåò óïðóãàÿ ñèëà ïî çàêîíó F (x) = −µω2x, ãäå ω

åñòü ñîáñòâåííàÿ ÷àñòîòà êîëåáàíèé ÷àñòèöû. Â óðàâíåíèè (1.19) òðåáó-

åòñÿ íàéòè òàêèå çíà÷åíèÿ E � ñïåêòð ñîáñòâåííûõ çíà÷åíèé ýíåðãèè, �

ïðè êîòîðûõ ñóùåñòâóþò îãðàíè÷åííûå íà âñåé îñè ðåøåíèÿ � ñîáñòâåí-

íûå ôóíêöèè, ïðèíàäëåæàùèå ïðîñòðàíñòâó L2 (R). Ðåøåíèåì (1.19) ïðè

En = ~ω
(
n+ 1

2

)
ÿâëÿþòñÿ ôóíêöèè

ψn(x) =

(
µω
~
)1/4

(
√
πn!2n)1/2

e−
µω
2~ x

2

Hn

(
x

√
µω

~

)
, n = 0, 1, 2, . . .

1.3 Êîãåðåíòíûå ñîñòîÿíèÿ è ôðåéìû

Âàæíûìè õàðàêòåðèñòèêàìè íåîðòîãîíàëüíûõ ñèñòåì ôóíêöèé ÿâëÿþò-

ñÿ êîíñòàíòû Ðèññà.

Îïðåäåëåíèå 1.2 ([30, 44]) Ôóíêöèè φk(x), k ∈ Z, îáðàçóþò ñèñòåìó

Ðèññà ñ ïîëîæèòåëüíûìè êîíñòàíòàìè A è B, åñëè äëÿ ëþáîãî c ∈ l2
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âûïîëíåíà äâóñòîðîííÿÿ îöåíêà

A‖c‖2`2 ≤

∥∥∥∥∥
∞∑

k=−∞

ck φk(x)

∥∥∥∥∥
2

L2

≤ B‖c‖2`2 , (1.20)

ãäå íîðìà â `2 çàäà¼òñÿ îáû÷íûì îáðàçîì:

‖c‖2`2 =
∞∑

k=−∞

|ck|2.

Íàèáîëüøàÿ èç âåëè÷èí A â ïåðâîì íåðàâåíñòâå (1.20) íàçûâàåòñÿ

íèæíåé êîíñòàíòîé Ðèññà, íàèìåíüøàÿ âåëè÷èíà B âî âòîðîì íåðàâåí-

ñòâå � âåðõíåé êîíñòàíòîé Ðèññà. Åñëè ñèñòåìà ôóíêöèé îðòîíîðìèðî-

âàíà, òî A è B ðàâíû 1. Â ìîíîãðàôèè Ê.×óè [44, ãëàâà 1] íåðàâåíñòâî

(1.20) íàçûâàåòñÿ óñëîâèåì óñòîé÷èâîñòè.

Â ñëó÷àå êîíå÷íîé ñèñòåìû ôóíêöèé∥∥∥∥∥
n∑
k=1

ck φ(x)

∥∥∥∥∥
2

L2

=
n∑

k, l=1

ck cl 〈φk, φl〉,

ò.å. êâàäðàò íîðìû ëèíåéíîé êîìáèíàöèè ôóíêöèé ïðåäñòàâëÿåò ñîáîé

êâàäðàòè÷íóþ ôîðìó îò íàáîðà êîýôôèöèåíòîâ ck ñ ìàòðèöåé Ãðàìà,

ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ñêàëÿðíûå ïðîèçâåäåíèÿ 〈φk, φl〉. Äëÿ ëè-
íåéíî íåçàâèñèìîé ñèñòåìû ôóíêöèé ìàòðèöà Ãðàìà ÿâëÿåòñÿ ñàìîñî-

ïðÿæåííîé è ïîëîæèòåëüíî îïðåäåëåííîé [3, ãë.4], [15].

Âûïèøåì êîíå÷íîìåðíûé àíàëîã íåðàâåíñòâà (1.20):

A‖c‖2Cn ≤

∥∥∥∥∥
n∑
k=1

ck φ(x)

∥∥∥∥∥
2

L2

≤ B‖c‖2Cn.

Íàèëó÷øåå çíà÷åíèå A ðàâíî ìèíèìàëüíîìó ñîáñòâåííîìó ÷èñëó ìàò-

ðèöû Ãðàìà, à íàèëó÷øåå çíà÷åíèå B � ìàêñèìàëüíîìó ñîáñòâåííîìó

÷èñëó ìàòðèöû Ãðàìà.

Îòíîøåíèå B ê A â äàííîì ñëó÷àå ðàâíî ÷èñëó îáóñëîâëåííîñòè ìàò-

ðèöû Ãðàìà. Â âû÷èñëèòåëüíîé ìàòåìàòèêå ÷èñëî îáóñëîâëåííîñòè ÿâ-

ëÿåòñÿ îäíèì èç êëþ÷åâûõ ïàðàìåòðîâ ìàòðèöû [3, ãë.4], [15]. Åñëè îíî
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âåëèêî, òî ìàòðèöà íàçûâàåòñÿ ïëîõî îáóñëîâëåííîé, è ïðè ðàáîòå ñ íåé

òðåáóåòñÿ ïðèìåíÿòü ñïåöèàëüíûå ïðèåìû ñ öåëüþ îáåñïå÷åíèÿ óñòîé-

÷èâîñòè âû÷èñëåíèé.

Îïðåäåëåíèå ñèñòåì Ðèññà âïåðâûå áûëî ââåäåíî â 1951 ãîäó â ñòàòüå

Í.Ê. Áàðè [1]. Äëÿ ñèñòåì Ðèññà âàæíûì óñëîâèåì ÿâëÿåòñÿ ëèíåéíàÿ

íåçàâèñèìîñòü, íî ïðè ýòîì íå òðåáóåòñÿ ïîëíîòà âî âñ¼ì ïðîñòðàíñòâå.

Ïîä ïîëíîòîé ïîíèìàåòñÿ îòñóòñòâèå íåíóëåâîé ôóíêöèè, îðòîãîíàëüíîé

âñåì ôóíêöèÿì ñèñòåìû. Â ñëó÷àå ëèíåéíî çàâèñèìûõ ôóíêöèé â êà÷å-

ñòâå àíàëîãà ñèñòåìû Ðèññà âûñòóïàþò ôðåéìû [7, ñ.96], [30, ñ.74], [44,

ñ.121].

Îïðåäåëåíèå 1.3 ([7]) Ñåìåéñòâî ôóíêöèé ψk(x) èç ãèëüáåðòîâà ïðî-

ñòðàíñòâà H íàçûâàåòñÿ ôðåéìîì, åñëè ñóùåñòâóþò òàêèå A > 0 è

B <∞, ÷òî äëÿ âñåõ f ∈ H âåðíû îöåíêè

A‖f‖2 ≤
∞∑

k=−∞

|〈f, ψk〉|2 ≤ B‖f‖2 . (1.21)

Êîíñòàíòû A è B íàçûâàþòñÿ ãðàíèöàìè ôðåéìà.

Ñèñòåìà ôóíêöèé ìîæåò áûòü ôðåéìîì òîëüêî â òîì ñëó÷àå, åñëè îíà

ïîëíà (èëè ïåðåïîëíåíà). Äåéñòâèòåëüíî, åñëè îíà íåïîëíà, òî ñóùå-

ñòâóåò íåíóëåâàÿ f òàêàÿ, ÷òî 〈f, ψk〉 = 0 äëÿ âñåõ k ∈ Z. Â ýòîì ñëó÷àå

A = 0, ÷òî íåâîçìîæíî.

Ñèñòåìû ôóíêöèé âèäà

exp

(
−(x− kω1)

2

2

)
· eimω2x, k,m ∈ Z,

íàøëè ñâîå ïðèìåíåíèå â êâàíòîâîé ìåõàíèêå ñ ïåðâûõ æå ëåò âîçíèêíî-

âåíèÿ ýòîé äèñöèïëèíû (ñì. äîêàçàòåëüñòâî êâàíòîâîé ýðãîäè÷åñêîé òåî-

ðåìû â ìîíîãðàôèè È. Íåéìàíà [27]). Èíòåðåñ ê äàííûì ôóíêöèÿì, ïî-

ëó÷èâøèì ïîñëå ðàáîò Ð. Ãëàóáåðà [5] íàçâàíèå êîãåðåíòíûå ñîñòîÿíèÿ,

îáóñëîâëåí òåì, ÷òî äëÿ íèõ êîíñòàíòà íåîïðåäåë¼ííîñòè ìèíèìàëüíà.
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Îñíîâíûì ïàðàìåòðîì ñèñòåìû êîãåðåíòíûõ ñîñòîÿíèé ÿâëÿåòñÿ âå-

ëè÷èíà ω1 · ω2. Ïðè óñëîâèè ω1 · ω2 ≤ 2π äàííàÿ ñèñòåìà îêàçûâàåòñÿ

ïîëíîé â L2(R) [7, ãë. 3], [33, ãë. 1]. Â ñëó÷àå ñòðîãîãî íåðàâåíñòâà ïî-

ëó÷àþòñÿ ôðåéìû, à ñèñòåìà îêàçûâàåòñÿ ïåðåïîëíåííîé (îíà îñòàåòñÿ

ïåðåïîëíåííîé äàæå ïîñëå âûáðàñûâàíèÿ êîíå÷íîãî ÷èñëà ôóíêöèé) [7,

ãë. 3], [30, ãë. 1]. Ïðè ðàâåíñòâå ω1 · ω2 = 2π ñèñòåìà îñòàåòñÿ ïîëíîé (ñ

îäíîé ëèøíåé ôóíêöèåé), íî íå ÿâëÿåòñÿ ôðåéìîì. Åñëè ω1 ·ω2 > 2π, òî

êîãåðåíòíûå ñîñòîÿíèÿ ÿâëÿþòñÿ íåïîëíîé ñèñòåìîé. Îäíàêî, â ðàáîòå

[13] äîêàçàíî, ÷òî êîãåðåíòíûå ñîñòîÿíèÿ ïðè ω1 · ω2 = 4πn, n ∈ N ÿâ-

ëÿþòñÿ ñèñòåìîé Ðèññà. Äàííîå îáñòîÿòåëüñòâî ïîçâîëÿåò èñïîëüçîâàòü

ýòè ôóíêöèè â çàäà÷àõ èíòåðïîëÿöèè è îðòîãîíàëèçàöèè.

1.4 Òåòà�ôóíêöèÿ ßêîáè

Ñâåäåíèÿ î òåòà�ôóíêöèÿõ ßêîáè â ýòîì ðàçäåëå ïðèâåäåíû â ñîîòâåñò-

âèè ñ [43, ãë.21]. Òåòà�ôóíêöèè îïðåäåëÿþòñÿ ïðè ïîìîùè áûñòðî ñõî-

äÿùèõñÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ:

ϑ1(z, q) = 2
∞∑
k=0

(−1)kq(k+
1
2 )

2

sin((2k + 1)z),

ϑ2(z, q) = 2
∞∑
k=0

q(k+
1
2 )

2

cos((2k + 1)z),

ϑ3(z, q) = 1 + 2
∞∑
k=1

qk
2

cos(2kz),

ϑ4(z, q) = 1 + 2
∞∑
k=1

(−1)kqk
2

cos(2kz),
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ãäå |q| < 1, q ∈ C, z ∈ C. Ýòè ôóíêöèè ÿâëÿþòñÿ öåëûìè ïî ïåðåìåííîé
z è ñâÿçàíû ìåæäó ñîáîé ñëåäóþùèìè ñîîòíîøåíèÿìè:

ϑ1(z, q) = −ϑ2(z +
π

2
, q), ϑ1(z +

π

2
, q) = −ϑ2(z, q) (1.22)

ϑ1(z, q) = −iMϑ3(z +
π

2
+
πτ

2
, q) = −iMϑ4(z +

πτ

2
, q), (1.23)

ϑ3(z, q) = ϑ4(z +
π

2
, q), ϑ4(z, q) = ϑ3(z +

π

2
, q). (1.24)

ãäå

q = eπiτ , Im τ > 0, M = exp

(
πiτ

4
+ iz

)
.

Â ýòèõ ôîðìóëàõ àðãóìåíòû âñåõ ÷åòûðåõ òåòà-ôóíêöèé z è q ïðåäïî-

ëàãàþòñÿ êîìïëåêñíûìè. Ôóíêöèÿ ϑ1(z, q) � íå÷¼òíàÿ ôóíêöèÿ îò z, à

îñòàëüíûå òåòà�ôóíêèè � ÷¼òíûå.

Îñíîâíûì èíñòðóìåíòîì ïðè èçó÷åíèè òåòà�ôóíêöèè ÿâëÿåòñÿ ïðî-

èçâåäåíèå ßêîáè. Ïðèâåä¼ì åãî äëÿ òðåòüåé òåòà�ôóíêöèè

ϑ3(t, q) =
∞∏
k=1

(1− q2k)(1 + 2q2k−1 cos(2t) + q4k−2). (1.25)

Äàííàÿ ôóíêöèÿ ïîëîæèòåëüíà ïðè âñåõ çíà÷åíèÿõ t ∈ R è q ∈ (−1; 1),

òàê êàê

1 + 2q2k−1 cos(2t) + q4k−2 ≥ (1− q2k−1)2 > 0.

Êðîìå òîãî, äàííàÿ ôóíêöèÿ ïåðèîäè÷íà ïî t ñ ïåðèîäîì π. Îíà óáûâàåò

íà èíòåðâàëå
(
0, π2
)
è âîçðàñòàåò íà èíòåðâàëå

(
π
2 , π
)
, òàê êàê ïîäîáíûì

îáðàçîì âåäóò ñåáÿ âñå ñîìíîæèòåëè â (1.25). Â äàëüíåéøåì íàì ïîòðå-

áóåòñÿ ñîîòíîøåíèå

ϑ′1(0, q) = ϑ2(0, q)ϑ3(0, q)ϑ4(0, q). (1.26)

Äëÿ ϑ′1(0, q) ìîæíî èñïîëüçîâàòü è äðóãîå ðàâåíñòâî

ϑ′1(0, q) = 2 q
1
4 ·G3, (1.27)

ãäå G =
∞∏
n=1

(
1− q2n

)
.
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Åñëè ïðèìåíèòü ôîðìóëó Ïóàññîíà (1.6) äëÿ f(x), ÿâëÿþùåéñÿ ôóíê-

öèåé Ãàóññà

f(x) = exp

(
−ax

2

4

)
, (a > 0)

òî ïîëó÷èòñÿ ñîîòíîøåíèå

∞∑
k=−∞

exp
(
−a(t+ πk)2

)
=

1√
πa

∞∑
k=−∞

exp

(
−k

2

a

)
e2ikt. (1.28)

Ôîðìóëà (1.28) òàêæå íîñèò íàçâàíèå òåòà-ïðåîáðàçîâàíèÿ.

Îòíîøåíèå òåòà�ôóíêöèé ϑ1(z, q)/ϑ4(z, q) óäîâëåòâîðÿåò äèôôåðåí-

öèàëüíîìó óðàâíåíèþ(
dξ

dz

)2

=
(
ϑ22(0, q)− ξ2ϑ23(0, q)

) (
ϑ23(0, q)− ξ2ϑ22(0, q)

)
.

Ýòî óðàâíåíèå ìîæåò áûòü ïðèâåäåíî ê êàíîíè÷åñêîìó âèäó ïðè ïîìîùè

çàìåíû ïåðåìåííûõ:

ξϑ3(0, q)

ϑ2(0, q)
= y, zϑ23(0, q) = u;

òîãäà, åñëè íàïèñàòü k
1
2 âìåñòî ϑ2(0,q)

ϑ3(0,q)
, óðàâíåíèå, îïðåäåëÿþùåå y êàê

ôóíêèþ îò u, áóäåò (
dy

du

)2

=
(
1− y2

) (
1− k2y2

)
.

Ýòî äèôôåðåíöèàëüíîå óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå

y =
ϑ3(0, q)

ϑ2(0, q)

ϑ1(uϑ
−2
3 (0, q), q)

ϑ4(uϑ
−2
3 (0, q), q)

.

Ôóíêöèÿ y ðàññìàòðèâàåòñÿ êàê ôóíêöèÿ îò u è k è çàïèñûâàåòñÿ â âèäå

y = sn(u, k). Ïîñòîÿííàÿ k íàçûâàåòñÿ ìîäóëåì. Åñëè k′
1
2 = ϑ4(0,q)

ϑ3(0,q)
, òàê

÷òî k2 + k′2 = 1, òî k′ íàçûâàåòñÿ äîïîëíèòåëüíûì ìîäóëåì. Êâàçèïåðè-

îäû ðàâíû πϑ23(0, q), πτϑ
2
3(0, q) è îáîçíà÷àþòñÿ ÷åðåç 2K, 2iK ′, òàê ÷òî

sn(u, k) èìååò ïåðèîäû 4K, 2iK ′.
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Ïðè |Im z| < 1
2Im (πτ) ñïðàâåäëèâà ôîðìóëà

Kk
1
2

π

ϑ4(0, q)

ϑ4(z, q)
=

1

2
a0 +

∞∑
n=1

an cos 2nz, (1.29)

ãäå

an = 2
∞∑
m=0

(−1)mq(m+ 1
2)(2n+m+ 1

2). (1.30)

1.5 Èíòåðïîëÿöèÿ è äèñêðåòíîå ïðåîáðàçîâàíèå Ôó-

ðüå

Ñèñòåìà öåëî÷èñëåííûõ ñäâèãîâ

Ïîñëå ïîÿâëåíèÿ òåîðèè âñïëåñêîâ ðåçêî âîçðîñ èíòåðåñ ê ñèñòåìàì

öåëî÷èñëåííûõ (ðàâíîìåðíûõ) ñäâèãîâ [22]. Ðàâíîìåðíîñòü çäåñü îáúÿñ-

íÿåòñÿ òåì, ÷òî ñèãíàë, êàê ïðàâèëî, îöèôðîâûâàåòñÿ â òî÷êàõ n4x, ãäå
4x � øàã èçìåðåíèé, à n ∈ Z.

Ðàññìàòðèâàåòñÿ çàäàííàÿ íà âñåé âåùåñòâåííîé îñè ôóíêöèÿ φ(x) è

îòâå÷àþùàÿ åé ñèñòåìà öåëî÷èñëåííûõ ñäâèãîâ

φj(x) = φ(x− j), j ∈ Z. (1.31)

Çàäà÷à èíòåðïîëÿöèè ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Ïóñòü äàíà ôóíêöèÿ f(x). Òðåáóåòñÿ ïîñòðîèòü èíòåðïîëèðóþùóþ

ôóíêöèþ f̃(x):

f̃(x) =
∞∑

j=−∞
f̃j φj(x), (1.32)

óäîâëåòâîðÿþùóþ óñëîâèÿì

f̃(m) = f(m), m ∈ Z. (1.33)

Îäíèì èç îñíîâíûõ ñïîñîáîâ ðåøåíèÿ äàííîé çàäà÷è ÿâëÿåòñÿ ïîñòðîå-

íèå óçëîâîé ôóíêöèè.
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Îïðåäåëåíèå 1.4 Ôóíêöèÿ g(x), ÿâëÿþùàÿñÿ ëèíåéíîé êîìáèíàöèåé

φk(x),

g(x) =
∞∑

k=−∞

dk φk(x), (1.34)

íàçûâàåòñÿ óçëîâîé ôóíêöèåé, åñëè äëÿ íåå âûïîëíåíà ñèñòåìà ðàâåíñòâ

g(m) = δ0m, m ∈ Z, (1.35)

ãäå δ0m � ñèìâîë Êðîíåêåðà.

Çàìå÷àíèå. Âîîáùå ãîâîðÿ, ñèñòåìó ðàâåíñòâ (1.35) ìîæíî çàïè-

ñàòü â áîëåå îáùåì âèäå

gl(m) = δlm, l ∈ Z, (1.36)

ãäå gl(x) = g(x− l). Â íàøåì ñëó÷àå l = 0.

Íàõîæäåíèå g(x) ðàâíîñèëüíî ðåøåíèþ ëèíåéíîé ñèñòåìû áåñêîíå÷-

íîãî ÷èñëà óðàâíåíèé ñ áåñêîíå÷íûì ÷èñëîì íåèçâåñòíûõ dk:

∞∑
k=−∞

dk φk(m) = δ0m, m ∈ Z. (1.37)

Åñëè ïðè èíòåðïîëÿöèè èñïîëüçîâàòü öåëî÷èñëåííûå ñäâèãè (ðàâíîìåð-

íûå ñ îäíèì øàãîì) îäíîé ôóíêöèè, òî (1.37) ïðåäñòàâëÿåò ñîáîé ñèñòåìó

òèïà ñâåðòêè. Â íåïðåðûâíîì ñëó÷àå óðàâíåíèå òèïà ñâåðòêè ðåøàåòñÿ

ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå, â äèñêðåòíîì áåñêîíå÷íîìåðíîì ñëó-

÷àå èñïîëüçóþòñÿ ðÿäû Ôóðüå, â êîíå÷íîìåðíîì ñëó÷àå � äèñêðåòíîå

ïðåîáðàçîâàíèå Ôóðüå.

Îïðåäåëåíèå 1.5 Ðÿä Ôóðüå

G(t) =
∞∑

k=−∞

dk e
−ikt

íàçûâàåòñÿ ñèìâîëîì [44, ñ.10] èëè ìàñêîé [30, ñ.23] áåñêîíå÷íîé ïî-

ñëåäîâàòåëüíîñòè {dk}k∈Z.

30



Ïóñòü Φ(t) � ìàñêà, ïîñòðîåííàÿ ïî çíà÷åíèÿì ôóíêöèè φ(x) â öåëûõ

óçëàõ, ò.å.

Φ(t) =
∞∑

j=−∞
φ(j) e−ijt.

Ïðèâåä¼ì ëåììó, äàþùóþ êîíñòðóêòèâíûé ñïîñîá ïîñòðîåíèÿ óçëî-

âîé ôóíêöèè.

Ëåììà 1.1 ([44, ñ.168], [52, p.152]) Åñëè ðÿäû Ôóðüå G(t) è Φ(t) ñõî-

äÿòñÿ àáñîëþòíî, òî äëÿ íèõ ñïðàâåäëèâî ðàâåíñòâî:

G(t) · Φ(t) = 1.

Ñëåäîâàòåëüíî, äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ dk íóæíî ðàçëîæèòü

â ðÿä Ôóðüå ôóíêöèþ 1/Φ(t).

Âåðíåìñÿ ê çàäà÷å (1.32), (1.33). Â ñèëó (1.35) ðåøåíèå ëåãêî ñòðîèòñÿ

ñ ïîìîùüþ óçëîâîé ôóíêöèè g(x):

f̃(x) =
∞∑

m=−∞
f(m) g(x−m) =

∞∑
m=−∞

f(m)
∞∑

k=−∞

dk φk+m(x).

Çàìåíà m+ k = j, ïðèâîäèò ê ðàâåíñòâó

f̃(x) =
∞∑

j=−∞
φj(x)

∞∑
k=−∞

dkf(j − k).

Äëÿ ïîëó÷åíèÿ (1.32), îñòàëîñü ââåñòè îáîçíà÷åíèå

f̃j =
∞∑

k=−∞

dk f(j − k). (1.38)

Åñëè â êà÷åñòâå φ(x) âûáðàòü ôóíêöèþ Ãàóññà ñ äèñïåðñèåé σ2, ò.å.

φ(x) = exp

(
− x2

2σ2

)
,

òî âñïîìîãàòåëüíûå ðÿäû Ôóðüå G(t) è Φ(t) çàïèñûâàþòñÿ â ñëåäóþùåì

âèäå:

G(t) =
∞∑

k=−∞

dke
−ikt, (1.39)
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Φ(t) =
∞∑

j=−∞
exp

(
− j2

2σ2

)
e−ijt. (1.40)

Òîãäà Φ(t) âûðàæàåòñÿ ÷åðåç òåòà-ôóíêöèþ

Φ(t) =
∞∑

j=−∞
qj

2

eijt = ϑ3

(
t

2
, q

)
> 0,

ãäå ïàðàìåòð q = exp
(

1
2σ2

)
.

Â ðàáîòàõ Â. Ã. Ìàçüè, Ã. Øìèäòà [51]�[52] äëÿ êîýôôèöèåíòîâ dGσk
ïîëó÷åíà ÿâíàÿ ôîðìóëà. Ïðèâåäåì ýòîò ðåçóëüòàò.

Òåîðåìà 1.3 ([52], ãë. 7, ëåììà 7.8) Ñïðàâåäëèâà ôîðìóëà

1

Φ (t)
=

∞∑
k=−∞

dGσk · e
ikt,

ãäå

dGσk =
1

C (σ)
· exp

(
k2

2σ2

)
·
∞∑

r=|k|

(−1)r · exp

(
−(r + 0.5)2

2σ2

)
, (1.41)

ñ êîíñòàíòîé

C (σ) =
∞∑

r=−∞
(4r + 1) · exp

(
−(2r + 0.5)2

2σ2

)
= (1.42)

=
(
2πσ2

) 3
2 ·

∞∑
r=−∞

(4r + 1) · exp
(
−2π2σ2 · (2r + 0.5)2

)
. (1.43)

Óçëîâóþ ôóíêöèþ òàêèì æå îáðàçîì ìîæíî ïîñòðîèòü è äëÿ ôóíêöèè

Ëîðåíöà:

Ls(t) =
s2

t2 + s2
.

Èç ðàáîòû [11] èçâåñòíà ôîðìóëà äëÿ êîýôôèöèåíòîâ dLsk óçëîâîé ôóíê-

öèè, ïîñòðîåííîé ïî ñèñòåìå ñäâèãîâ Ls(t):

dLsk =
(−1)k sh(σπ)

σπ2

π∫
0

cos(kt)

ch(st)
dt. (1.44)
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Îïèñàíèå äèñêðåòíîãî àíàëîãà ïðåîáðàçîâàíèÿ Ôóðüå, ïðîâîäèòñÿ â

ñîîòâåòñòâèè ñ [26], [37]. Äëÿ çàäàííîãî íàòóðàëüíîãî ÷èñëà N çàäàåòñÿ

âåëè÷èíà

ε = exp

(
2πi

N

)
= cos

(
2π

N

)
+ i · sin

(
2π

N

)
.

Êîìïëåêñíîå ÷èñëî ε ÿâëÿåòñÿ ïðîñòûì êîðíåì N -îé ñòåïåíè èç åäèíè-

öû, ò.å.

εN = 1, εk 6= 1, 1 ≤ k ≤ N − 1.

Ïóñòü çàäàí N -ìåðíûé âåêòîð f ñ êîìïëåêñíûìè êîîðäèíàòàìè

f = (f0, f1, f2, ..., fN−1).

Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå (ÄÏÔ) îïðåäåëÿåòñÿ ðàâåíñòâàìè:

f̂j =
N−1∑
k=0

fk ε
−kj, j = 0, 1, ..., N − 1. (1.45)

Ôîðìóëà îáðàòíîãî ÄÏÔ èìååò âèä

fk =
1

N

N−1∑
j=0

f̂j ε
kj, k = 0, 1, ..., N − 1. (1.46)

Äëÿ ñîîòíåñåíèÿ ÄÏÔ ñ èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ôóðüå è ðÿ-

äàìè Ôóðüå óäîáíåå ðàññìàòðèâàòü ñëó÷àé, êîãäà èíäåêñû êîîðäèíàò

âåêòîðîâ ñèììåòðè÷íû îòíîñèòåëüíî íóëÿ. Çäåñü âîçìîæíû

íåñêîëüêî âàðèàíòîâ. Îñíîâíûå èç íèõ � ýòî êîãäà ÷èñëî òî÷åê (êîîðäè-

íàò âåêòîðà) ÷åòíîå èëè íå÷åòíîå.

Ïóñòü N = 2n + 1 (ñëó÷àé íå÷åòíîãî ÷èñëà òî÷åê). Ôîðìóëû äëÿ

ïðÿìîãî è îáðàòíîãî ÄÏÔ ïðèíèìàþò âèä:

f̂j =
n∑

k=−n

fk · ε−kj, j = −n, ..., 0, ..., n.

fk =
1

2n+ 1

n∑
j=−n

f̂j · εkj, k = −n, ..., 0, ..., n.
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Åñëè f−k = fk, ïîëó÷àåòñÿ ðàâåíñòâî

f̂j = f0 +
n∑
k=1

fk · (εkj + ε−kj) = f0 + 2
n∑
k=1

fk cos

(
2πkj

2n+ 1

)
. (1.47)

Òàê ââîäèòñÿ äèñêðåòíîå êîñèíóñíîå ïðåîáðàçîâàíèå (ÄÊÏ). Ïîñêîëüêó

êîñèíóñ � ôóíêöèÿ ÷åòíàÿ, òî f̂−j = f̂j. Îáðàòíîå ÄÊÏ èìååò âèä:

fk =
1

2n+ 1

(
f̂0 + 2

n∑
j=1

f̂j cos

(
2πkj

2n+ 1

))
. (1.48)

Åñëè N = 2n (ñëó÷àé ÷åòíîãî ÷èñëà òî÷åê), ïîÿâëÿåòñÿ óñëîâèå ñî-

ãëàñîâàíèÿ

f−n = fn, f̂−n = f̂n, (1.49)

à ôîðìóëû ïðÿìîãî è îáðàòíîãî ÄÏÔ èìåþò âèä:

f̂j =
n−1∑
k=−n

fk · ε−kj, fk =
1

2n

n−1∑
j=−n

fj · εkj, (1.50)

ãäå

ε = exp

(
2πi

2n

)
= exp

(
πi

n

)
.

Ðåàëèçàöèÿ ïðÿìîãî è îáðàòíîãî ÄÊÏ ïðîâîäèòñÿ ïî ôîðìóëàì:

f̂j = f0 + 2
n−1∑
k=1

fk · cos

(
πkj

n

)
+ (−1)jfn, j = 0, 1, ..., n, (1.51)

fk =
1

2n

(
f̂0 + 2

n−1∑
j=1

f̂j · cos

(
πkj

n

)
+ (−1)kf̂n

)
. (1.52)
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Ãëàâà 2

Î êîíñòàíòàõ íåîïðåäåë¼ííîñòè äëÿ

ëèíåéíûõ êîìáèíàöèé ôóíêöèé

Ýðìèòà

Ââåäåíèå

Èñïîëüçóåìûå â òåîðåòè÷åñêîé ôèçèêå îðòîíîðìèðîâàííûå áàçèñû (íà-

ïðèìåð, ôóíêöèè Ýðìèòà) íå èìåþò ðàâíîìåðíî îãðàíè÷åííîé êîíñòàí-

òû íåîïðåäåë¼ííîñòè. Õîðîøî ëîêàëèçîâàííûå ïîäñèñòåìû êîãåðåíòíûõ

ñîñòîÿíèé íå îðòîãîíàëüíû. À ðàçâèòèå ýðãîäè÷åñêîé òåîðèè äëÿ êâàí-

òîâûõ ñèñòåì òðåáóåò ïîñòðîåíèÿ áàçèñà, ñî÷åòàþùåãî ñâîéñòâà îðòîãî-

íàëüíîñòè è ëîêàëèçîâàííîñòè. Ñóùåñòâîâàíèå òàêîãî áàçèñà, ïîñòðîåí-

íîãî èç ïîëíîé ïîäñèñòåìû êîãåðåíòíûõ ñîñòîÿíèé, áûëî ïîñòóëèðîâàíî

Äæ. ôîí Íåéìàíîì åù¼ â 1929 ãîäó [27], íî êîíñòðóêòèâíûõ ïðèìåðîâ

íåò äî ñèõ ïîð. Èñïîëüçîâàíèå áàçèñîâ âñïëåñêîâîãî òèïà [7, 30] â ýðãî-

äè÷åñêîé òåîðèè òàêæå îêàçàëîñü çàòðóäíèòåëüíûì.

Âîçíèêàåò åñòåñòâåííûé âîïðîñ î âîçìîæíîñòè óëó÷øåíèÿ ñâîéñòâà

ëîêàëèçîâàííîñòè ó óæå èìåþùèõñÿ áàçèñîâ. Îñîáûé èíòåðåñ â òàêîì

ñëó÷àå ïðåäñòàâëÿþò ôóíêöèè, äëÿ êîòîðûõ êîíñòàíòó íåîïðåäåë¼ííî-

ñòè ìîæíî íå òîëüêî îöåíèòü, íî è àíàëèòè÷åñêè ïîñ÷èòàòü. Â ýòîì ñî-

ñòîèò îäíî èç äîñòîèíñòâ ôóíêöèé Ýðìèòà.
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Êàê èçâåñòíî, ïðè îðòîãîíàëüíîì ïðåîáðàçîâàíèè îäèí áàçèñ ïåðåõî-

äèò â äðóãîé. Ïðè÷¼ì èõ êîíñòàíòû íåîïðåäåë¼ííîñòè âåäóò ñåáÿ î÷åíü

ïî-ðàçíîìó. Îíè ìîãóò áûòü ðàâíîìåðíî îãðàíè÷åííûìè (âñïëåñêè Ìåé-

åðà), íåîãðàíè÷åííûìè (ôóíêöèè Ýðìèòà) è äàæå ðàâíûìè áåñêîíå÷íî-

ñòè [7, 30]. Çíà÷èò, óìåñòåí âîïðîñ îá îðòîãîíàëüíîì ïðåîáðàçîâàíèè,

óìåíüøàþùåì êîíñòàíòó íåîïðåäåë¼ííîñòè äëÿ âñåõ ôóíêöèé áàçèñà.

Â ýòîé ãëàâå ïîäðîáíî èçó÷åí ñëó÷àé äâóõ ôóíêöèé Ýðìèòà. Àíàëèòè-

÷åñêè ïîëó÷åíû òî÷êè ìèíèìóìà êîíñòàíòû íåîïðåäåë¼ííîñòè è å¼ ìè-

íèìóì. Èçó÷åíî ïðèìåíåíèå ìàòðèöû óíèòàðíîãî ïðåîáðàçîâàíèÿ. Äëÿ

ñëó÷àÿ òð¼õ ôóíêöèé òî÷êè ìèíèìóìà êîíñòàíòû íåîïðåäåë¼ííîñòè íàé-

äåíû ÷èñëåííî, ñ ïîìîùüþ ãðàôèêîâ, ïîñòðîåííûõ â ïàêåòå Mathematica.

Óæå ïðè ÷åòûðåõ ôóíêöèÿõ êîíñòàíòà íåîïðåäåë¼ííîñòè çàâèñèò îò òð¼õ

ïàðàìåòðîâ, ÷òî çàòðóäíÿåò äàæå ïðèáëèæ¼ííîå ãðàôè÷åñêîå ðåøåíèå.

Óìåíüøåíèå îáùåé êîíñòàíòû íåîïðåäåë¼ííîñòè äëÿ áàçèñà òðåáóåò èíî-

ãî ïîäõîäà, ÷åì ìèíèìèçàöèÿ îäíîé ëèíåéíîé êîìáèíàöèè. Íàïðèìåð, â

ðàáîòå Þðãåíà Ïðåñòèíà è Áåðíäà Ôèøåðà [48] ïðè ïîìîùè ôóíêöèé

Ýðìèòà ñòðîèòñÿ áàçèñ âñïëåñêîãî òèïà.

Âåçäå äàëåå â òåêñòå íà÷àëî äîêàçàòåëüñòâ ëåìì, òåîðåì è ñëåäñòâèé

èç íèõ îáîçíà÷àåòñÿ ñèìâîëîì 2, à êîíåö äîêàçàòåëüñòâà � ñèìâîëîì �.

2.1 Âñïîìîãàòåëüíûå èíòåãðàëû

Â äàëüíåéøåì ïîòðåáóåòñÿ ëåììà.

Ëåììà 2.1 Ñïðàâåäëèâû ôîðìóëû

∞∫
−∞

x2 ϕn(x)ϕk(x) dx =



0, k 6= n± 2, k 6= n,

n+ 1
2 , k = n,√

(n+2)(n+1)

2 , k = n+ 2,√
n(n−1)
2 k = n− 2.

(2.1)
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∞∫
−∞

xϕn(x)ϕk(x) dx =


0, k 6= n± 1,√
n+1
2 , k = n+ 1,√
n
2 , k = n− 1.

(2.2)

2 Âû÷èñëèì (2.1), èñïîëüçóÿ (1.15) è (1.16):

∞∫
−∞

xϕn(x)ϕk(x) dx =

=
1

2
√

2n+k n! k! π

∞∫
−∞

(Hn+1(x) + 2nHn−1(x))Hk(x) e−x
2

dx =

=


0, k 6= n± 1,

1

2
√

22n+1 n! (n+1)!π

∞∫
−∞

H2
n+1(x) e−x

2

dx, k = n+ 1,

n√
22n−1 n! (n−1)!π

∞∫
−∞

H2
n−1(x) e−x

2

dx, k = n− 1.

=

=


0, k 6= n± 1,

2n+1
√
π(n+1)!

2n+1n!
√

2(n+1)π
, k = n+ 1,

2n−1n!
√
π

2n−1(n−1)!
√
2nπ

, k = n− 1.

=


0, k 6= n± 1,√
n+1
2 , k = n+ 1,√
n
2 , k = n− 1.

Àíàëîãè÷íî áóäåì äåéñòâîâàòü è ñ (2.2):

∞∫
−∞

x2 ϕn(x)ϕk(x) dx =
1

4
√

2n+k n! k! π
·

·
∞∫

−∞

(Hn+1(x) + 2nHn−1(x))(Hk+1(x) + 2kHk−1(x)) e−x
2

dx =
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=



0, k 6= n± 2, k 6= n

1
4
√
22n n!n!π

∞∫
−∞

(H2
n+1(x) + 4n2H2

n−1(x)) e−x
2

dx k = n,

2(n+2)

4
√

22n+2 n! (n+2)!π

∞∫
−∞

H2
n+1(x) e−x

2

dx, k = n+ 2,

2n

4
√

22n−2 n! (n−2)!π

∞∫
−∞

H2
n−1(x) e−x

2

dx, k = n− 2.

=

=



0, k 6= n± 2, k 6= n,
2n+1 (n+1)!

√
π+4n22n−1 (n−1)!

√
π

4·2n n!
√
π

k = n,
2n+1 (n+2)!

√
π

2·2n+1 n!
√

(n+2)(n+1)π
, k = n+ 2,

2n−1 n!
√
π

2n (n−2)!
√
n(n−1)π

k = n− 2.

=

=



0, k 6= n± 2, k 6= n,

n+ 1
2 , k = n,√

(n+2)(n+1)

2 , k = n+ 2,√
n(n−1)
2 k = n− 2. �

Èç (2.1) � (2.2) è (1.18) âèäíî, ÷òî

u(ϕn) = ∆ (ϕn) ·∆ (ϕ̂n) = n+
1

2
. (2.3)

2.2 Ñëó÷àé äâóõ ôóíêöèé Ýðìèòà

Ðàññìîòðèì ôóíêöèþ Ψα,n,k(x) = cosαϕn(x) + sinαϕk(x), ãäå ïàðàìåòð

α ∈ [0; 2π], n, k = 0, 1, 2 . . . (îáùèé ñëó÷àé Ψa,b,n,k(x) = aϕn(x) + b ϕk(x)

ñîâïàäàåò ñ ðàññìàòðèâàåìûì, òàê êàê ïðè äåëåíèè ôóíêöèè íà
√
a2 + b2

êîíñòàíòà íåîïðåäåë¼ííîñòè íå ìåíÿåòñÿ). Åñòåñòâåííî, ìû ïðåäïîëàãà-

åì, ÷òî n 6= k.

Çàìåòèì, ÷òî íîðìà Ψα,n,k(x) ðàâíà 1. Âû÷èñëèì êîíñòàíòó íåîïðåäå-
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ë¼ííîñòè äëÿ ôóíêöèè Ψα,n,k(x). Âíà÷àëå íàéä¼ì å¼ ðàäèóñ:

∆2(Ψα,n,k) =

∞∫
−∞

x2|Ψα,n,k(ξ)|2dx−

 ∞∫
−∞

x|Ψα,n,k(ξ)|2dx

2

.

Òàê êàê |Ψα,n,k(ξ)|2 = cos2 αϕ2
n(ξ) + sin 2αϕn(ξ)ϕk(ξ) + sin2 αϕ2

k(ξ), òî

∆2(Ψα,n,k) = cos2 α

∞∫
−∞

x2ϕ2
n(x) dx+ sin 2α

∞∫
−∞

x2ϕn(x)ϕk(x) dx+

+ sin2 α

∞∫
−∞

x2ϕ2
k(x)) dx−

 cos2 α

∞∫
−∞

xϕ2
n(x) dx+

+ sin 2α

∞∫
−∞

xϕn(x)ϕk(x) dx+ sin2 α

∞∫
−∞

xϕ2
k(x) dx

2

.

Òàêèì îáðàçîì, ñ ïîìîùüþ (2.1)�(2.2) ïîëó÷èì

∆2(Ψα,n,k) =

= n cos2 α + k sin2 α +
1

2
− sin2 2α

 ∞∫
−∞

xϕn(x)ϕk(x) dx

2

. (2.4)

Â çàâèñèìîñòè îò ðàñïîëîæåíèÿ ôóíêöèé äðóã îòíîñèòåëüíî äðóãà,

èëè èíà÷å ãîâîðÿ, â çàâèñèìîñòè îò íîìåðîâ n è k, âåëè÷èíà ∆(Ψ̂α,n,k),

âîîáùå ãîâîðÿ, ìîæåò áûòü ðàçëè÷íîé. Ïîýòîìó îñíîâíûå óòâåðæäåíèÿ

ïàðàãðàôà óäîáíî ñôîðìóëèðîâàòü â âèäå òðåõ òåîðåì.

Òåîðåìà 2.1 Ïóñòü |n− k| > 2, òîãäà

u (Ψα,n,k) = n cos2 α + k sin2 α +
1

2
,

min
α∈[0,2π]

u(Ψα,n,k) = min(n, k) +
1

2
.
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2 Èç (2.4) ñëåäóåò

∆2(Ψα,n,k) = n cos2 α + k sin2 α +
1

2
.

Íàéä¼ì ðàäèóñ Ψ̂α,n,k.

∆2(Ψ̂α,n,k) =

∞∫
−∞

x2|Ψ̂α,n,k(ξ)|2dx−

 ∞∫
−∞

x|Ψ̂α,n,k(ξ)|2dx

2

.

Ó÷èòûâàÿ (1.18), |Ψ̂α,n,k(ξ)|2 ìîæåò áûòü ðàâíî îäíîìó èç ñëåäóþùèõ

âûðàæåíèé:
cos2 αϕ2

n(ξ) + sin2 αϕ2
k(ξ),

cos2 αϕ2
n(ξ) + sin 2αϕn(ξ)ϕk(ξ) + sin2 αϕ2

k(ξ),

cos2 αϕ2
n(ξ)− sin 2αϕn(ξ)ϕk(ξ) + sin2 αϕ2

k(ξ).

Êàê âèäíî èç (2.2),
∞∫

−∞

x|Ψ̂α,n,k(ξ)|2dx = 0.

Îòñþäà è èç ôîðìóëû (2.1) ïîëó÷èì:

∆2(Ψ̂α,n,k) = n cos2 α + k sin2 α +
1

2
.

Òàêèì îáðàçîì,

u(Ψα,n,k) = n cos2 α + k sin2 α +
1

2
. (2.5)

Ñëåäîâàòåëüíî, êîíñòàíòà íåîïðåäåë¼ííîñòè, êàê ôóíêöèÿ îò α, ïðèíè-

ìàåò âñå çíà÷åíèÿ èç îòðåçêà [min(n, k) + 1
2 ; max(n, k) + 1

2 ]. Ìèíèìóì,

åñòåñòâåííî, äîñòèãàåòñÿ ïðè îáíóëåíèè êîýôôèöèåíòà ó ôóíêöèè ñ íàè-

áîëüøèì èíäåêñîì. �

Çàìå÷àíèå 2.1 Êàê ñëåäóåò èç (2.3), ãðàíèöàìè îòðåçêà [min(n, k) +
1
2 ; max(n, k)+ 1

2 ] ÿâëÿþòñÿ êîíñòàíòû íåîïðåäåë¼ííîñòè äëÿ èñõîäíûõ

ôóíêöèé ϕn è ϕk .
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Çàìå÷àíèå 2.2 Ìàêñèìóì êîíñòàíòû íåîïðåäåë¼ííîñòè áóäåò ðàâåí

max(n, k) + 1
2, òàêæå, êàê è âî âñåõ ðàññìàòðèâàåìûõ íèæå ñëó÷àÿõ.

Áîëåå èíòåðåñíûå ðåçóëüòàòû ïîëó÷àþòñÿ â ñëåäóþùåé òåîðåìå.

Òåîðåìà 2.2 Ïóñòü k = n+ 2, òîãäà

u(Ψα,n,n+2) =

√
(n2 + 3n+ 6) sin4 α + (n− n2) sin2 α + n2 + n+

1

4
,

min
α∈[0,2π]

u(Ψα,n,n+2) =

√
2n4 + 14n3 + 39n2 + 27n+ 6

4(n2 + 3n+ 6)

è äîñòèãàåòñÿ ïðè sin2 αn = n2−n
2(n2+3n+6).

2 Ó÷èòûâàÿ (2.4) è (2.2), ïîëó÷èì

∆2(Ψα,n,n+2) = 2 sin2 α +

√
(n+ 2)(n+ 1)

2
sin 2α + n+

1

2
.

Ñîîòíîøåíèå (1.18) ïîçâîëÿåò îïðåäåëèòü, ÷òî

|Ψ̂α,n,n+2(ξ)|2 = cos2 αϕ2
n(ξ)− sin 2αϕn(ξ)ϕn+2(ξ) + sin2 αϕ2

n+2(ξ).

Îòñþäà,

∆2(Ψ̂α,n,n+2) = 2 sin2 α−
√

(n+ 2)(n+ 1)

2
sin 2α + n+

1

2
,

u2(Ψα,n,n+2) = (n2 + 3n+ 6) sin4 α + (n− n2) sin2 α + n2 + n+
1

4
. (2.6)

Ïîäêîðåííîå âûðàæåíèå äîñòèãàåò ñâîåãî ìèíèìóìà ïðè

sin2 αn =
n2 − n

2(n2 + 3n+ 6)
.

Âûïèøåì ìèíèìàëüíîå çíà÷åíèå u(Ψα,n,n+2), ïîëó÷àÿ óòâåðæäåíèå

òåîðåìû

min
α∈[0,2π]

u(Ψα,n,n+2) =

√
2n4 + 14n3 + 39n2 + 27n+ 6

4(n2 + 3n+ 6)
.�
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Ñëåäñòâèå 2.1 Ïóñòü n = k − 2, òîãäà

u(Ψα,k−2,k) =

√
(k2 + 3k + 6) cos4 α + (k − k2) cos2 α + k2 + k +

1

4
,

min
α∈[0,2π]

u(Ψα,k−2,k) =

√
2k4 + 14k3 + 39k2 + 27k + 6

4(k2 + 3k + 6)

è äîñòèãàåòñÿ ïðè cos2 α = k2−k
2(k2+3k+6).

2 Ýòîò ñëó÷àé ëåãêî ñâîäèòñÿ ê ïðåäûäóùåìó. Äîñòàòî÷íî âçÿòü k =

n+ 2 è ñäåëàòü çàìåíó α′ = π
2 − α. Òîãäà ðîëü sinα áóäåò èãðàòü cosα:

u(Ψα,k−2,k) =

√
(k2 + 3k + 6) cos4 α + (k − k2) cos2 α + k2 + k +

1

4
. (2.7)

�

Çàìå÷àíèå 2.3 Åñëè n ≥ 2, òî äëÿ Ψα,n,n+2(x) êîíñòàíòà íåîïðåäå-

ë¼ííîñòè ìåíüøå n + 1
2, òî åñòü ìåíüøå íàèìåíüøåé èç êîíñòàíò

äëÿ èñõîäíûõ ôóíêöèé ϕn(x) è ϕk(x).

Âû÷èñëèì ýòîò ìèíèìóì ïðè n = 2 è n = 3:

min
α∈[−π; π]

u(Ψα,2,0) =

√
87

4
= 2, 33 . . . ,

min
α∈[−π; π]

u(Ψα,3,1) =

√
485

48
= 3, 18 . . . .

Çàìå÷àíèå 2.4 Î÷åâèäíî, ÷òî

n2 − n
2(n2 + 3n+ 6)

→ 1

2

ïðè n → ∞, òî åñòü îïòèìàëüíîå çíà÷åíèå α áëèçêî ê îäíîìó èç

ñëåäóþùèõ óãëîâ π
4 + πm

2 , m = 0, 1, 2, 3.
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Èçó÷èì ïîâåäåíèå êîíñòàíòû íåîïðåäåë¼ííîñòè ïðè sin2 α∗ = 1
2 , êîòîðîå

òåì áëèæå ê îïòèìàëüíîìó, ÷åì áîëüøå n.

u(Ψα∗,n,n+2) =

√
n2 + 3n+ 6

4
+
−n2 + n

2
+ n2 + n+

1

4
=

=

√
3n2 + 9n+ 7

2
≈
√

3

2
(n+

3

2
),

ãäå an ≈ bn - îçíà÷àåò, ÷òî lim
n→∞

an
bn

= 1. Òàêèì îáðàçîì, ìû ïîëó÷èëè

àñèìïòîòèêó

u(Ψα∗,n,n+2) ≈
√

3

2
(n+

3

2
). (2.8)

Çàìåòèì, ÷òî u(Ψα∗,6,8) =
√
3n2+9n+7

2 = 13
2 = n + 1

2 , òî åñòü â ýòîì ñëó-

÷àå u(Ψα∗,6,8) ñîâïàä¼ò ñ íàèìåíüøèì çíà÷åíèåì äëÿ êîíñòàíò íåîïðå-

äåë¼ííîñòè èñõîäíûõ ôóíêöèé. Ïðè n ≥ 7 êîíñòàíòà íåîïðåäåë¼ííîñòè

u(Ψα∗,7,9) =
√
3n2+9n+7

2 < n+ 1
2 , òî åñòü ìåíüøå ýòîãî íàèìåíüøåãî çíà÷å-

íèÿ.

Òåîðåìà 2.3 Ïóñòü k = n+ 1, òîãäà

u(Ψα,n,n+1) =

=

√
2(n+ 1) sin6 α + (2n2 + n) sin4 α− (2n2 + n) sin2 α + n2 + n+

1

4
,

ìèíèìóì äîñòèãàåòñÿ ïðè sin2 αa =
√
a2+3a−a

3 , ãäå a = 2n2+n
2(n+1).

2 Â óñëîâèÿõ òåîðåìû ôîðìóëà (2.4) ïðèìåò âèä

∆2(Ψα,n,n+1) = sin2 α + n+
1

2
− n+ 1

2
sin2 2α.

Äëÿ |Ψ̂α,n,n+1(ξ)|2 ñïðàâåäëèâî ðàâåíñòâî:

|Ψ̂α,n,n+1(ξ)|2 = cos2 αϕ2
n(ξ) + sin2 αϕ2

k(ξ).
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Òîãäà,

∆2(Ψ̂α,n,n+1) = n cos2 α + (n+ 1) sin2 α +
1

2
= sin2 α + n+

1

2
.

Ïðèâåä¼ì çíà÷åíèå u2(Ψα,n,n+1):

u2(Ψα,n,n+1) = 2(n+ 1) sin6 α + (2n2 + n) sin4 α−

−(2n2 + n) sin2 α + n2 + n+
1

4
. (2.9)

Äëÿ ïðîñòîòû ðàññìîòðèì ôóíêöèþ f(t) = t3 + at2 − at + b, ãäå

a ≥ 0, b > 0, t ∈ [0, 1]. Íà ýòîì îòðåçêå ìèíèìóì äîñòèãàåòñÿ ïðè

t =
√
a2+3a−a

3 , òî åñòü äëÿ u(Ψα,n,n+1) ïðè sin2 αa =
√
a2+3a−a

3 , ãäå a = 2n2+n
2(n+1) .

Ôîðìóëà äëÿ ìèíèìàëüíîãî çíà÷åíèÿ êîíñòàíòû íåîïðåäåë¼ííîñòè îêà-

çûâàåòñÿ ñëèøêîì ãðîìîçäêîé. �

Ñëåäñòâèå 2.2 Ïóñòü n = k − 1, òîãäà

u(Ψα,k−1,k) =

=

√
2(k + 1) cos6 α + (2k2 + k) cos4 α− (2k2 + k) cos2 α + k2 + k +

1

4
,

ìèíèìóì äîñòèãàåòñÿ ïðè cos2 αa =
√
a2+3a−a

3 , ãäå a = 2n2+n
2(n+1).

2 Ýòîò ñëó÷àé ëåãêî ñâîäèòñÿ ê ïðåäûäóùåìó. Äîñòàòî÷íî âçÿòü k =

n+ 1 è ñäåëàòü çàìåíó α′ = π
2 − α. Òîãäà ðîëü sinα áóäåò èãðàòü cosα:

u2(Ψα,k−1,k) = 2(k + 1) cos6 α + (2k2 + k) cos4 α−

−(2k2 + k) cos2 α + k2 + k +
1

4
. (2.10)

�

Çàìå÷àíèå 2.5 Çàìåòèì, ÷òî

lim
a→∞

√
a2 + 3a− a

3
= lim

a→∞

3a

3(
√
a2 + 3a+ a)

=
1

2
.
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Âû÷èñëèì u(Ψα,n,n−1) ïðè sin2 α∗ = 1
2.

u(Ψα∗,n,n−1) =

√
2(n+ 1)

1

8
+ (2n2 + n)

1

4
− (2n2 + n)

1

2
+ n2 + n+

1

4
=

=

√
n+ 1− 2n2 − n+ 4n2 + 4n+ 1

4

òî åñòü,

u(Ψα∗,n,n−1) =

√
2

2
(n+ 1). (2.11)

Çàìåòèì, ÷òî è â ýòîì ñëó÷àå êîíñòàíòà íåîïðåäåë¼ííîñòè ìåíü-

øå íàèìåíüøåãî çíà÷åíèÿ êîíñòàíò íåîïðåäåë¼ííîñòè äëÿ èñõîäíûõ

ôóíêöèé n+ 1
2 ïðè n ≥ 1.

2.3 Îðòîãîíàëüíîå ïðåîáðàçîâàíèå äëÿ äâóõ ôóíê-

öèé Ýðìèòà.

Ïðèìåíèì ìàòðèöó ïîâîðîòà ê ïàðå ôóíêöèé Ýðìèòà:

(
cosα sinα

− sinα cosα

)
·

(
ϕn(x)

ϕk(x)

)
=

(
sinαϕk(x) + cosαϕn(x)

− sinαϕn(x) + cosαϕk(x)

)
.

Ââåä¼ì îáîçíà÷åíèÿ:

Ψ1(x) = sinαϕk(x) + cosαϕn(x), (2.12)

Ψ2(x) = − sinαϕn(x) + cosαϕk(x). (2.13)

Çàìåòèì, ÷òî Ψ1(x) ñîâïàäàåò ñ óæå ðàññìîòðåííîé Ψα,n,k, Ψ2(x) ìîæíî

ïîëó÷èòü èç Ψ1(x) ïóò¼ì çàìåíû:

α′ =
π

2
+ α. (2.14)

Ïåðåä èçó÷åíèåì ïîâåäåíèÿ êîíñòàíò íåîïðåäåë¼ííîñòè äëÿ Ψ1(x) è

Ψ2(x) áûëî âûñêàçàíî ïðåäïîëîæåíèå, ÷òî îíè ñòàíóò ìèíèìàëüíûìè

45



òîãäà, êîãäà ñîâïàäóò. Â èòîãå äàííîå ïðåäïîëîæåíèå íå ïîäòâåðäèëîñü:

u(Ψ1(x)) è u(Ψ2(x)) ïðè ðàâåíñòâå íå ñòàíîâÿòñÿ ìèíèìàëüíûìè, íî ïðè

n→∞ èõ ìèíèìàëüíûå çíà÷åíèÿ ê ðàâåíñòâó ñòðåìÿòñÿ.

Ðàññìîòðèì ïÿòü óæå çíàêîìûõ ñëó÷àåâ.

1. |k − n| > 2.

Èç (2.5) è (2.14) ñëåäóåò, ÷òî

u(Ψ1) = n cos2 α + k sin2 α +
1

2
,

u(Ψ2) = k cos2 α + n sin2 α +
1

2
.

Êîíñòàíòû áóäóò ðàâíû, åñëè

(n− k) cos 2α = 0.

Òî åñòü α∗ = π
4 + πm

2 ,m = 0, 1, 2, 3.

2. k = n+ 2.

Èç (2.6) è (2.14) ñëåäóåò, ÷òî

u(Ψ1) =

√
(n2 + 3n+ 6) sin4 α + (n− n2) sin2 α + n2 + n+

1

4
,

u(Ψ2) =

√
(n2 + 3n+ 6) cos4 α + (n− n2) cos2 α + n2 + n+

1

4
.

Êîíñòàíòû áóäóò ðàâíû, åñëè

(4n+ 6) cos 2α = 0.

Òî åñòü α∗ = π
4 + πm

2 ,m = 0, 1, 2, 3. Ýòîò óãîë íàì óæå çíàêîì, èìåííî,

ê íåìó ñòðåìèòñÿ òî÷êà ìèíèìóìà. Ïðè ýòîì óæå ïðè n > 6 êîíñòàí-

òà ñðàçó äâóõ ôóíêöèé Ψ1 è Ψ2 ñòàíåò ìåíüøå íàèìåíüøåé êîíñòàíòû

èñõîäíûõ ôóíêöèé. À å¼ ïîâåäåíèå íàãëÿäíî ïîêàçûâàåò (2.8).

3. k = n− 2.

Ñëó÷àé ïðèíöèïèàëüíî íè÷åì íå îòëè÷àåòñÿ îò ïðåäûäóùåãî.

4. k = n+ 1.
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Èç (2.9) è (2.14) ñëåäóåò, ÷òî

u2(Ψ1) = 2(n+ 1) sin6 α+ (2n2 + n) sin4 α− (2n2 + n) sin2 α+ n2 + n+
1

4
.

u2(Ψ2) = 2(n+ 1) cos6 α+ (2n2 + n) cos4 α− (2n2 + n) cos2 α+ n2 + n+
1

4
.

Êîíñòàíòû áóäóò ðàâíû, åñëè

2(n+ 1)(1− sin2 2α

4
) cos 2α = 0.

Òî åñòü α∗ = π
4 + πm

2 ,m = 0, 1, 2, 3. Êàê è âî âòîðîì ñëó÷àå. Ïðè ýòîì

óæå ïðè n > 1 êîíñòàíòà ñðàçó äâóõ ôóíêöèé Ψ1 è Ψ2 ñòàíåò ìåíü-

øå íàèìåíüøåé êîíñòàíòû èñõîäíûõ ôóíêöèé. À å¼ ïîâåäåíèå íàãëÿäíî

ïîêàçûâàåò (2.11).

5. k = n − 1. Ñëó÷àé ïðèíöèïèàëüíî íè÷åì íå îòëè÷àåòñÿ îò ïðåäû-

äóùåãî.

2.4 Óíèòàðíîå ïðåîáðàçîâàíèå

Áûëî áû ñòðàííî íå èçó÷èòü ïîâåäåíèå êîíñòàíò íåîïðåäåë¼ííîñòè ïðè

óíèòàðíîì ïðåîáðàçîâàíèè ïàðû ôóíêöèé Ýðìèòà. Ìàòðèöà óíèòàðíîãî

ïðåîáðàçîâàíèÿ [15, ñòð. 170]:(
cosα ei

β+γ
2 i sinα ei

β−γ
2

i sinα ei
γ−β
2 cosα e−i

β+γ
2

)
,

ãäå 0 ≤ α < 2π, 0 < β < 2π, −2π ≤ γ < 2π.

Ðàññìîòðèì äâå ôóíêöèè:

F1(x) = cosα ei
β+γ
2 ϕn(x) + i sinα ei

β−γ
2 ϕk(x), (2.15)

F2(x) = i sinα ei
γ−β
2 ϕn(x) + cosα e−i

β+γ
2 ϕk(x). (2.16)

Ôóíêöèþ F2(x) ìîæíî ïîëó÷èòü èç F1(x) ïóò¼ì çàìåí:

n = k, k = n, β′ = −β, γ′ = −γ. (2.17)
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Â ýòîì ðàçäåëå ìû íå áóäåì ïðèâîäèòü äëèííûå âûêëàäêè, òàê êàê

ïðè âû÷èñëåíèè íå âîçíèêàåò íèêàêèõ òðóäíîñòåé.

|F1(x)|2 = cos2 αϕn(x) + sin2 αϕk(x) + sin 2α sin γ ϕn(x)ϕk(x).

Ïîëó÷åííûå êîíñòàíòû:

1. |n− k| > 2.

u(F1) = n cos2 α + k sin2 α +
1

2
. (2.18)

Î÷åâèäíî, ðåçóëüòàò íè÷åì íå îòëè÷àåòñÿ îò (2.5).

2. k = n+ 1.

Â ýòîì ñëó÷àå

|F̂1(x)|2 = cos2 αϕn(x) + sin2 αϕk(x)− sin 2α sin γ ϕn(x)ϕk(x).

u2(F1) = (n+ 1
2 + sin2 α− n+1

2 sin2 γ sin2 2α)·
·(n+ 1

2 + sin2 α− n+1
2 cos2 γ sin2 2α).

(2.19)

×òîáû ïîíÿòü êàê ñåáÿ âåä¼ò u2(F1), ðàññìîòðèì âñïîìîãàòåëüíóþ

ôóíêöèþ p(α) = (a− b sin2 γ)(a− b cos2 γ), ãäå a, b ≥ 0. Äàëåå,

p(α) = (a− b sin2 γ)(a− b cos2 γ) = a2− ab(sin2 γ + b cos2 γ) +
b2

4
sin2 2γ =

= a2 − ab+
b2

4
sin2 2γ.

Òåïåðü âèäíî, ÷òî ìèíèìóì (2.19) äîñòèãàåòñÿ ïðè sin2 2γ = 0. Â ýòîì

ñëó÷àå (2.19) ñîâïàäàåò ñ (2.10). Ìàêñèìóì äîñòèãàåòñÿ ïðè sin2 2γ = 1.

Ïðè ýòîì

u(F1) = n+
1

2
+ sin2 α− n+ 1

4
sin2 2α. (2.20)

Ëåãêî âèäåòü, ÷òî äàííàÿ ôóíêöèÿ äîñòèãàåò ìèíèìóìà ïðè sin2 α =
n

2(n+1) , à ìàêñèìóìà ïðè sin2 α = 1. Ïðè ýòîì

min
α∈[0,2π]

(n+
1

2
+ sin2 α− n+ 1

4
sin2 2α) =

3

4
(n+ 1)− 1

4(n+ 1)
.
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3. k = n− 1. Íåò íèêàêèõ ïðèíöèïèàëüíûõ îòëè÷èé îò ïðåäûäóùåãî

ñëó÷àÿ.
u2(F1) = (n+ 1

2 + cos2 α− n+1
2 sin2 γ sin2 2α)·

·(n+ 1
2 + cos2 α− n+1

2 cos2 γ sin2 2α).
(2.21)

4. k = n+ 2.

|F̂1(x)|2 = cos2 αϕn(x) + sin2 αϕk(x)− sin 2α sin γ ϕn(x)ϕk(x).

u2(F1) = (n+ 1
2 + 2 sin2 α +

√
(n+2)(n+1)

2 sin γ sin 2α)·

·(n+ 1
2 + 2 sin2 α−

√
(n+2)(n+1)

2 sin γ sin 2α).
(2.22)

Î÷åâèäíî, ÷òî ìàêñèìóì äîñòèãàåòñÿ ïðè sin γ = 0. Â ýòîì ñëó÷àå

u(F1) = n+ 1
2 +2 sin2 α, òî åñòü ìàêñèìóì íå ïðåâîñõîäèò n+ 5

2 . Ìèíèìóì

äîñòèãàåòñÿ ïðè sin2 γ = 1 è ñîâïàäàåò ñ (1.42).

5. k = n− 2. Íåò íèêàêèõ ïðèíöèïèàëüíûõ îòëè÷èé îò ïðåäûäóùåãî

ñëó÷àÿ.

u2(F1) = (k + 1
2 + 2 cos2 α +

√
(k+2)(k+1)

2 sin γ sin 2α)·

·(k + 1
2 + 2 cos2 α−

√
(k+2)(k+1)

2 sin γ sin 2α).
(2.23)

Èç ôîðìóë (2.18) � (2.23) ñëåäóåò, ÷òî ãðàíèöû êîíñòàíòû íåîïðåäå-

ë¼ííîñòè ïðè óíèòàðíîì ïðåîáðàçîâàíèè è ïðè óìíîæåíèè íà ìàòðèöó

ïîâîðîòà ñîâïàäàþò â ñîîòâåòñòâóþùèõ ñëó÷àÿõ.

2.5 Ñëó÷àé òð¼õ è áîëåå ôóíêöèé Ýðìèòà

Ïîèñê ìèíèìóìà êîíñòàíòû íåîïðåäåë¼ííîñòè äëÿ ëèíåéíîé êîìáèíàöèè

óæå èç òð¼õ ôóíêöèé Ýðìèòà âûçûâàåò íåêîòîðûå òåõíè÷åñêèå ñëîæíî-

ñòè. Áóäåì ìèíèìèçèðîâàòü êîíñòàíòó íåîïðåäåë¼ííîñòè äëÿ ëèíåéíîé

êîìáèíàöèè ñ âåùåñòâåííûìè êîýôèöèåíòàìè

an−iϕn−i(x) + anϕn(x) + an+jϕn+j(x), (2.24)
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ãäå a2n−i + a2n + a2n+j = 1, i, j, n ∈ N, n > i. Âîçìîæíû ïÿòü ðàçëè÷íûõ

ñëó÷àåâ.

1) i > 1, j > 1. Ýòîò ñëó÷àé íå ïðåäñòàâëÿåò áîëüøîãî èíòåðåñà.

Êîíñòàíòà íåîïðåäåë¼ííîñòè ïî òåì æå ïðè÷èíàì, ÷òî è â òåîðåìå 1,

ëåæèò íà îòðåçêå [n− i+ 1
2 , n+ j + 1

2 ].

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, an−i = sinα cos β, an = sin β,

an+j = cosα cos β, ãäå α, β ∈ [0, π]. Âûðàæåíèå (2.24) îáîçíà÷èì ÷åðåç

fi,j(n, α, β).

2) i = 1, j = 1. Èíòóèòèâíî ïîíÿòíî, åñëè òðè ôóíêöèè ñòîÿò ðÿäîì,

òî êîíñòàíòà äëÿ ýòîé ëèíåéíîé êîìáèíàöèè áóäåò óìåíüøåíà ìàêñè-

ìàëüíî, òàê êàê â ýòîì ñëó÷àå áîëüøå âñåãî ñëàãàåìûõ, ñïîñîáíûõ ýòî

ñîâåðøèòü. Áóäåì ðàññìàòðèâàòü ôóíêöèþ, çàâèñÿùóþ îò òðåõ ïàðàìåò-

ðîâ:

u(f1,1(n, α, β)) =

(
n+

1

2
+ (cos 2α +

√
n2 + n

2
) cos2 β −

−sin2 2β

2
(n+ cos2 α +

√
n2 + n sin 2α)

) 1
2

·

·

(
n+

1

2
+ (cos 2α−

√
n2 + n

2
) cos2 β

) 1
2

.

Å¼ ìèíèìóì ìîæíî ëîêàëèçîâàòü ÷èñëåííî. Äâèãàÿñü ñ øàãîì 0.01, ïî-

ëó÷èì ñëåäóþùèå, ïî÷òè îïòèìàëüíûå çíà÷åíèÿ:

u(f1,1(10, 0.83, 0.83)) = 4.46959, u(f1,1(20, 0.81, 0.83)) = 8.74,

u(f1,1(100, 0.84, 0.83)) = 43.0236, u(f1,1(1000, 0.79, 0.83)) = 426.8.

Êàê ìû âèäèì, êîíñòàíòà óìåíüøàåòñÿ ïðèìåðíî íà 57%, ïî ñðàâíå-

íèþ ñî ñëó÷àåì äâóõ ïåðåìåííûõ, ãäå îíà â ëó÷øåì ñëó÷àå óìåíüøà-

ëàñü ïðèìåðíî íà 29%. Òî åñòü ñóùåñòâóåò òåíäåíöèÿ ê å¼ óìåíüøåíèþ.

Åñòü âñå îñíîâàíèÿ ïîëàãàòü, ÷òî ýòî áóäåò ïðîäîëæàòüñÿ ñ ðîñòîì ÷èñëà

ôóíêöèé.
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3) i = 2, j = 2.

u(f2,2(n, α, β)) =

[(
n+

1

2
+ 2 cos 2α cos2 β

)2

−

−
(

sin2 2β

2
(
√

(n+ 2)(n+ 1) cosα +
√
n(n− 1) sinα)

)2
] 1

2

.

Äåéñòâóÿ àíàëîãè÷íî ïóíêòó 2, ïîëó÷èì ïî÷òè îïòèìàëüíîå çíà÷åíèå:

u(f2,2(100, 0.81, 0.81)) = 71.1237.

4) i = 2, j = 1.

u(f2,1(n, α, β)) =

(
n+

1

2
+

+ (cos 2α− 2 sin2 α +

√
n2 − n

2
sin 2α) cos2 β − (n+ 1) cos2 α sin2 2β

2

) 1
2

(
n+

1

2
+ (cos 2α− 2 sin2 α−

√
n2 − n

2
sin 2α) cos2 β

) 1
2

.

Ïî÷òè îïòèìàëüíîå çíà÷åíèå: u(f2,1(100, 2.81, 0.73)) = 68.0446.

5) i = 1, j = 2.

u(f1,2(n, α, β)) =

(
n+

1

2

+(2 cos 2α− sin2 α +

√
(n+ 2)(n+ 1)

2
sin 2α) cos2 β − n sin2 α sin2 2β

2

) 1
2

(
n+

1

2
+ (2 cos 2α− sin2 α−

√
(n+ 2)(n+ 1)

2
sin 2α) cos2 β

) 1
2

.

Ïî÷òè îïòèìàëüíîå çíà÷åíèå: u(f1,2((100, 1.88, 0.73)) = 67.3407.

Â çàêëþ÷åíèå âûïèøåì îáùóþ ôîðìóëó êîíñòàíòû íåîïðåäåë¼ííîñòè

äëÿ ëèíåéíîé êîìáèíàöèè
m−1∑
j=n0

ajϕj(x) èç m ïîäðÿä èäóùèõ ôóíêöèé

Ýðìèòà íà÷èíàÿ ñ n0:
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u

(
n0+m−1∑
j=n0

ajϕj(x)

)
=

(
n0 +

1

2
+

n0+m−1∑
j=n0

a2jj+

+

n0+m−3∑
j=n0

ajaj+2

√
(j + 1)(j + 2)− 2

(
n0+m−2∑
j=n0

ajaj+1

√
j + 1

)2
 ·

·

(
n0 +

1

2
+

n0+m−1∑
j=n0

a2jj −
n0+m−3∑
j=n0

ajaj+2

√
(j + 1)(j + 2)

)
.

Åñëè ÷àñòü êîýôôèöèåíòîâ ïîëîæèòü ðàâíûìè íóëþ, òî ôîðìóëà ïðè-

ìåíèìà è äëÿ ëþáîé êîíå÷íîé ëèíåéíîé êîìáèíàöèè ôóíêöèé Ýðìèòà,

íå îáÿçàòåëüíî èäóùèõ ïîäðÿä.
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Ãëàâà 3

Ñâîéñòâà êîýôôèöèåíòîâ óçëîâûõ

ôóíêöèé, ïîñòðîåííûõ èç

ðàâíîìåðíûõ ñäâèãîâ ôóíêöèé

Ëîðåíöà è ôóíêöèé Ãàóññà

3.1 Ââåäåíèå.

Ïðåäìåòîì ðàññìîòðåíèÿ äàííîé ãëàâû ÿâëÿþòñÿ ôóíêöèÿ Ãàóññà Gσ(t):

Gσ(t) = exp

(
− t2

2σ2

)
,

è ôóíêöèÿ Ëîðåíöà Ls(t):

Ls(t) =
s2

t2 + s2
,

ãäå ïàðàìåòðû σ > 0 è s > 0.

×åðåç Erfc(x) îáîçíà÷èì äîïîëíèòåëüíóþ ôóíêöèþ îøèáîê

Erfc(x) = 1− 2√
π

x∫
0

e−
t2

2 dt.

Óçëîâóþ ôóíêöèþ, ïîñòðîåííóþ èç ñäâèãîâ ôóíêöèè Ãàóññà, îáîçíà÷èì

÷åðåç G̃σ(t),

G̃σ(t) =
∞∑

k=−∞

dGσk Gσ(t− k),
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à èç ñäâèãîâ ôóíêöèè Ëîðåíöà � ÷åðåç L̃s(x):

L̃s(t) =
∞∑

k=−∞

dLsk Ls(t− k).

Â ýòîé ãëàâå èçó÷àåòñÿ âîïðîñ î çíàêî÷åðåäîâàíèè êîýôôèöèåíòîâ dGσk ,

dLsk è î ìîíîòîííîì óáûâàíèè èõ ìîäóëåé ñ ðîñòîì èíäåêñà k. Ïîñëåäíèé

ïàðàãðàô ãëàâû ïîñâÿù¼í íàèëó÷øåìó ïðèáëèæåíèþ â L2 (R) ôóíêöèè

Ëîðåíöà ôóíêöèåé Ãàóññà è íàîáîðîò.

3.2 Çíàêî÷åðåäîâàíèå è ìîíîòîííîñòü dGσk .

Â ýòîì ðàçäåëå ìû îïèøåì ïîâåäåíèå êîýôôèöèåíòîâ óçëîâîé ôóíêöèè

G̃σ(t). ×èñëåííûå ðåçóëüòàòû ñòàòüè [9] ïîçâîëÿþò ïðåäïîëîæèòü, ÷òî

dGσk çíàêî÷åðåäóþòñÿ è áûñòðî ìîíîòîííî óáûâàþò ïî àáñîëþòíîé âåëè-

÷èíå. Îòìåòèì, ÷òî dGσ−k = dGσk , ïîýòîìó ãîâîðÿ î ìîíîòîííîì óáûâàíèè

âåëè÷èí |dGσk | ìû ïîäðàçóìåâàåì óáûâàíèå ñ ðîñòîì àáñîëþòíîé âåëè÷è-

íû íîìåðà. Çíàêî÷åðåäîâàíèå ìîæíî ïîëó÷èòü è àíàëèòè÷åñêè. Èç ðàáîò

Ìàçüè [51], [52] èçâåñòíà ÿâíàÿ ôîðìóëà, êîòîðàÿ áûëà îïèñàíà â ïåðâîé

ãëàâå. Äëÿ óäîáñòâà âûïèøåì å¼ ïîâòîðíî

dGσk =
1

C (σ)
· exp

(
k2

2σ2

)
·
∞∑

r=|k|

(−1)r · exp

(
−(r + 0.5)2

2σ2

)
,

ãäå

C (σ) =
∞∑

r=−∞
(4r + 1) · exp

(
−(2r + 0.5)2

2σ2

)
.

Äîêàæåì ñíà÷àëà ëåììó:

Ëåììà 3.1

C(σ) =
1

2
ϑ′1

(
0, exp

(
− 1

2σ2

))
. (3.1)

2 Äåéñòâèòåëüíî, ïðåîáðàçóåì ðÿä

C (σ) =
∞∑

r=−∞
(4r + 1) · exp

(
−(4r + 1)2

8σ2

)
=
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=
∞∑
r=0

(4r + 1) · exp

(
−(4r + 1)2

8σ2

)
+

−1∑
r=−∞

(4r + 1) · exp

(
−(4r + 1)2

8σ2

)
=

=
∞∑
r=0

(4r + 1) · exp

(
−(4r + 1)2

8σ2

)
−
∞∑
r=1

(4r − 1) · exp

(
−(4r − 1)2

8σ2

)
.

Ïåðâûé ðÿä ñîñòîèò èç íå÷åòíûõ ÷èñåë, äàþùèõ ïðè äåëåíèè íà 4 îñòà-

òîê 1, âòîðîé � èç íå÷åòíûõ ÷èñåë, äàþùèõ ïðè äåëåíèè íà 4 îñòàòîê 3.

Îáúåäèíèì èõ â îäèí ðÿä ïî âñåì íå÷¼òíûì ÷èñëàì. Â èòîãå

C(σ) =
∞∑
m=0

(−1)m(2m+ 1) · exp

(
−(2m+ 1)2

8σ2

)
. (3.2)

Èññëåäóåì åãî íà àáñîëþòíóþ ñõîäèìîñòü.

lim
m→∞

m

√
(2m+ 1) · exp

(
−(2m+ 1)2

8σ2

)
= lim

m→∞
exp

(
−(2m+ 1)2

8mσ2

)
= 0

Òàêèì îáðàçîì ðÿä ñõîäèòñÿ ïðè âñåõ σ > 0. Îñòàåòñÿ çàìåòèòü, ÷òî

ðÿä (3.2) ïîëó÷àåòñÿ ïðè äèôôåðåíöèðîâàíèè 1
2ϑ1
(
z, exp

(
− 1

2σ2

))
ïî z â

òî÷êå z = 0. Òàêèì îáðàçîì,

C(σ) =
1

2
ϑ′1

(
0, exp

(
− 1

2σ2

))
.

�

Òåîðåìà 3.1 Êîýôôèöèåíòû dGσk çíàêî÷åðåäóþòñÿ.

2 Ñíà÷àëà ïîêàæåì, ÷òî C(σ) > 0 ïðè σ > 0. Èçâåñòíî [43, ñòð. 348],

÷òî

ϑ′1(0, q) = 2 q
1
4 ·G3,

ãäå G =
∞∏
n=1

(
1− q2n

)
. Ïîëó÷àåì èòîãîâóþ ôîðìóëó:

C(σ) = exp

(
− 1

8σ2

)
·
∞∏
n=1

{
1− exp

(
− n

σ2

)}3

.
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Îòñþäà ñëåäóåò ïîëîæèòåëüíîñòü C(σ), òàê êàê 0 < exp
(
− 1
σ2

)
< 1 ïðè

σ > 0.

Òåïåðü çíàê êîýôôèöèåíòîâ çàâèñèò îò çíàêà ðÿäà

∞∑
r=|k|

(−1)r · exp

(
−(r + 0.5)2

2σ2

)
.

Ýòîò ñõîäÿùèéñÿ, çíàêî÷åðåäóþùèéñÿ ðÿä â ñèëó ìîíîòîííîãî óáûâàíèÿ

ïî àáñîëþòíîé âåëè÷èíå åãî ÷ëåíîâ èìååò çíàê ïåðâîãî ÷ëåíà, òî åñòü

sgn
(
dGσk

)
= (−1)k.

�

Ôîðìóëà (1.41) ïîëó÷àåòñÿ èç ðàçëîæåíèÿ â ðÿä Ôóðüå ôóíêöèè

1

ϑ3
(
t
2 ; q
) ,

ãäå ïàðàìåòð q çàäàåòñÿ ðàâåíñòâîì

q = exp

(
− 1

2σ2

)
.

Ñòîèò çàìåòèòü, ÷òî ôîðìóëà äëÿ ðÿäà Ôóðüå ýòîé ôóíêöèè áûëà èçâåñò-

íà åù¼ â 1903 ãîäó [43, ñòð. 371]. Ôîðìóëà (1.29) ïðèâîäèëàñü â ïåðâîé

ãëàâå. Äëÿ óäîáñòâà âûïèøåì å¼ ïîâòîðíî:

Kk
1
2

π

ϑ4(0, q)

ϑ4(z, q)
=

1

2
a0 +

∞∑
n=1

an cos 2nz,

ãäå

an = 2
∞∑
m=0

(−1)mq(m+ 1
2)(2n+m+ 1

2).

Òàê êàê

K =
π

2
ϑ23(0, q), k

1
2 =

ϑ2(0, q)

ϑ3(0, q)
,

òî
1

ϑ4(z, q)
=

1

ϑ2(0, q)ϑ3(0, q)ϑ4(0, q)

(
a0 + 2

∞∑
n=1

an cos 2nz

)
,
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Âîñïîëüçîâàâøèñü ñîîòíîøåíèÿìè (1.24) è (1.26), ïîëó÷èì:

1

ϑ3(z, q)
=

1

ϑ3
(
z + π

2 , q
) =

1

ϑ′1(0, q)

(
a0 + 2

∞∑
n=1

an cos 2n
(
z +

π

2

))
=

=
1

ϑ′1(0, q)

(
a0 + 2

∞∑
n=1

(−1)nan cos 2nz

)
.

Èç (1.41) ïîëó÷èì

1

ϑ3(z, q)
=

1

C(σ)

(
a0
2

+
∞∑
n=1

(−1)nan cos 2nz

)
=

∞∑
n=−∞

bne
2nz,

ãäå bn = (−1)n
2 a|n|, n ∈ Z.

Òåïåðü ïðåîáðàçóåì êîýôôèöèåíòû bn, ñäåëàâ çàìåíó èíäåêñà r =

m+ |n|,

bn =
∞∑
m=0

(−1)m+|n|q(m+ 1
2)(2|n|+m+ 1

2) =
∞∑

r=|n|

(−1)rq(r−|n|+
1
2)(r+|n|+

1
2) =

= q−n
2
∞∑

r=|n|

(−1)rq(r+
1
2)

2

.

Òàêèì îáðàçîì, dGσk = bk.

Â îòëè÷èå îò çíàêî÷åðåäîâàíèÿ, ìîíîòîííîå óáûâàíèå |dGσk | äîêàçàòü
äëÿ âñåõ çíà÷åíèé ïàðàìåòðà σ íå óäàëîñü. Ïîëó÷èëîñü äîêàçàòü, ÷òî

äàííûé ôàêò òî÷íî âåðåí, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà. Îäíàêî, ýòî íå

îçíà÷àåò, ÷òî äî ýòîãî íîìåðà óáûâàíèÿ íåò.

Òåîðåìà 3.2 Íà÷èíàÿ ñ íîìåðà

k = max
{[

logq
√

1− q − 1
]
, 0
}

(3.3)

êîýôôèöèåíòû dGσk ìîíîòîííî óáûâàþò ïî àáñîëþòíîé âåëè÷èíå.

2 Ââåä¼ì ðÿä äëÿ íåîòðèöàòåëüíûõ öåëûõ k

Xk =

∣∣∣∣∣
∞∑
r=k

(−1)r · q(r+0.5)2

∣∣∣∣∣ ,
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ãäå

q = exp

(
− 1

2σ2

)
.

Ðàññìîòðèì îòíîøåíèå äëÿ íåîòðèöàòåëüíûõ öåëûõ k:

dGσk
dGσk+1

=
q−k

2

Xk

q−(k+1)2Xk+1
= q2k+1 · q

(k+ 1
2)

2

−Xk+1

Xk+1
= q2k+1 ·

q(k+ 1
2)

2

Xk+1
− 1


Çàìåòèì, ÷òî

Xk+1 ≤ q(k+
3
2)

2

.

Îòñþäà

q2k+1 ·

q(k+ 1
2)

2

Xk+1
− 1

 ≤ q2k+1 ·

q(k+ 1
2)

2

q(k+
3
2)

2 − 1

 = q−1 − q2k+1.

Âûÿñíèì ïðè êàêèõ çíà÷åíèÿõ q è σ ïîñëåäíåå âûðàæåíèå áîëüøå 1:

q−1 − q2k+1 > 1, q2k+1 < q−1 − 1, 2k + 1 > logq
(
q−1 − 1

)
.

Òîãäà

2k > logq(1− q)− 2, k > logq
√

1− q − 1,

îòêóäà è ñëåäóåò äîêàçûâàåìîå óòâåðæäåíèå. �

Ñëåäñòâèå 3.1 Äëÿ ìîíîòîííîãî óáûâàíèÿ ïîñëåäîâàòåëüíîñòè êîýô-

ôèöèåíòîâ ðÿäà (1.41) ïî àáñîëþòíîé âåëè÷èíå, íà÷èíàÿ ñ íóëåâîãî

íîìåðà, äîñòàòî÷íî âûïîëíåíèÿ íåðàâåíñòâà: q <
√
5−1
2 , ÷òî ñîîòâåò-

ñòâóåò σ <
√

1

ln(
√
5+3
2 )

= 1.01933 . . . .

2 Äåéñòâèòåëüíî, èç (3.3) ñëåäóåò, ÷òî ðÿä áóäåò óáûâàòü âåñü, åñëè

logq
√

1− q − 1 ≤ 0,
√

1− q ≥ q, 1− q ≥ q2, q2 + q − 1 ≤ 0.

Ïîëó÷àåì

−
√

5 + 1

2
< q <

√
5− 1

2
.
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Ó÷èòûâàÿ, ÷òî q > 0

q <

√
5− 1

2
.

Ïåðåõîäÿ ê σ è ðåøàÿ ïîëó÷åííîå íåðàâåíñòâî, ïîëó÷èì

σ <

√√√√ 1

ln
(√

5+3
2

) . �
3.3 Ñâîéñòâà dLsk .

Íàïîìíèì, ÷òî êîýôôèöèåíòû dLsk çàäàþòñÿ ôîðìóëîé

dLsk =
(−1)k sh(sπ)

sπ2

π∫
0

cos(kt)

ch(st)
dt. (3.4)

Èíòåãðàë â (3.4) óäîáíî âû÷èñëÿòü ñ ïîìîùüþ ÄÏÔ.

Òàáëèöà 3.1: Êîýôôèöèåíòû dLs
k äëÿ σ = 0.5, σ = 1.0 è σ = 1.5

s 0.5 1.0 1.5

dLs
0 1.08273 1.73697 3.89172

dLs
1 −0.20019 −0.78304 −2.49120

dLs
2 −0.01541 0.13838 0.93889

dLs
3 −0.00966 −0.004310 −0.34861

dLs
4 −0.00531 0.00094 0.11382

dLs
5 −0.00341 −0.00530 −0.04562

dLs
6 −0.00237 −0.00242 0.01205

dLs
7 −0.00174 −0.00207 −0.00714

dLs
8 −0.00133 −0.00154 0.00028

dLs
9 −0.00105 −0.00123 −0.00185

dLs
10 −0.00085 −0.00100 −0.00077

dLs
11 −0.00070 −0.00082 −0.00090

dLs
12 −0.00059 −0.00069 −0.00067
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Òàáëèöà 3.2: Êîýôôèöèåíòû dLs
k äëÿ σ = 2.0 è σ = 3.0.

dLs
k s = 2.0 dLs

k s = 3.0

dLs
12 0.00103 dLs

26 1.20 · 10−5

dLs
13 −0.00137 dLs

27 3.00 · 10−5

dLs
14 −0.00015 dLs

28 −3.37 · 10−5

dLs
15 −0.00061 dLs

29 −1.75 · 10−5

dLs
16 −0.00032 dLs

30 −7.84 · 10−5

dLs
17 −0.00038 dLs

31 −1.24 · 10−5

dLs
18 −0.00029 dLs

32 −8.65 · 10−5

Ïîâåäåíèå dLsk îòëè÷àåòñÿ îò ïîâåäåíèÿ dGσk . Ñîãëàñíî òàáëèöå 3.1 çíà-

êî÷åðåäîâàíèÿ, íà÷èíàÿ ñ íåêîòîðîãî ìîìåíòà íåò. Òàáëèöà 3.2 ïîêàçû-

âàåò, ÷òî íåò è ìîíîòîííîãî óáûâàíèÿ. Òàáëèöà 3.3 äåìîíñòðèðóåò, ÷òî

dLsk óáûâàþò î÷åíü ìåäëåííî.

Òàáëèöà 3.3: Ñêîðîñòü óáûâàíèÿ êîýôôèöèåíòîâ dLs
k .

dk σ = 0.5 σ = 1.0 σ = 2.0 σ = 3.0

d100 −8.52 · 10−6 −1.01 · 10−5 −1.01 · 10−5 −1.01 · 10−5

d200 −2.13 · 10−6 −2.51 · 10−6 −2.53 · 10−6 −2.53 · 10−6

d300 −9.47 · 10−7 −1.11 · 10−6 −1.13 · 10−6 −1.13 · 10−6

d400 −5.33 · 10−7 −6.29 · 10−7 −6.33 · 10−7 −6.33 · 10−7

d500 −3.41 · 10−7 −4.02 · 10−7 −4.05 · 10−7 −4.05 · 10−7

d600 −2.37 · 10−7 −2.80 · 10−7 −2.82 · 10−7 −2.82 · 10−7

d700 −1.74 · 10−7 −2.05 · 10−7 −2.07 · 10−7 −2.07 · 10−7

d800 −1.33 · 10−7 −1.57 · 10−7 −1.59 · 10−7 −1.59 · 10−7

d900 −1.05 · 10−7 −1.24 · 10−7 −1.25 · 10−7 −1.26 · 10−7

d1000 −8.54 · 10−8 −1.01 · 10−7 −1.02 · 10−7 −1.02 · 10−7

Òåîðåìà 3.3 Ïðè âûïîëíåíèè íåðàâåíñòâà

s <
ln(3 + 2

√
2)

π
= 0.5611 . . . ,

âñå êîýôôèöèåíòû dLsk îòðèöàòåëüíû, çà èñêëþ÷åíèåì dLs0 .
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2 Âîñïîëüçóåìñÿ ôîðìóëîé (3.4). Èññëåäóåì èíòåãðàë, âõîäÿùèé â ôîð-

ìóëó, íà çíàê.
π∫

0

cos kt

ch st
dt =

k−1∑
`=0

π(`+1)
k∫

π`
k

cos kt

ch st
dt.

Çàìåíà: kt = π`+ τ , dt = dτ
k . Ïîëó÷èì

1

k

k−1∑
`=0

(−1)`
π∫

0

cos τ

ch
(
π`s
k + τ sk

)dτ =

=
1

k

k−1∑
`=0

(−1)`


π
2∫

0

cos τ

ch
(
π`σ
k + τ sk

)dτ +

π∫
π
2

cos τ

ch
(
π`σ
k + τ sk

)dτ
 =

Â ïîñëåäíåì èíòåãðàëå ñäåëàåì çàìåíó τ ′ = π−τ , τ sk = π sk−τ
′ s
k . Îòñþäà

=
1

k

k−1∑
`=0

(−1)`


π
2∫

0

cos τ

ch
(
π`s
k + τ sk

)dτ −
π
2∫

0

cos τ ′

ch
(
π(`+1)s

k − τ ′ sk
)dτ ′

 =

=
1

k

k−1∑
`=0

(−1)`

π
2∫

0

cos τ

 1

ch
(
π`s
k + τ sk

) − 1

ch
(
π(`+1)s

k − τ sk
)
 dτ.

Çàìåòèì, ÷òî åñëè ÷ëåíû çíàêî÷åðåäóþùåãîñÿ ðÿäà ìîíîòîííî âîçðàñ-

òàþò ïî àáñîëþòíîé âåëè÷èíå è íà÷èíàþòñÿ ñ ïîëîæèòåëüíîãî, òî ýòîò

ðÿä èìååò çíàê (−1)k−1, ãäå k � ÷èñëî ñëàãàåìûõ.

Ââåä¼ì îáîçíà÷åíèÿ α = π`s
k , c = s

k . Èññëåäóåì ôóíêöèþ

f(α) =
1

ch(α + cτ)
− 1

ch(α + πc− cτ)
.

Çàìåòèì, ÷òî åñëè ïðîèçâîäíàÿ ïîëîæèòåëüíà, òî ðÿä áóäåò èìåòü çíàê

(−1)k−1, à, çíà÷èò, dLsk - îòðèöàòåëüíû ïðè k 6= 0.
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Íàéä¼ì f ′(α):

f ′(α) =
− ch2(α + πc− cτ) sh(α + cτ) + ch2(α + sτ) sh(α + πc− cτ)

ch2(α + cτ) ch2(α + πc− cτ)
.

Âîñïîëüçîâàâøèñü ñîîòíîøåíèåì ch2 x = sh2 +1 è ñãðóïïèðîâàâ ïîëó-

÷åííûå ñëàãàåìûå, â èòîãå ïîëó÷èì

f ′(α) =
(sh(α + πc− cτ)− sh(α + cτ))(1− sh(α + cτ) · sh(α + πc− cτ))

ch2(α + cτ) ch2(α + πc− cτ)
.

Òàê êàê α+ πc− cτ ≥ α+ cτ , òî ïðîèçâîäíàÿ ïîëîæèòåëüíà ïðè âûïîë-

íåíèè íåðàâåíñòâà

sh(α + cτ) · sh(α + πc− cτ) < 1,

èëè, ÷òî òîæå ñàìîå,

ch(2α + πc)− ch(2τc− πc) < 2.

Âûðàæåíèå ch(2α + πc)− ch(2τc+ πc) äîñòèãàåò ñâîåãî ìàêñèìóìà ïðè

τ = π/2.

ch(2α + π) < 3.

Èç ïîñëåäíåãî íåðàâåíñòâà, ó÷èòûâàÿ ÷òî 2α + πs > 0, ïîëó÷èì

2α + πc < ln(3 + 2
√

2).

Ñäåëàåì îáðàòíûå çàìåíû:

π(`+ 1)s

k
< ln(3 + 2

√
2).

Îòñþäà, ó÷èòûâàÿ ` = 0 . . . k − 1, è ñëåäóåò óòâåðæäåíèå òåîðåìû. �

3.4 Ñðàâíåíèå ôóíêöèé Ëîðåíöà è Ãàóññà

Â ýòîì ðàçäåëå ìû âûÿñíèì, íàñêîëüêî îäíó èç ýòèõ ôóíêöèé ìîæíî

ïðèáëèçèòü â L2(R) ñ ïîìîùüþ äðóãîé. Ââåä¼ì îáîçíà÷åíèÿ äëÿ äâóõ
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ôóíêöèîíàëîâ

F σ
GL(s, λ) =

+∞∫
−∞

(
e−

x2

2σ2 − λ s2

x2 + s2

)2

dx

è

F s
LG(σ, λ) =

+∞∫
−∞

(
s2

x2 + s2
− λe−

x2

2σ2

)2

dx.

Äëÿ ïåðâîãî ôóíêöèîíàëà ñ÷èòàåì çàôèêñèðîâàííûì ïàðàìåòð σ, äëÿ

âòîðîãî � ïàðàìåòð s.

Òåîðåìà 3.4 Ïóñòü b = s
σ . Ìèíèìóì F σ

GL(s, λ) äîñòèãàåòñÿ ïðè

λ1 = 2e
b2

2 Erfc

(
b√
2

)
.

è ðàâåí

F σ
GL(b, λ1) = σ

(√
π − 2π b eb

2

Erfc2
(
b√
2

))
,

ìèíèìóì F s
LG(σ, λ) äîñòèãàåòñÿ ïðè

λ2 =
√
π b e

b2

2 Erfc

(
b√
2

)
,

è ðàâåí

F s
LG(b, λ2) = s π

(
1

2
−
√
π b eb

2

Erfc2
(
b√
2

))
.

2 Ðàçîáú¼ì ôóíêöèîíàë F σ
GL(s, λ) íà ñóììó èíòåãðàëîâ

F σ
GL(s, λ) =

+∞∫
−∞

e−
x2

σ2 dx− 2λ

+∞∫
−∞

e−
x2

2σ2 s2

x2 + s2
dx+ λ2

+∞∫
−∞

s4

(x2 + s2)2
dx.

Âû÷èñëèì ïåðâûé èíòåãðàë

+∞∫
−∞

e−
x2

σ2 dx =

〈
Çàìåíà:

z = x
σ , x = zσ, dt = σdz.

〉
=
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= σ

∞∫
−∞

e−z
2

dz = σ
√
π,

è òðåòèé

∞∫
−∞

s4

(s2 + x2)2
dx =

〈
Çàìåíà:

z = x
s , x = zs, dx = sdz.

〉
=

s

∞∫
−∞

1

(1 + z2)2
dz =

s

2

(
z

1 + z2
+ arctan z

)∣∣∣∣+∞
−∞

=
πs

2
.

Ïðåîáðàçóåì âòîðîé:

+∞∫
−∞

e−
x2

2σ2 s2

x2 + s2
dx =

〈
Çàìåíà:

b = s
σ z = x

s , x = zσ, dt = σdz.

〉
=

= s

∞∫
−∞

exp
(
−b2z2

2

)
1 + z2

= π s e
s2

2σ2 Erfc

(
s√
2σ

)
.

Â èòîãå ïîëó÷èì

F σ
GL(s, λ) = σ

√
π − 2λπ s e

s2

2σ2 Erfc

(
s√
2σ

)
+
πs

2
.

Ñäåëàåì çàìåíó b = s
σ . Òîãäà

F σ
GL(b, λ) = σ

(√
π − 2π b e

b2

2 Erfc

(
b√
2

)
λ+

πb

2
λ2
)
.

Çàìåòèì, ÷òî ïîñëåäíÿÿ ôóíêöèÿ ïî λ ïðåäñòàâëÿåò ñîáîé ïàðàáîëó, âåò-

âè êîòîðîé íàïðàâëåíû ââåðõ. Å¼ ìèíèìóì äîñòèãàåòñÿ ïðè

λ1 =
2π b e

b2

2 Erfc
(

b√
2

)
πb

= 2e
b2

2 Erfc

(
b√
2

)
.

Òîãäà ìèíèìóì ôóíêöèè

F σ
GL(b, λ1) = σ

(√
π − 2π b eb

2

Erfc2
(
b√
2

))
.
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Åñëè ìû áóäåì ïðèáëèæàòü ôóíêöèþ Ëîðåíöà ôóíêöèåé Ãàóññà, òî

ñèòóàöèÿ íåìíîãî èçìåíèòñÿ. Òåïåðü òðåáóåòñÿ íàéòè ìèíèìóì ôóíêöè-

îíàëà

F s
LG(b, λ) = s

(√
πλ2 − 2π b e

b2

2 Erfc

(
b√
2

)
λ+

πb

2

)
.

Å¼ ìèíèìóì äîñòèãàåòñÿ ïðè

λ2 =
√
π b e

b2

2 Erfc

(
b√
2

)
.

Òîãäà

F s
LG(b, λ2) = s π

(
1

2
−
√
π b eb

2

Erfc2
(
b√
2

))
.

�

Çàìå÷àíèå 3.1 Ìèíèìóì ïî ïåðåìåííîé b äëÿ ôóíêöèîíàëîâ áûë íàé-

äåí ÷èñëåííî ñ ïîìîùüþ ïðîãðàììû "Mathematica". Îí äîñòèãàåòñÿ â

îáîèõ ñëó÷àÿõ ïðè îäíîì è òîì æå çíà÷åíèè b = 0.925368 . . . :

min
b, λ

F σ
GL(b, λ) = σ · 0.0494425 . . . , min

b, λ
F s
LG(b, λ) = s · 0.0438173 . . . .
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Ãëàâà 4

Èíòåðïîëÿöèÿ ñ ïîìîùüþ êîíå÷íîé

ñóììû èç ñäâèãîâ ôóíêöèè Ãàóññà

Ââåäåíèå

Ïðîöåäóðà îáû÷íîé èíòåðïîëÿöèè (ìíîãî÷ëåíû, ñèíóñû, êîñèíóñû) èñ-

ñëåäîâàíà äîñòàòî÷íî ïîäðîáíî. Â ñëó÷àå ñ ðàçëîæåíèåì ïî öåëî÷èñëåí-

íûì ñäâèãàì ôóíêöèè Ãàóññà ñèòóàöèÿ íåìíîãî èíàÿ. Íåñìîòðÿ íà ïî-

ïóëÿðíîñòü â ïîñëåäíåå âðåìÿ ýòîãî ìåòîäà, îñòàþòñÿ ìàëîèçâåñòíûìè è

íåäîñòàòî÷íî èçó÷åííûìè âîçíèêàþùèå òåîðåòè÷åñêèå è âû÷èñëèòåëü-

íûå ýôôåêòû. Íàëè÷èå ôîðìóë äëÿ áåñêîíå÷íîìåðíîãî âàðèàíòà çàäà÷è

([51], [52]) íå îçíà÷àåò îïòèìàëüíîñòè ðåøåíèÿ äëÿ öåëåé, ñâÿçàííûõ ñ

âû÷èñëåíèÿìè. Ýòî ñâÿçàíî êàê ñ áîëüøèì ïîðÿäêîì êîýôôèöèåíòîâ,

âîçíèêàþùèõ ïðè ïîñòðîåíèè óçëîâîé ôóíêöèè ([9]), òàê è ñ èñïîëü-

çîâàíèåì êîíå÷íîãî ÷èñëà ôóíêöèé. Â ñâÿçè ñ ýòèì âîçíèêàåò èíòåðåñ

ê èçó÷åíèþ êîíå÷íîìåðíîãî âàðèàíòà çàäà÷è. Âîïðîñû î êîððåêòíîñòè

ýòîé çàäà÷è, èñïîëüçîâàíèè â òåîðèè ôèëüòðàöèè ýëåêòðè÷åñêèõ ñèãíà-

ëîâ èçó÷àëèñü òàêæå â ðàáîòàõ Ñèòíèêà Ñ.Ì. è Òèìàøîâà À.Ñ. ([38]�

[40]). Â äàííîé ãëàâå òåîðåòè÷åñêè îáîñíîâàíà êîððåêòíîñòü çàäà÷è ïî-

ñòðîåíèÿ óçëîâîé ôóíêöèè èç öåëî÷èñëåííûõ ñäâèãîâ ôóíêöèè Ãàóññà,

ïðåäëîæåí ìåòîä, ïîçâîëÿþùèé ðàñøèðèòü ãðàíèöû èñïîëüçîâàíèÿ ïà-

ðàìåòðîâ ýòîé ôóíêöèè.
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4.1 Ïîñòàíîâêà êîíå÷íîìåðíîé çàäà÷è

Ïðè ðåøåíèè çàäà÷ èíòåðïîëÿöèè êëþ÷åâûì ìîìåíòîì ÿâëÿåòñÿ ïîñòðî-

åíèå óçëîâîé ôóíêöèè. Â ñëó÷àå, êîãäà â êà÷åñòâå áàçèñà âûáèðàþò-

ñÿ öåëî÷èñëåííûå ñäâèãè ôóíêöèè Ãàóññà, íàõîæäåíèå ñîîòâåòñòâóþùåé

óçëîâîé ôóíêöèè ñâîäèòñÿ ê ðåøåíèþ ëèíåéíîé ñèñòåìû áåñêîíå÷íîãî

÷èñëà óðàâíåíèé ñ áåñêîíå÷íûì ÷èñëîì íåèçâåñòíûõ. Â äàííîé ðàáîòå

ðàññìàòðèâàåòñÿ êîíå÷íîìåðíûé âàðèàíò ýòîé çàäà÷è: óçëîâàÿ ôóíêöèÿ

gn(x) èùåòñÿ â âèäå êîíå÷íîé ñóììû

gn(x) =
n∑

k=−n

dk · q(x−k)
2

, q = exp

(
− 1

2σ2

)
,

à áåñêîíå÷íàÿ ñèñòåìà çàìåíÿåòñÿ êîíå÷íîé, ïðè÷åì ÷èñëî óðàâíåíèé

ìîæåò áûòü áîëüøå ÷èñëà íåèçâåñòíûõ

gn(j) = δ0j, j = −m, . . . , 0, . . . ,m, m ≥ n. (4.1)

Ïåðåïèøåì ñèñòåìó óðàâíåíèé (4.1) â ìàòðè÷íîé ôîðìå:

A · d = y, (4.2)

ãäå ñîîòâåòñòâóþùèå ýëåìåíòû ìàòðèö:

aij = q(i−j)
2

, yj = δ0j, i = −n, . . . , 0, . . . , n, j = −m, . . . , 0, . . . ,m.

Äëÿ ïîëó÷åííûõ ïðè m = n êîýôôèöèåíòîâ dk óçëîâóþ ôóíêöèþ çàïè-

øåì êàê gσn(x), à ïðè m > n gσn,m(x)

Ââåä¼ì íåêîòîðûå îáîçíà÷åíèÿ. Îïðåäåëèòåëü Âàíäåðìîíäà ðàçìåðà

n îáîçíà÷èì ÷åðåç W (x1, . . . , xn), îïðåäåëèòåëü Âàíäåðìîíäà áåç l-îé

ñòðîêè è k-îãî ñòîëáöà � Wl, k (x1, . . . , xn). Âîçíèêàþùèå çäåñü è äàëåå

îïðåäåëèòåëè è ìàòðèöû äëÿ íàãëÿäíîñòè áóäåì, â ñëó÷àå íåîáõîäèìî-

ñòè, ðàññìàòðèâàòü ïîðÿäêà 5×5, ïîñêîëüêó èõ ðàçìåðû ïðèíöèïèàëüíî

íå âëèÿþò íà õîä ðàññóæäåíèé.
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W (x1, x2, x3, x4, x5) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x21 x31 x41

1 x2 x22 x32 x42

1 x3 x23 x33 x43

1 x4 x24 x34 x44

1 x5 x25 x35 x45

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

W3, 2 (x1, x2, x3, x4, x5) =

∣∣∣∣∣∣∣∣∣∣
1 x21 x31 x41

1 x22 x32 x42

1 x24 x34 x44

1 x25 x35 x45

∣∣∣∣∣∣∣∣∣∣
.

Êàê èçâåñòíî [9, ñòð. 273],

Wl, k (x1, . . . , xn) =
∑

xα1
xα2

. . . xαn−k ·
∏

n≥i>j≥1, i6=l,j 6=l

(xi − xj) , (4.3)

ãäå ñóììà áåðåòñÿ ïî âñåì ñî÷åòàíèÿì n − k ÷èñåë α1, α2, . . . , αn−k èç

íàáîðà 1, 2, . . . , n.

4.2 Óðàâíåíèé è íåèçâåñòíûõ ðàâíîå ÷èñëî.

Ïîêàæåì, ÷òî ñèñòåìà (4.2) â ñëó÷àå ðàâåíñòâà ÷èñëà íåèçâåñòíûõ è óðàâ-

íåíèé èìååò åäèíñòâåííîå ðåøåíèå.

Òåîðåìà 4.1 Ìàòðèöà A ïðè m = n � íåâûðîæäåíà, à å¼ îïðåäåëè-

òåëü

|A| = q
2n(n+1)(2n+1)

3 ·W
(
q−2n, . . . 1, . . . , q2n

)
. (4.4)

2

|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 q q4 q9 q16

q 1 q q4 q9

q4 q 1 q q4

q9 q4 q 1 q

q16 q9 q4 q 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
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Ýëåìåíòû ýòîãî îïðåäåëèòåëÿ ìîæíî ðàçëîæèòü íà ìíîæèòåëè

aij = q(i−j)
2

= qi
2 · q−2ij · qj2.

Çíà÷èò, èç i-òîé ñòðîêè ìîæíî âûíåñòè qi
2

, à èç j-îãî ñòîëáöà � qj
2

.

Ïðîâåäåì ýòó îïåðàöèþ ñî âñåìè ñòðîêàìè è ñòîëáöàìè:

|A| = q4 ·q ·1·q ·q4 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

q−4 q−3 1 q5 q12

1 q−1 1 q3 q8

q4 q 1 q q4

q8 q3 1 q−1 1

q12 q5 1 q−3 q−4

∣∣∣∣∣∣∣∣∣∣∣∣∣
= q20 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

q−8 q−4 1 q4 q8

q−4 q−2 1 q2 q4

1 1 1 1 1

q4 q2 1 q−2 q−4

q8 q4 1 q−4 q−8

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

òåïåðü ýëåìåíòàìè ïðîìåæóòî÷íîãî îïðåäåëèòåëÿ ÿâëÿþòñÿ q−2ij, îñòà-

ëîñü âûíåñòè èç i�òûõ ñòðîê ìíîæèòåëè q2ni, i = −2n, . . . , 2n, ïðîèçâå-

äåíèå êîòîðûõ â ñèëó ñèììåòðèè ðàâíî 1:

q20 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

q−8 q−4 1 q4 q8

q−4 q−2 1 q2 q4

1 1 1 1 1

q4 q2 1 q−2 q−4

q8 q4 1 q−4 q−8

∣∣∣∣∣∣∣∣∣∣∣∣∣
= q20 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 q4 q8 q12 q16

1 q2 q4 q6 q8

1 1 1 1 1

1 q−2 q−4 q−6 q−8

1 q−4 q−8 q−12 q−16

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= q20 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 q4
(
q4
)2 (

q4
)3 (

q4
)4

1 q2
(
q2
)2 (

q2
)3 (

q2
)4

1 1 1 1 1

1 q−2
(
q−2
)2 (

q−2
)3 (

q−2
)4

1 q−4
(
q−4
)2 (

q−4
)3 (

q−4
)4

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Â îáùåì æå ñëó÷àå ðåçóëüòàò ïðîâåäåííûõ ïðåîáðàçîâàíèé âûãëÿäèò

òàê:

detA =

(
n∏

i=−n
qi

2

)2

·

(
n∏

j=−n
qj

2

)2

·
n∏

i=−n
q2ni ·W

(
q−2n, . . . 1, . . . , q2n

)
=
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= q
2n(n+1)(2n+1)

3 ·W
(
q−2n, . . . 1, . . . , q2n

)
= q

2n(n+1)(2n+1)
3 ·

n∏
i,j=−n,i6=j

(
q−2i − q−2j

)
.

Îòëè÷èå îò 0 îïðåäåëèòåëÿ Âàíäåðìîíäà ãàðàíòèðóåòñÿ ìîíîòîííî-

ñòüþ ôóíêöèè f(x) = exp
(
− x

2σ2

)
. �

Ñëåäñòâèå 4.1 Ïîñêîëüêó èçó÷àåìûé â òåîðåìå 4.1 îïðåäåëèòåëü ïðè

m > n ÿâëÿåòñÿ íàèáîëüøèì íåíóëåâûì ìèíîðîì ìàòðèöû A ðàçìåðà

(2n+ 1)× (2m+ 1), òî å¼ ðàíã ðàâåí 2n+ 1.

Çàìå÷àíèå 4.1 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ (4.2) ïîêà-

çàíû â [10]. Îäíàêî, â íàøåì äîêàçàòåëüñòâå ïîëó÷åí ÿâíûé âèä (4.4).

Îïðåäåëåíèå 4.1 Íàçîâ¼ì n�ìåðíûé âåêòîð x � ïàëèíäðîìîì, åñëè

xi = xn+1−i, i = 1, .., n.

Òåîðåìà 4.2 Ïóñòü äàíà ñèñòåìà óðàâíåíèé

A · x = b, (4.5)

ãäå A - íåâûðîæäåííàÿ ìàòðèöà ðàçìåðà n×n, äëÿ ýëåìåíòîâ êîòîðîé
âûïîëíÿåòñÿ ai,j = an+1−i,n+1−j, ∀i, j = 1, . . . , n, âåêòîð b � ïàëèíäðîì,

òîãäà è âåêòîð x òîæå ïàëèíäðîì.

2 Òàê êàê ìàòðèöà A � íåâûðîæäåíà, òî ñóùåñòâóåò åäèíñòâåííîå ðå-

øåíèå x. Êàæäóþ i�òóþ ñòðî÷êó ñèñòåìû ìîæíî çàïèñàòü â âèäå

n∑
j=1

ai,j · xj = bi.

Äîêàæåì, ÷òî âåêòîð y = (xn, xn−1 . . . , x1) òàêæå ÿâëÿåòñÿ ðåøåíèåì

4.5, à ýòî â ñèëó åäèíñòâåííîñòè ðåøåíèÿ è áóäåò îçíà÷àòü óòâåðæäåíèå

òåîðåìû.
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Äåéñòâèòåëüíî, äëÿ i�òîé ñòðî÷êè

n∑
j=1

ai,j · yj =
n∑
j=1

an+1−i,n+1−j · yj =
n∑
j=1

an+1−i,j · xj = bn+1−i = bi.�

Ðåøåíèå èñêàëîñü ìåòîäîì Ãàóññà, äëÿ ïðîâåðêè âû÷èñëÿëèñü êîí-

òðîëüíûå ñóììû gn(j), ãäå j ∈ Z. Ïðè ýòîì, äëÿ ïîâûøåíèÿ òî÷íîñòè

ðåøåíèÿ, âîñïîëüçóåìñÿ Òåîðåìîé 4.2. Äåéñòâèòåëüíî,

aij = q(i−j)
2

= q(n+1−i−(n+1−j))2 = an+1−i,n+1−j,

ñëåäîâàòåëüíî, dk = d−k. Áëàãîäàðÿ ýòîìó ïðåäïîëîæåíèþ óìåíüøèò-

ñÿ êàê ÷èñëî óðàâíåíèé (ïî÷òè âäâîå), òàê è ðàçðûâ â ïîðÿäêå ìåæäó

ýëåìåíòàìè ìàòðèöû. Î÷åâèäíî, ÷òî ðàçíîãî ïîäõîäà òðåáóåò ñèñòåìà ñ

÷èñëîì óðàâíåíèé ðàâíûì ÷èñëó íåèçâåñòíûõ è ïðåâîñõîäÿùèì åãî.

Êîãäà m = n, ñèñòåìà (4.1) ïî òåîðåìå 4.1 ñîâìåñòíà. Åäèíñòâåííîå

ðåøåíèå ìîæíî íàéòè ìåòîäîì Ãàóññà. Ãðàíèöû èñïîëüçîâàíèÿ σ, ïðè êî-

òîðûõ ñ÷åò èìååò ñìûñë, åñòåñòâåííûì îáðàçîì, çàâèñÿò îò n. Êàê âèäíî

èç òàáëèöû 4.1 ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ ñîìíèòåëüíû âû÷èñëåíèÿ

óæå ïðè σ > 3.0. Âíå îòðåçêà èíòåðïîëÿöèè gn(x) ñèëüíî îñöèëëèðóåò.

Êðîìå òîãî, ëþáîïûòåí òîò ôàêò, ÷òî ÷åì áîëüøå n, òåì ìåíüøå ðàñ-

òåò êîíòðîëüíàÿ ñóììà gn(j) çà ïðåäåëàìè îòðåçêà èíòåðïîëÿöèè. Ýòî

èëëþñòðèðóåò óæå òàáëèöà 4.2.

Òàáëèöà 4.1: Êîíòðîëüíûå ñóììû ïðè n = 12

σ 1.0 2.0 3.0 4.0

gσ12(0) 1 1 0.99 52

gσ12(4) −1.7 · 10−20 9.9 · 10−13 −7.2 · 10−5 38

gσ12(8) −1.6 · 10−20 −8.3 · 10−14 3.6 · 10−7 13

gσ12(12) −7.9 · 10−23 −3.8 · 10−14 10−6 1.8

gσ12(14) 1.1 · 10−3 63.3 2.3 · 104 1.8 · 105

gσ12(16) 3.2 · 10−6 67 2.9 · 105 6.4 · 106
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Òàáëèöà 4.2: Íàèáîëüøèå çíà÷åíèÿ â öåëûõ òî÷êàõ çà ïðåäåëàìè îòðåçêà èíòåðïî-

ëÿöèè.

g1.020 (21) 5.5 · 10−5 g2.020 (23) 41.7 g3.020 (26) 2.9 · 107

g1.040 (41) 2.5 · 10−9 g2.040 (43) 3.57 g3.040 (46) 4.6 · 106

g1.060 (61) 1.1 · 10−13 g2.060 (63) 0.29 g3.060 (66) 1.6 · 106

g1.080 (81) 5.1 · 10−18 g2.080 (83) 0.02 g3.080 (86) 4.7 · 105

Êîíòðîëüíûå ñóììû ìîæíî îöåíèòü è àíàëèòè÷åñêè. Äëÿ ýòîãî âîñ-

ïîëüçóåìñÿ ñëåäóþùèìè ýëåìåíòàðíûìè óòâåðæäåíèÿìè:

Òåîðåìà 4.3 Äëÿ êîýôôèöèåíòîâ dk âåðíà ôîðìóëà:

dk = (−1)kq−k
2Wk, n+1

(
q−2n, . . . , q0, . . . , q2n

)
W (q−2n, . . . , q0, . . . , q2n)

. (4.6)

2 Äåéñòâèòåëüíî, ïî ïðàâèëó Êðàìåðà

dk =
∆k

|A|
,

Ïðîâåäÿ ñ ∆k äåéñòâèÿ àíàëîãè÷íûå äåéñòâèÿì äîêàçàòåëüñòâà òåîðåìû

4.1 , ïîëó÷èì

∆k = (−1)n+1+k+1+nq−k
2

q
2n(n+1)(2n+1)

3 Wk

(
q−2n, . . . , q0, . . . , q2n

)
,

îòñþäà

dk = (−1)kq−k
2Wk

(
q−2n, . . . , q0, . . . , q2n

)
W (q−2n, . . . , q0, . . . , q2n)

.

Íàïðèìåð,

∆1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 q q4 0 q16

q 1 q 0 q9

q4 q 1 1 q4

q9 q4 q 0 q

q16 q9 q4 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= q20 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

q−8 q−4 1 0 q8

q−4 q−2 1 0 q4

1 1 1 q−1 1

q4 q2 1 0 q−4

q8 q4 1 0 q−8

∣∣∣∣∣∣∣∣∣∣∣∣∣
=
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q20 · q−1 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

q−8 q−4 1 0 q8

q−4 q−2 1 0 q4

1 1 1 1 1

q4 q2 1 0 q−4

q8 q4 1 0 q−8

∣∣∣∣∣∣∣∣∣∣∣∣∣
= q20 · q−1 ·

∣∣∣∣∣∣∣∣∣∣∣∣∣

q−8 q−4 1 0 q8

q−4 q−2 1 0 q4

1 1 1 1 1

q4 q2 1 0 q−4

q8 q4 1 0 q−8

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= −q20 · q−1 ·

∣∣∣∣∣∣∣∣∣∣
1 q4

(
q4
)2 (

q4
)4

1 q2
(
q2
)2 (

q2
)4

1 q−2
(
q−2
)2 (

q−2
)4

1 q−4
(
q−4
)2 (

q−4
)4

∣∣∣∣∣∣∣∣∣∣
.

�

Ñëåäñòâèå 4.2 Ñ ó÷¼òîì (4.3),

dk =
(−1)kq−k

2∑
qα1qα2 . . . qα2n+1−k·

n∏
i 6=k,i=−n

|qk − qi|
,

ãäå ñóììà áåðåòñÿ ïî âñåì ñî÷åòàíèÿì 2n+1−k ÷èñåë α1, α2, . . . , α2n+1−k

èç íàáîðà −n,−n+ 1, . . . , n.

Ñëåäñòâèå 4.3 Êîíòðîëüíûå ñóììû ìîæíî çàïèñàòü â âèäå îòíîøå-

íèÿ îïðåäåëèòåëåé:

gσn(j) = qj
2W

(
q−2n . . . q−2, q−2j, q2, . . . q2n

)
W (q−2n . . . q0 . . . q2n)

.

2

gσn(j) =
n∑

k=−n

dk q
(k−j)2 =

=
n∑

k=−n

q(k−j)
2

(−1)kq−k
2Wk, n+1

(
q−2n, . . . , q0, . . . , q2n

)
W (q−2n, . . . , q0, . . . , q2n)

=

= qj
2

n∑
k=−n

(−1)kq−2kj
Wk, n+1

(
q−2n, . . . , q0, . . . , q2n

)
W (q−2n, . . . , q0, . . . , q2n)

,
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Ñóììà
n∑

k=−n
(−1)kq−2kjWk, n+1

(
q−2n, . . . , q0, . . . , q2n

)
ïðåäñòàâëÿåò ñîáîé

ðàçëîæåíèå ïî n+1 ñòðîêå îïðåäåëèòåëÿW
(
q−2n . . . q−2, q−2j, q2, . . . q2n

)
.

�

Ñëåäñòâèå 4.4 Ó÷èòûâàÿ ñëåäñòâèå 3, ïîëó÷èì

lim
σ→∞
|gσn(n+ 1)| = Cn

2n+1.

2 Äåéñòâèòåëüíî, gσn(n + 1) ñ òî÷íîñòüþ äî çíàêà ïðåäñòàâëÿåò ñîáîé

îïðåäåëèòåëü Âàíäåðìîíäà áåç n+ 1 ñòðîêè. Òîãäà ïî (4.3)

|gσn(n+1)| =

∣∣∣∣∣q(n+1)2W0,n+1

(
q−2n . . . q0 . . . q2n

)
, q2n+2

W (q−2n . . . q0 . . . q2n)

∣∣∣∣∣ = q(n+1)2
∑

qα1qα2 . . . qαn,

ãäå ñóììà áåðåòñÿ ïî âñåì ñî÷åòàíèÿì n ÷èñåë α1, α2, . . . , αn èç íàáî-

ðà −n,−n + 1, . . . , n. Ïðè ôèêñèðîâàííîì n ñóììà êîíå÷íà, ñîñòîèò èç

Cn
2n+1 ñëàãàåìûõ, êàæäûé èç êîòîðûõ ïðåäñòàâëÿåò ñîáîé q, â ñòåïåíè,

çàâèñÿùåé îò n. Òàê êàê limσ→∞ q = 1, òî

lim
σ→∞
|gσn(n+ 1)| = Cn

2n+1.

�

4.3 Óðàâíåíèé áîëüøå íåèçâåñòíûõ.

Ïðè m > n ñèñòåìà (4.1) ñòàíîâèòñÿ íåñîâìåñòíîé, êîýôôèöèåíòû dk

âû÷èñëÿþòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ. Äëÿ ýòîãî óðàâíåíèå (4.2)

óìíîæàåòñÿ íà ìàòðèöó, ñîïðÿæåííóþ ê A. Êàê èçâåñòíî, A∗ = A
T
, ýëå-

ìåíòû ýòîé ìàòðèöû a∗ij = aji = exp
(
− (j−i)2

2σ2

)
. Ïîëó÷àåì íîâóþ ñèñòåìó

C · x = z, (4.7)

ãäå

cij =
m∑

k=−m

exp

(
−(i− k)2

2σ2

)
· exp

(
−(k − j)2

2σ2

)
,
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Òàáëèöà 4.3: Êîíòðîëüíûå ñóììû ïðè n = 12, m = 13, è ïðè m = 24.

σ 1.0 2.0 3.0 5.0

gσ12,13(0) 0.99 0.97 0.82 0.62

gσ12,13(6) −6.7 · 10−5 −0.06 0.05 0.06

gσ12,13(12) −1.1 · 10−3 −6.7 · 10−3 0.03 1.8

gσ12,13(14) 5.1 · 10−4 1.6 7.9 −2.6

gσ12,13(16) 1.7 · 10−6 3.5 89 −39

gσ12,24(0) 1.00 0.94 0.78 0.48

gσ12,24(6) −7.2 · 10−5 −0.04 −0.04 −0.01

gσ12,24(12) −1.1 · 10−3 −0.01 −0.03 0.01

gσ12,24(14) 4.8 · 10−4 −0.01 0.03 0.08

gσ12,24(16) 1.6 · 10−6 0.01 −0.03 −0.09

zj = exp

(
− j2

2σ2

)
, i, j = −n . . . , 0, . . . n.

Ðåøàòü ñèñòåìó (4.7) áóäåì, ó÷èòûâàÿ òåîðåìó 4.2. ßâëåíèå îñöèëëÿöèè

çà ïðåäåëàìè îòðåçêà èíòåðïîëÿöèè â äàííîì ñëó÷àå ìîæåò áûòü çíà-

÷èòåëüíî óìåíüøåíî, õîòÿ ïðè ýòîì âîçíèêàåò ýôôåêò ðåãóëÿðèçàöèè,

ïðè êîòîðîì çíà÷åíèå ôóíêöèè gn,m(x) â íóëåâîé òî÷êå "ðàñòåêàåòñÿ"ïî

ñîñåäíèì óçëàì. Äàííûå ÿâëåíèÿ ìîæíî óâèäåòü â òàáëèöå 4.3. Ëþáî-

ïûòíî, ÷òî ìàêñèìàëüíîå çíà÷åíèå çà ïðåäåëàìè îòðåçêà èíòåðïîëÿöèè

óçëîâàÿ ôóíêöèÿ gσn,m ïðè ôèêñèðîâàííîì σ ïðèíèìàåò ïðèìåðíî íà îä-

íîì è òîì æå ðàññòîÿíèè îò êîíöîâ îòðåçêà.

Òåîðåìà 4.4 Ïðè m→∞ ýëåìåíòû ìàòðèöû C ïðèìóò âèä

cij =

 q
(i−j)2

2 mσ, ïðè íå÷¼òíîì (i+ j),

q
(i−j)2

2 Mσ, ïðè ÷¼òíîì (i+ j),
(4.8)

ãäå mσ = ϑ3
(
1
2 ; qσ

)
, Mσ = ϑ3 (0; qσ), qσ = exp (−πσ).

2 Ïðåîáðàçîâàíèåì Ïóàññîíà cij ïðåâðàùàþòñÿ â òåòà-ôóíêöèþ

lim
m→∞

cij =
∞∑

k=−∞

exp

(
−(i− k)2

2σ2

)
· exp

(
−(k − j)2

2σ2

)
=
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=
∞∑

k=−∞

exp

(
−i

2 − 2ik + k2

2σ2
− j2 − 2jk + k2

2σ2

)
=

=
∞∑

k=−∞

exp

(
−k

2 − (i+ j)k

σ2
− j2 + i2

2σ2

)
=

=
∞∑

k=−∞

exp

(
−

(k − i+j
2 )2

σ2
− 2j2 + 2i2 − (i+ j)2

4σ2

)
=

ñ ó÷¼òîì (1.28)

= exp

(
−(i− j)2

4σ2

)
·
∞∑

k=−∞

exp

(
−

(k − i+j
2 )2

σ2

)
=

= exp

(
−(i− j)2

4σ2

)
· ϑ3

(
π(i+ j)

2
; qσ

)
,

ãäå qσ = exp (−πσ).

Â ñâÿçè c ïåðèîäè÷íîñòüþ è ÷åòíîñòüþ ôóíêöèÿ ϑ3
(
i+j
2π ; qσ

)
ïðèíè-

ìàåò âñåãî ëèøü äâà çíà÷åíèÿ, ïðè÷åì ýòî èëè ìèíèìàëüíîå çíà÷åíèå

mσ = ϑ3
(
π
2 ; qσ

)
èëè ìàêñèìàëüíîå Mσ = ϑ3 (0; qσ).

Òàêèì îáðàçîì, ìàòðèöà C èìååò âèä

C =



mσ Mσ · q0.5 mσ · q2 Mσ · q4.5 mσ · q8

Mσ · q0.5 mσ Mσ · q0.5 mσ · q2 Mσ · q4.5

mσ · q2 Mσ · q0.5 mσ Mσ · q0.5 mσ · q2

Mσ · q4.5 mσ · q2 Mσ · q0.5 mσ Mσ · q0.5

mσ · q8 Mσ · q4.5 mσ · q2 Mσ · q0.5 mσ


.

�
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Ãëàâà 5

Î êîíñòàíòàõ íåîïðåäåë¼ííîñòè äëÿ

ëèíåéíûõ êîìáèíàöèé íåêîòîðûõ

ïîäñèñòåì êîãåðåíòíûõ ñîñòîÿíèé

Ââåäåíèå.

Â äàííîé ãëàâå ðàññìàòðèâàþòñÿ ëèíåéíûå êîìáèíàöèè äëÿ íåïîëíûõ

ïîäñèñòåì êîãåðåíòíûõ ñîñòîÿíèé. Â îáùåì ñëó÷àå ôîðìóëû äëÿ êîí-

ñòàíò íåîïðåäåë¼ííîñòè ïîëó÷àþòñÿ äîñòàòî÷íî ãðîìîçäêèìè è ìàëî ïðè-

ãîäíûìè äëÿ ÷èñëåííîé ðåàëèçàöèè. Ïðè äîïîëíèòåëüíûõ ïðåäïîëîæå-

íèÿõ íà êîýôôèöèåíòû ëèíåéíîé êîìáèíàöèè è ïàðàìåòðû ñèñòåìû ôîð-

ìóëû ñóùåñòâåííî óïðîùàþòñÿ. Íî äàæå â ýòèõ ñëó÷àÿõ âû÷èñëåíèå êîí-

ñòàíòû íåîïðåäåë¼ííîñòè îêàçûâàåòñÿ íåòðèâèàëüíîé çàäà÷åé, ÷òî ïîêà-

çûâàåòñÿ íà ïðèìåðå ñèñòåìû ðàâíîìåðíûõ ñäâèãîâ ôóíêöèè Ãàóññà.

5.1 Îáîçíà÷åíèÿ, âñïîìîãàòåëüíûå ôîðìóëû.

Ââåä¼ì îáîçíà÷åíèÿ äëÿ êîãåðåíòíûõ ñîñòîÿíèé

fk,m(ω1, ω2, x) = exp

(
−(x− kω1)

2

2

)
eimω2x
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è ñèñòåìû ðàâíîìåðíûõ ñäâèãîâ ôóíêöèè Ãàóññà

fk(σ, x) = exp

(
−(x− k)2

2σ2

)
.

Â ðàáîòå èçó÷àþòñÿ èõ ëèíåéíûå êîìáèíàöèè

F (ω1, ω2, x) =
∑
k,m

ck,mfk,m(ω1, ω2, x), (5.1)

G (σ, x) =
∑
k

ckfk (σ, x) . (5.2)

Âñå èíäåêñû â ñóììàõ çäåñü è â äàëüíåéøåì ìåíÿþòñÿ îò −∞ äî +∞.

Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé, êîãäà G (σ, x) � óçëîâàÿ ôóíêöèÿ, òî

åñòü äëÿ íåå âûïîëíåíà ñèñòåìà ðàâåíñòâ

G (σ,m) = δ0m, m ∈ Z,

ãäå δ0m � ñèìâîë Êðîíåêåðà.

Ïðåäïîëàãàåòñÿ àáñîëþòíàÿ ñõîäèìîñòü ðÿäîâ (5.1)�(5.2), ÷òîáû ìîæ-

íî áûëî ïðîèçâîëüíûì îáðàçîì ìåíÿòü ïîðÿäîê ñóììèðîâàíèÿ è ãðóï-

ïèðîâàòü ñëàãàåìûå ïðè ïåðåìíîæåíèè ðÿäîâ. Äëÿ ýòîãî äîñòàòî÷íî, íà-

ïðèìåð, âûïîëíåíèÿ óñëîâèé

ckm = O
(
(k2 +m2)−1−ε

)
, ck = O

(
k−1−ε

)
, ε > 0.

Ïðè âû÷èñëåíèè êîíñòàíòû íåîïðåäåë¼ííîñòè âîçíèêàþò èíòåãðàëû,

çíà÷åíèÿ êîòîðûõ âûïèøåì çàðàíåå, âîñïîëüçîâàâøèñü [34, ñòð. 367]:
+∞∫
−∞

e−β
2(x−r)2 ei αx dx = ei αr

√
π

β
e
− α2

4β2 , (5.3)

+∞∫
−∞

xe−β
2(x−r)2 ei αx dx =

√
π

β
ei αr e

− α2

4β2

(
r +

iα

2β2

)
, (5.4)

+∞∫
−∞

x2e−β
2(x−r)2 ei αx dx =

√
π

4β5
ei αr e

− α2

4β2

(
2β2 −

(
α− 2irβ2

)2)
, (5.5)

ãäå ïàðàìåòðû α, β, r ∈ R, β > 0.
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5.2 Êîíñòàíòà íåîïðåäåë¼ííîñòè â îáùåì ñëó÷àå.

Ôîðìóëà äëÿ êîíñòàíòû íåîïðåäåë¼ííîñòè ôóíêöèè F (ω1, ω2, x) ïîëó-

÷àåòñÿ ñëèøêîì ãðîìîçäêîé, ïîýòîìó ìû â âèäå ëåìì ïðîñòî âûïèøåì

âñå å¼ ñîñòàâíûå ÷àñòè.

Ëåììà 5.1 Ñïðàâåäëèâû ôîðìóëû

‖F (ω1, ω2, x)‖2 =
√
π
∑

k,m,k′,m′

ck,mck′,m′ · exp

(
−(k − k′)2 ω2

1

4

)
·

· exp

(
−(m−m′)2 ω2

2

4

)
· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
, (5.6)

〈xF (ω1, ω2, x) , F (ω1, ω2, x)〉 =
√
π
∑

k,m,k′,m′

ck,mck′,m′·

· exp

(
−(k − k′)2 ω2

1

4

)
· exp

(
−(m−m′)2 ω2

2

4

)
·

· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
·
(
k + k′

2
ω1 + i

m−m′

2
ω2

)
, (5.7)

〈x2F (ω1, ω2, x) , F (ω1, ω2, x)〉 =

√
π

4

∑
k,m,k′,m′

ck,mck′,m′·

· exp

(
−(k − k′)2 ω2

1

4

)
· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
·

· exp

(
−(m−m′)2 ω2

2

4

)
·
(

2− ((m−m′)ω2 − i (k + k′)ω1)
2
)
. (5.8)

2 Êâàäðàò ìîäóëÿ ôóíêöèè èìååò âèä

|F (ω1, ω2, x)|2 =
∑

k,m,k′,m′

ck,mck′,m′fk,m(ω1, ω2, x)fk′,m′(ω1, ω2, x).

Ïðåîáðàçóåì ïðîèçâåäåíèå ôóíêöèé â ñóììå

fk,m(ω1, ω2, x) · fk′m′(ω1, ω2, x) =
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= exp

(
−(x− kω1)

2

2

)
eimω2x · exp

(
−(x− k′ω1)

2

2

)
e−im

′ω2x =

= exp

(
−x2 + kω1 + k′ω1 −

k2ω2
1 + k′2ω2

1

2

)
· ei (m−m′)ω2x =

= exp

(
−
(
x− k + k′

2
ω1

)2

+
(k + k′)2 ω2

1

4
− k2ω2

1 + k′2ω2
1

2

)
· ei (m−m′)ω2,

÷òî ïðèâîäèò â èòîãå ê ñîîòíîøåíèþ

fk,m(ω1, ω2, x) · fk′m′(ω1, ω2, x) =

= exp

(
−
(
x− k + k′

2
ω1

)2

− (k − k′)2 ω2
1

4

)
ei (m−m

′)ω2x. (5.9)

Â ôîðìóëàõ (5.3)�(5.5) ïîëîæèì r = k+k′

2 ω1, β = 1, α = (m −m′)ω2.

Òîãäà, èñïîëüçóÿ (5.9), ïîëó÷èì

〈fk,m(ω1, ω2, x), fk′m′(ω1, ω2, x)〉 =
√
π exp

(
−(k − k′)2 ω2

1

4

)
·

· exp

(
−(m−m′)2 ω2

2

4

)
· exp

i (k + k′)(m−m′)ω1ω2

2
, (5.10)

〈xfk,m(ω1, ω2, x), fk′m′(ω1, ω2, x)〉 =

=
√
π exp

(
−(k − k′)2 ω2

1

4

)
· exp

(
−(m−m′)2 ω2

2

4

)
·

· exp
i (k + k′)(m−m′)ω1ω2

2
·
(
k + k′

2
ω1 + i

m−m′

2
ω2

)
, (5.11)

〈x2fk,m(ω1, ω2, x), fk′m′(ω1, ω2, x)〉 =

√
π

4
exp

(
−(k − k′)2 ω2

1

4

)
·

= · exp

(
−(m−m′)2 ω2

2

4

)
· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
·

·
(

2− ((m−m′)ω2 − i (k + k′)ω1)
2
)
. (5.12)

Èç ôîðìóë (5.1), (5.10)�(5.12) ñëåäóþò ðàâåíñòâà (5.6)�(5.8).�
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Ëåììà 5.2 Ñïðàâåäëèâû ôîðìóëû∥∥∥F̂ (ω1, ω2, ξ)
∥∥∥2 =

=
√
π
∑

k,m,k′,m′

c−m,kc−m′,k′ e
i (m′k′−mk)ω1ω2 · exp

(
−(k − k′)2 ω2

2

4

)
·

· exp

(
−(m−m′)2 ω2

1

4

)
· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
, (5.13)

〈ξF̂ (ω1, ω2, ξ) , F̂ (ω1, ω2, ξ)〉 =
√
π
∑

k,m,k′,m′

c−m,kc−m′,k′ e
i (m′k′−mk)ω1ω2·

· exp

(
−(k − k′)2 ω2

2

4

)
· exp

(
−(m−m′)2 ω2

1

4

)
·

· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
·
(
k + k′

2
ω2 + i

m−m′

2
ω1

)
, (5.14)

〈ξ2F̂ (ω1, ω2, ξ) , F̂ (ω1, ω2, ξ)〉 =

√
π

4

∑
k,m,k′,m′

c−m,kc−m′,k′ e
i (m′k′−mk)ω1ω2·

· exp

(
−(k − k′)2 ω2

2

4

)
· exp

(
i (k + k′)(m−m′)ω1ω2

2

)
·

· exp

(
−(m−m′)2 ω2

1

4

)
·
(

2− ((m−m′)ω1 − i (k + k′)ω2)
2
)
. (5.15)

2 Ñíà÷àëà ñ ïîìîùüþ ôîðìóëû (5.3), ïîëîæèâ β = 1√
2
, α = mω2 − ξ,

r = kω1, íàéä¼ì f̂k,m:

f̂k,m(ω1, ω2, ξ) = exp

(
−(ξ −mω2)

2

2

)
· ei (mω2−ξ)kω1 =

= eimkω1ω2 · exp

(
−(ξ −mω2)

2

2

)
· e−i kω1ξ.

Â èòîãå f̂k,m(ω1, ω2, ξ) = eimkω1ω2 · fm,−k(ω2, ω1, ξ),

F̂ (ω1, ω2, ξ) =
∑
k,m

c−m,ke
−imkω1ω2 · fk,m(ω2, ω1, ξ).

Îòñþäà, èñïîëüçóÿ (5.10)�(5.12), ïîëó÷àåì óòâåðæäåíèå ëåììû 2. �
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5.3 Îñíîâíîé ðåçóëüòàò.

Äëÿ ïîëó÷åíèÿ áîëåå ñîäåðæàòåëüíûõ ðåçóëüòàòîâ ââåä¼ì äîïîëíèòåëü-

íûå óñëîâèÿ íà F (ω1, ω2, x). Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé íåïîëíîé

ñèñòåìû êîãåðåíòíûõ ñîñòîÿíèé:

ω1ω2 = 4πN, N ∈ N. (5.16)

Îòíîñèòåëüíî êîýôôèöèåíòîâ ck,m ïðåäïîëîæèì, ÷òî

ck,m = cω1

k · c
ω2
m , (5.17)

ãäå ω1, ω2 � ýòî âåðõíèå èíäåêñû, îçíà÷àþùèå çàâèñèìîñòü êîíñòàíò îò

ýòèõ ïàðàìåòðîâ. Êðîìå òîãî, áóäåì ñ÷èòàòü, ÷òî ëèíåéíàÿ êîìáèíàöèÿ

F (ω1, ω2, x) ÿâëÿåòñÿ ÷¼òíîé âåùåñòâåííîé ôóíêöèåé. Îòñþäà êîýôôè-

öèåíòû ck,m âåùåñòâåííûå è âûïîëíåíî

cω1

k = cω1

−k, c
ω2
m = cω2

−m. (5.18)

Äàííûå ïðåäïîëîæåíèÿ åñòåñòâåííû, åñëè ìû ñòðîèì ñ ïîìîùüþ ëè-

íåéíîé êîìáèíàöèè êîãåðåíòíûõ ñîñòîÿíèé óçëîâóþ ôóíêöèþ èëè ïðî-

âîäèì îðòîãîíàëèçàöèþ ñ ñîõðàíåíèåì ñòðóêòóðû ñäâèãîâ. Â ñëó÷àå âû-

ïîëíåíèÿ óñëîâèé (5.16)�(5.18) óäàåòñÿ ðàçäåëèòü ÷àñòîòíóþ è âðåìåí-

íóþ ñîñòàâëÿþùèå ëèíåéíîé êîìáèíàöèè (5.1).

Ïðåîáðàçóåì ôîðìóëû (5.6)�(5.8)

‖F (ω1, ω2, x)‖2 =
√
π
∑

k,m,k′,m′

ck,mck′,m′ · exp (i 2(k + k′)(m−m′)πN) ·

· exp

(
−(k − k′)2 ω2

1

4

)
· exp

(
−(m−m′)2 ω2

2

4

)
=

=
√
π
∑
k,k′

cω1

k c
ω1

k′ exp

(
−(k − k′)2 ω2

1

4

)
·
∑
m,m′

cω2
m c

ω2

m′ exp

(
−(m−m′)2 ω2

2

4

)
.
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Ñäåëàåì çàìåíó èíäåêñîâ l = k − k′, k = l + k′:∑
k,k′

cω1

k c
ω1

k′ exp

(
−(k − k′)2 ω2

1

4

)
=
∑
l

exp

(
−l

2ω2
1

4

)∑
k′

cω1

l+k′c
ω1

k′ .

Ââåä¼ì íîâîå îáîçíà÷åíèå

awl =
∑
k′

cwl+k′c
w
k′. (5.19)

Òîãäà ∑
k,k′

cω1

k c
ω1

k′ exp

(
−(k − k′)2 ω2

1

4

)
=
∑
l

exp

(
−l

2ω2
1

4

)
aω1

l .

Àíàëîãè÷íî ïðåîáðàçóåì äðóãîé ðÿä∑
m,m′

cω2
m c

ω2

m′ exp

(
−(m−m′)2 ω2

2

4

)
=
∑
l

exp

(
−l

2ω2
1

4

)
aω2

l .

Ââåä¼ì îáîçíà÷åíèå

Aw =
∑
l

exp

(
−l

2w2

4

)
awl ,

èëè, ÷òî òî æå ñàìîå,

Aw =
∑
k,k′

cwk c
w
k′ exp

(
−(k − k′)2w2

4

)
. (5.20)

Ëåììà 5.3 Äëÿ êîýôôèöèåíòîâ awl âåðíî ñîîòíîøåíèå

aw−l = awl .

2 Â ôîðìóëå (5.19) ñäåëàåì çàìåíó èíäåêñà n = l + k′, ïîëó÷èì

awl =
∑
k′

cwl+k′c
w
k′ =

∑
n

cwn c
w
n−l.

Òåïåðü âìåñòî n çàïèøåì k′∑
k′

cwk′−lc
w
k′ = aw−l.

�
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Ñëåäñòâèå 5.1 Ñïðàâåäëèâû ôîðìóëû:∑
l

l exp

(
−l

2w2

4

)
awl = 0,

∑
k,k′

cwk c
w
k′(k − k′) exp

(
−(k − k′)2w2

4

)
= 0. (5.21)

Â èòîãå

‖F (ω1, ω2, x)‖2 =
√
π · Aω1

· Aω2
. (5.22)

Ñ ïîìîùüþ ôîðìóë (5.16), (5.20) è (5.21) ïîëó÷èì

〈xF (ω1, ω2, x) , F (ω1, ω2, x)〉 =

=
√
π · Aω2

·
∑
k,k′

cω1

k c
ω1

k′

(
k + k′

2
ω1

)
exp

(
−(k − k′)2 ω2

1

4

)
=

=
√
π · Aω2

·
∑
k,k′

cω1

k c
ω1

k′

(
k − k′

2
ω1

)
exp

(
−(k − k′)2 ω2

1

4

)
+

+
√
πω1 · Aω2

·
∑
k,k′

cω1

k c
ω1

k′ k
′ exp

(
−(k − k′)2 ω2

1

4

)
=

=
√
πω1 · Aω2

·
∑
k,k′

cω1

k c
ω1

k′ k
′ exp

(
−(k − k′)2 ω2

1

4

)
.

Ñäåëàâ çàìåíó l = k − k′, k = l + k′ â ïîñëåäíåì ðÿäå, ïîëó÷èì∑
k,k′

cω1

k c
ω1

k′ k
′ exp

(
−(k − k′)2 ω2

1

4

)
=
∑
l

exp

(
−l

2ω2
1

4

)∑
k′

k′cω1

l+k′c
ω1

k′ .

Ââåä¼ì íîâûå îáîçíà÷åíèÿ

bwl =
∑
k′

k′cwl+k′c
w
k′, (5.23)

Bw =
∑
l

exp

(
−l

2w2

4

)
bwl .
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Ëåììà 5.4 Äëÿ êîýôôèöèåíòîâ bwl âåðíû ñîîòíîøåíèÿ

bwl = −bw−l, bwl = bw−l − lawl .

2 Â ñèëó (5.18)

bwl =
∑
k′

k′cwl+k′c
w
k′ =

∑
k′

k′cwl+k′c
w
−k′,

ñäåëàåì çàìåíó k = −k′. Òîãäà

bwl = −
∑
k

kcwl−kc
w
k = −

∑
k

kcwk−lc
w
k = −bw−l.

Òåïåðü â ôîðìóëå (5.23) ñäåëàåì çàìåíó èíäåêñà n = l + k′, ïîëó÷èì

bwl =
∑
n

(n− l)cwn cwn−l =
∑
n

ncwn c
w
n−l− l

∑
n

cwn c
w
n−l = bw−l− law−l = bw−l− lawl .

�

Ñëåäñòâèå 5.2

bwl = − l
2
awl .

Ñëåäñòâèå 5.3 Âåðíî ñîîòíîøåíèå

Bw = −
∑
l

l

2
exp

(
−l

2w2

4

)
awl .

Ñëåäñòâèå 5.4 Âåðíî ñîîòíîøåíèå

Bw = 0. (5.24)

Â èòîãå

〈xF (ω1, ω2, x) , F (ω1, ω2, x)〉 = 0. (5.25)

Â ñëó÷àå ôîðìóëû (5.8) ñíà÷àëà ðàñïèøåì

((m−m′)ω2 − i (k + k′)ω1)
2

=

= (m−m′)2 ω2
2 − 2i (m−m′) (k + k′)ω1ω2 − (k + k′)

2
ω2
1.
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Ñ ïîìîùüþ (5.16), (5.20) ïîëó÷èì

〈x2F (ω1, ω2, x) , F (ω1, ω2, x)〉 =

=

√
π

2
Aω1
· Aω2

−
√
πω2

2

4
Aω1

∑
m,m′

cω2
m c

ω2

m′ (m−m
′)
2

exp

(
−(m−m′)2 ω2

1

4

)
+

+

√
πω2

1

4
Aω2

∑
k,k′

cω1

k c
ω1

k′ (k + k′)
2

exp

(
−(k − k′)2 ω2

1

4

)
=

=

√
π

2
Aω1
· Aω2

−
√
πω2

2

4
Aω1

∑
m,m′

cω2
m c

ω2

m′ (m−m
′)
2

exp

(
−(m−m′)2 ω2

1

4

)
+

+

√
πω2

1

4
Aω2

∑
k,k′

cω1

k c
ω1

k′ (k − k′)2 exp

(
−(k − k′)2 ω2

1

4

)
+

+
√
πω2

1Aω2

∑
k,k′

cω1

k c
ω1

k′ kk
′ exp

(
−(k − k′)2 ω2

1

4

)
.

Ñäåëàâ çàìåíó l = k − k′, k = l + k′, ïðåîáðàçóåì ïîëó÷èâøèåñÿ ðÿäû∑
k,k′

cω1

k c
ω1

k′ (k − k′)2 exp

(
−(k − k′)2 ω2

1

4

)
=

=
∑
l

l2 exp

(
−l

2ω2
1

4

)∑
k′

cω1

l+k′c
ω1

k′ =
∑
l

l2 exp

(
−l

2ω2
1

4

)
aω1

l .

Àíàëîãè÷íî,∑
m,m′

cω2
m c

ω2

m′ (m−m
′)
2

exp

(
−(m−m′)2 ω2

2

4

)
=
∑
l

l2 exp

(
−l

2ω2
2

4

)
aω2

l .

È ïîñëåäíèé ðÿä ∑
k,k′

cω1

k c
ω1

k′ kk
′ exp

(
−(k − k′)2 ω2

1

4

)
=
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=
∑
l

exp

(
−l

2ω2
1

4

)∑
k′

(l + k′)k′cω1

l+k′c
ω1

k′ =
∑
l

l exp

(
−l

2ω2
1

4

)
bω1

l +

+
∑
l

exp

(
−l

2ω2
1

4

)∑
k′

k′
2
cω1

l+k′c
ω1

k′ .

Ââåä¼ì îáîçíà÷åíèÿ

dω1

l =
∑
k′

k′
2
cω1

l+k′c
ω1

k′ ,

Dω1
=
∑
l

exp

(
−l

2ω2
1

4

)
dω1

l ,

Cw =
∑
l

l2 exp

(
−l

2w2

4

)
awl .

Òîãäà ∑
k,k′

cω1

k c
ω1

k′ (k − k′)2 exp

(
−(k − k′)2 ω2

1

4

)
= Cω1

,

∑
m,m′

cω2
m c

ω2

m′ (m−m
′)
2

exp

(
−(m−m′)2 ω2

2

4

)
= Cω2

.

Äëÿ âû÷èñëåíèÿ ïîñëåäíåãî ðÿäà âîñïîëüçóåìñÿ (5.24)

∑
k,k′

cω1

k c
ω1

k′ kk
′ exp

(
−(k − k′)2 ω2

1

4

)
= −1

2
Cω1

+Dω1
.

Â èòîãå

〈x2F (ω1, ω2, x) , F (ω1, ω2, x)〉 =

√
π

2
Aω1
· Aω2

−

−
√
πω2

2

4
Aω1
· Cω2

−
√
πω2

1

4
Aω2
· Cω1

+
√
πω2

1Aω2
·Dω1

. (5.26)

Òåïåðü íàéä¼ì ∆2 (F (ω1, ω2)), èñïîëüçóÿ (5.22), (5.25) è (5.26)

∆2 (F (ω1, ω2)) =
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=
〈x2F (ω1, ω2, x) , F (ω1, ω2, x)〉

‖F (ω1, ω2, x)‖2
− 〈xF (ω1, ω2, x) , F (ω1, ω2, x)〉2

‖F (ω1, ω2, x)‖4
=

=

√
π
2 Aω1

· Aω2
−
√
πω2

2

4 Aω1
· Cω2

−
√
πω2

1

4 Aω2
· Cω1

+
√
πω2

1Aω2
·Dω1√

π · Aω1
· Aω2

=

=
1

2
− ω2

2

4

Cω2

Aω2

− ω2
1

4

Cω1

Aω1

+ ω2
1

Dω1

Aω1

.

Â èòîãå

∆2 (F (ω1, ω2)) =
1

2
− ω2

2

4

Cω2

Aω2

− ω2
1

4

Cω1

Aω1

+ ω2
1

Dω1

Aω1

.

Òåïåðü íàéä¼ì ∆2
(
F̂ (ω1, ω2)

)
. Èç ôîðìóë (5.17) è (5.18) ñëåäóåò, ÷òî

c−m,k = cω1
m c

ω2

k .

Îòñþäà, èç ôîðìóëû (5.15) è ñîîòíîøåíèÿ (5.16) ïîëó÷èì

∆2
(
F̂ (ω1, ω2)

)
=

1

2
− ω2

1

4

Cω1

Aω1

− ω2
2

4

Cω2

Aω2

+ ω2
2

Dω2

Aω2

.

Òåîðåìà 5.1 Ïóñòü âûïîëíåíû óñëîâèÿ (5.16)�(5.18), òîãäà âåðíà ôîð-

ìóëà

u2 (F (ω1, ω2)) =

(
1

2
− ω2

2

4

Cω2

Aω2

− ω2
1

4

Cω1

Aω1

+ ω2
1

Dω1

Aω1

)
·

·
(

1

2
− ω2

1

4

Cω1

Aω1

− ω2
2

4

Cω2

Aω2

+ ω2
2

Dω2

Aω2

)
.

Ñëåäñòâèå 5.5 Ïóñòü â óñëîâèÿõ òåîðåìû

ω1 = ω2 = 2
√
πN,

òîãäà âåðíà ôîðìóëà

u
(
F
(

2
√
πN, 2

√
πN
))

=
1

2
− 2πN

C2
√
πN

A2
√
πN

+ 4πN
D2
√
πN

A2
√
πN

.
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Ñëåäñòâèå 5.6 Ïóñòü â óñëîâèÿõ òåîðåìû

ω1 = ω2 = 2
√
π,

òîãäà âåðíà ôîðìóëà

u
(
F
(
2
√
π, 2
√
π
))

=
1

2
− 4π

∞∑
l=1

l2e−l
2πa

2
√
π

l −
(
d
2
√
π

0 + 2
∞∑
l=1

e−l
2πd

2
√
π

l

)
a
2
√
π

0 + 2
∞∑
l=1

e−l2πa
2
√
π

l

,

ãäå

a
2
√
π

l =
∑
k

c
2
√
π

l+k c
2
√
π

k , d
2
√
π

l =
∑
k

k2c
2
√
π

l+k c
2
√
π

k .

5.4 Êîíñòàíòà íåîïðåäåë¼ííîñòè äëÿ G (σ, x).

Â ýòîì ðàçäåëå âûâîäèòñÿ ôîðìóëà äëÿ êîíñòàíòû íåîïðåäåë¼ííîñòè

ëèíåéíîé êîìáèíàöèè ôóíêöèé fk (σ, x), êîòîðûå ìîæíî ðàññìàòðèâàòü

â êà÷åñòâå ïîäñèñòåìû êîãåðåíòíûõ ñîñòîÿíèé. Êðîìå òîãî, ïðèâîäÿòñÿ

÷èñëîâûå çíà÷åíèÿ ýòîé âåëè÷èíû äëÿ óçëîâîé ôóíêöèè, ïîñòðîåííîé èç

öåëî÷èñëåííûõ ñäâèãîâ Ãàóññà.

Çàìåòèì, ÷òî

fk (σ, x) = fk, 0

(
1

σ
, 0,

x

σ

)
.

Òîãäà îòñþäà è èç ôîðìóëû (5.9) ïîëó÷èì

fk (σ, x) · fm (σ, x) = exp

(
− 1

σ2

(
t− k +m

2

)2

− (k −m)2

4σ2

)
. (5.27)

Êâàäðàò ìîäóëÿ G èìååò âèä

|G (σ, x)|2 =
∑
k,m

ckcmfk (σ, x) fm (σ, x) .

Â ôîðìóëàõ (5.3)�(5.5) ïîëîæèì r = k+m
2 , β = 1

σ , α = 0. Òîãäà, èñïîëüçóÿ

(5.27), ïîëó÷èì

〈fk (σ, x) , fm (σ, x)〉 =
√
πσ exp

(
−(k −m)2

4σ2

)
,
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〈xfk (σ, x) , fm (σ, x)〉 =
√
πσ

k +m

2
exp

(
−(k −m)2

4σ2

)
,

〈x2fk (σ, x) , fm (σ, x)〉 =

√
π

4
exp

(
−(k −m)2

4σ2

)(
2σ3 + (k +m)2σ

)
.

Ñîîòâåòñòâåííî,

‖G (σ, x)‖2 =
√
πσ
∑
k,m

ckcm exp

(
−(k −m)2

4σ2

)
,

〈xG (σ, x) , G (σ, x)〉 =
√
πσ
∑
k,m

ckcm
k +m

2
exp

(
−(k −m)2

4σ2

)
,

〈x2G (σ, x) , G (σ, x)〉 =

=

√
π

4

∑
k,m

ckcm exp

(
−(k −m)2

4σ2

)(
2σ3 + (k +m)2σ

)
.

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè fk (σ, x) âû÷èñëèì ñ ïîìîùüþ ôîð-

ìóëû (5.3), ïîëîæèâ β = 1√
2σ
, α = −ξ, r = k:

f̂k(σ, ξ) = σ exp

(
−ξ

2σ2

2

)
· e−i kξ,

f̂k(σ, ξ)f̂m(σ, ξ) = σ2 exp
(
−ξ2σ2

)
· ei (m−k)ξ.

Òåïåðü íàéä¼ì Ĝ(σ, ξ):

Ĝ(σ, ξ) = σ
∑
k,m

ck exp

(
−ξ

2σ2

2

)
· e−i kξ.

Êâàäðàò å¼ ìîäóëÿ∣∣∣Ĝ(σ, ξ)
∣∣∣2 = σ2

∑
k,m

ckcm exp
(
−ξ2σ2

)
· ei (m−k)ξ. (5.28)

Â ôîðìóëàõ (1.6)�(1.8) ïîëîæèì r = 0, β = σ, α = m−k. Òîãäà, èñïîëü-
çóÿ (5.28), ïîëó÷èì∥∥∥Ĝ(σ, ξ)

∥∥∥2 =
√
π σ
∑
k,m

ckcm exp

(
−(k −m)2

4σ2

)
,
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〈ξ Ĝ(σ, ξ), Ĝ (σ, ξ)〉 = i

√
π

2σ

∑
k,m

ckcm (k −m) exp

(
−(k −m)2

4σ2

)
,

〈ξ2 Ĝ(σ, ξ), Ĝ (σ, ξ)〉 =

=

√
π

4σ3

∑
k,m

ckcm exp

(
−(k −m)2

4σ2

)(
2σ2 − (k −m)2

)
.

Ñäåëàâ çàìåíó èíäåêñà l = k −m è ââåäÿ íîâûå îáîçíà÷åíèÿ

al =
∑
m

cl+mcm, bl =
∑
m

mcl+mcm, dl =
∑
m

m2cl+mcm,

ïîëó÷èì

‖G (σ, x)‖2 =
√
πσ
∑
l

al exp

(
− l2

4σ2

)
, (5.29)

〈xG (σ, x) , G (σ, x)〉 =
√
πσ
∑
l

(
al
l

2
+ bl

)
exp

(
− l2

4σ2

)
, (5.30)

〈x2G (σ, x) , G (σ, x)〉 =

=

√
π

4

∑
l

exp

(
− l2

4σ2

)(
2σ3al +

(
l2al + 4lbl + 4dl

)
σ
)
. (5.31)

∥∥∥Ĝ(σ, ξ)
∥∥∥2 =

√
π σ
∑
l

al exp

(
− l2

4σ2

)
, (5.32)

〈ξ Ĝ(σ, ξ), Ĝ (σ, ξ)〉 = i

√
π

2σ

∑
l

all exp

(
− l2

4σ2

)
, (5.33)

〈ξ2 Ĝ(σ, ξ), Ĝ (σ, ξ)〉 =

√
π

4σ3

∑
l

al exp

(
− l2

4σ2

)(
2σ2 − l2

)
. (5.34)

Òåîðåìà 5.2 Ïóñòü âûïîëíåíû óñëîâèÿ ck ∈ R, ck = c−k. Òîãäà

u (G (σ)) =

σ22 −
∑
l

l2al exp
(
− l2

4σ2

)
4
∑
l

al exp
(
− l2

4σ2

) +

∑
l

dl exp
(
− l2

4σ2

)
∑
l

al exp
(
− l2

4σ2

)


1
2

·

·

 1

2σ2
−

∑
l

l2al exp
(
− l2

4σ2

)
4σ4

∑
l

al exp
(
− l2

4σ2

)


1
2

.
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2 Èç ñîîòíîøåíèé (5.1) è (5.2) ñëåäóåò, ÷òî (5.30) è (5.33) ðàâíû íóëþ.

Âîñïîëüçîâàâøèñü (5.29)�(5.34), ïîëó÷èì

u2 (G (σ)) =

∑
l

exp
(
− l2

4σ2

) (
2σ2al +

(
4dl − l2al

))
4
∑
l

al exp
(
− l2

4σ2

) ·

·

∑
l

al exp
(
− l2

4σ2

) (
2σ2 − l2

)
4σ4

∑
l

al exp
(
− l2

4σ2

) =

=

σ22 −
∑
l

l2al exp
(
− l2

4σ2

)
4
∑
l

al exp
(
− l2

4σ2

) +

∑
l

dl exp
(
− l2

4σ2

)
∑
l

al exp
(
− l2

4σ2

)
 ·

·

 1

2σ2
−

∑
l

l2al exp
(
− l2

4σ2

)
4σ4

∑
l

al exp
(
− l2

4σ2

)
 . �

Â òàáëèöå 5.1 ïðèâåäåíû çíà÷åíèÿ ðàäèóñîâ ∆ (G(σ)), ∆
(
Ĝ(σ)

)
è

êîíñòàíò íåîïðåäåë¼ííîñòè ïðè ðàçíûõ çíà÷åíèÿõ ïàðàìåòðà σ.

Äëÿ G (σ, x) êîýôôèöèåíòû èçâåñòíû ([51]) è âû÷èñëÿþòñÿ ïî ôîðìó-

ëå (1.41). Àñïåêòû ÷èñëåííîé ðåàëèçàöèè íàõîæäåíèÿ dGσk îáñóæäàþòñÿ

â [9]. Ñòîèò îòìåòèòü áûñòðûé ðîñò êîýôôèöèåíòîâ dGσk ïðè óâåëè÷å-

íèè σ. Ýòî îáñòîÿòåëüñòâî íå ïîçâîëÿåò ïîëó÷èòü äîñòîâåðíûå çíà÷åíèÿ

u (G (σ)) ïðè σ ≥ 2.0.
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Òàáëèöà 5.1: Êîíñòàíòà íåîïðåäåë¼ííîñòè äëÿ óçëîâîé ôóíêöèè.

σ ∆ (G(σ)) ∆
(
Ĝ(σ)

)
u (G (σ))

0.10 0.070711 7.071068 0.500000

0.20 0.141421 3.535535 0.500000

0.30 0.211635 2.363315 0.500160

0.40 0.272663 1.870185 0.509930

0.50 0.322888 1.717851 0.554673

0.60 0.373692 1.689765 0.631451

0.70 0.426811 1.696535 0.724099

0.80 0.481323 1.711056 0.823571

0.90 0.536669 1.725660 0.926108

1.00 0.592555 1.738413 1.030105

1.10 0.648813 1.749076 1.134823

1.20 0.705339 1.757878 1.239899

1.30 0.762064 1.765138 1.345149

1.40 0.818943 1.771152 1.450473

1.50 0.875943 1.776167 1.555821

1.60 0.933039 1.780378 1.661162

1.70 0.990213 1.783942 1.766482

1.80 1.047452 1.786978 1.871774

1.90 1.104745 1.789579 1.977047

2.00 1.165617 1.791853 2.088614
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Çàêëþ÷åíèå

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè.

1. Ïîëó÷åíû ôîðìóëû äëÿ âû÷èñëåíèÿ êîíñòàíòû íåîïðåäåë¼ííîñòè

ëèíåéíûõ êîìáèíàöèé ôóíêöèé Ýðìèòà. Â ñëó÷àå äâóõ ôóíêöèé

ìèíèìóì êîíñòàíòû íåîïðåäåë¼ííîñòè íàéäåí àíàëèòè÷åñêè, â ñëó-

÷àå òð¼õ ôóíêöèé - ÷èñëåííî.

2. Äîêàçàíû çíàêî÷åðåäîâàíèå è ìîíîòîííîñòü êîýôôèöèåíòîâ ñ ðî-

ñòîì èíäåêñà ïî àáñîëþòíîé âåëè÷èíå óçëîâîé ôóíêöèè, ïîñòðîåí-

íîé ñ ïîìîùüþ öåëî÷èñëåííûõ ñäâèãîâ ôóíêöèè Ãàóññà, à òàêæå

íàðóøåíèå ýòèõ ñâîéñòâ äëÿ óçëîâîé ôóíêöèè, ïîñòðîåííîé ñ ïîìî-

ùüþ öåëî÷èñëåííûõ ñäâèãîâ ôóíêöèè Ëîðåíöà.

3. Äëÿ ñëó÷àÿ óçëîâîé ôóíêöèè, ïîñòðîåííîé ñ ïîìîùüþ êîíå÷íûõ

ñóìì ñäâèãîâ ôóíêöèè Ãàóññà, ïðåäëîæåí ñïîñîá óìåíüøåíèÿ àì-

ïëèòóäû êîëåáàíèé çà ïðåäåëàìè îòðåçêà èíòåðïîëÿöèè. .

4. Ïîëó÷åíû ôîðìóëû äëÿ êîíñòàíò íåîïðåäåë¼ííîñòè ëèíåéíûõ êîì-

áèíàöèé êîãåðåíòíûõ ñîñòîÿíèé â îáùåì ñëó÷àå è ïðîâåäåíî óïðî-

ùåíèå ýòèõ ôîðìóë ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ íà êîýô-

ôèöèåíòû ëèíåéíûõ êîìáèíàöèé.
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