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Ââåäåíèå.

Àêòóàëüíîñòü òåìû.Ïîä äèôôåðåíöèàëüíûì óðàâíåíèåì ëåîíòüåâñêîãî

òèïà ïîíèìàåòñÿ êëàññ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé â Rn

âèäà

Lẋ(t) = Mx(t) + f(t),

ãäå x(t) è f(t) � n-ìåðíûå âåêòîðà, L è M � ïîñòîÿííûå n × n-ìàòðèöû,

ïðè÷åì L âûðîæäåíà, àM � íåâûðîæäåíà. Òàêîå îïðåäåëåíèå äëÿ äàííîãî

êëàññà óðàâíåíèé ââåë Ã. À. Ñâèðèäþê â ðàáîòå [23]. Íàçâàíèå îáóñëîâëåíî

òåì îáñòîÿòåëüñòâîì, ÷òî ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ

ñèñòåìà ìîäåëèðóåò ìåæîòðàñëåâóþ ýêîíîìèêó "çàòðàòû-âûïóñê" Ëåîí-

òüåâà ñ ó÷åòîì çàïàñîâ [19]. Íà ÿçûêå ýòèõ óðàâíåíèé â ðàáîòàõ À. Ë. Øå-

ñòàêîâà, Ã. À. Ñâèðèäþêà è À. Â. Êåëëåð [26], [27], [41], [40] èçó÷àåòñÿ äè-

íàìè÷åñêîå èñêàæåíèå ñèãíàëîâ â ðàäèîóñòðîéñòâàõ. Â ðàáîòàõ Ë. À. Âëà-

ñåíêî, À. Ã. Ðóòêàñà, Ì. Ñ. Ôèëèïêîâñêîé [5], [22], [28], à òàêæå O. Schein,

G. Denk [39], T. Sickenberger, R. Winkler [42], [45], [46], [47] ðàññìàòðèâàå-

ìûå ñèñòåìû âîçíèêàþò ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè êîëåáàíèé è

ýëåêòðè÷åñêèõ öåïåé. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ëåîíòüåâñêîãî òèïà

âîçíèêàþò â ðàáîòàõ Ë. À. Âëàñåíêî, Þ. Ã. Ëûñåíêî, À. Ã. Ðóòêàñà [6], [7],

[43] ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè äèíàìèêè êîðïîðàöèè ïðåäïðèÿ-

òèé ïðè èñïîëüçîâàíèè èíâåñòèðîâàíèÿ. Â ðàáîòå À. Â. Êåëëåð, Ò. À. Øèø-

êèíà [17] ñ ïðèìåíåíèåì ñèñòåì ëåîíòüåâñêîãî òèïà îïèñàíà ìåòîäèêà ïî-

ñòðîåíèÿ äèíàìè÷åñêîé è ñòàòèñòè÷åñêîé áàëàíñîâûõ ìîäåëåé íà óðîâíå
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ïðåäïðèÿòèÿ, à â ðàáîòå À. Â. Êåëëåð, Ñ. È. Ýáåëü [18] ñèñòåìû ëåîíòüåâ-

ñêîãî òèïà íàõîäÿò ïðèëîæåíèå â áèîëîãèè ïðè îïèñàíèè äèñêðåòíîé áà-

ëàíñîâîé äèíàìè÷åñêîé ìîäåëè êëåòî÷íîãî öèêëà. Îòìåòèì òàêæå ðàáîòû

Þ. Å. Áîÿðèíöåâà è Â. Ô. ×èñòÿêîâà [1], [2], [3], [30], [24], Ã. Â. Äåìèäåí-

êî [12], À. Â. Êåëëåð è Ì. À. Ñàãàäååâîé [14], [15], [16], Ñ. Ì. ×óéêî [25],

A. Alabert [29], S. L. Campbell [32], â êîòîðûõ î÷åíü îáñòîÿòåëüíî èçó÷åíû

äèôôåðåíöèàëüíûå óðàâíåíèÿ ëåîíòüåâñêîãî òèïà.

Îñîáóþ âàæíîñòü äëÿ ïðèëîæåíèé ïðåäñòàâëÿåò ñëó÷àé, êîãäà â ïðà-

âîé ÷àñòè äèôôåðåíöèëüíîãî óðàâíåíèÿ ëåîíòüåâñêîãî òèïà ïðèñóòñòâóþò

ïîìåõè, ò.å. ñëó÷àéíûå âîçìóùåíèÿ òèïà áåëîãî øóìà ẇ(t), òî åñòü îíî

èìååò âèä

Lξ̇(t) = Mξ(t) + f(t) + ẇ(t),

ãäå f(t) � âõîäÿùèé ñèãíàë â óñòðîéñòâî, îïèñûâàåìîå îïåðàòîðàìè L è

M , à ξ(t) � ýòî òî, ÷òî ìû ïîëó÷àåì íà âûõîäå èç óñòðîéñòâà.

Äëÿ èçó÷åíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ëåîíòüåâñêîãî òèïà òðå-

áóåòñÿ ðàññìîòðåíèå ïðîèçâîäíûõ äîñòàòî÷íî âûñîêèõ ïîðÿäêîâ îò ñâî-

áîäíûõ ÷ëåíîâ (ñì., íàïðèìåð, [1]) � â äàííîì ñëó÷àå, äåòåðìèíèðîâàííîãî

ñëàãàåìîãî è âèíåðîâñêîãî ïðîöåññà èëè áåëîãî øóìà. Êàê èçâåñòíî, ïðî-

èçâîäíûå âèíåðîâñêîãî ïðîöåññà ñóùåñòâóþò òîëüêî â ñìûñëå îáîáùåííûõ

ôóíêöèé, êîòîðûå êðàéíå òðóäíû äëÿ ïðèìåíåíèÿ â êîíêðåòíûõ óðàâíåíè-

ÿõ. Ýòî îáñòîÿòåëüñòâî äåëàåò èññëåäîâàíèå óðàâíåíèÿ ñëîæíûì. Â ñâÿçè ñ

ýòèì îòìåòèì ðàáîòó Ë. À. Âëàñåíêî, Ñ. È. Ëÿøêî è À. Ã. Ðóòêàñà ïî äèô-

ôåðåíöèàëüíûì óðàâíåíèÿì ñî ñëó÷àéíûìè âîçìóùåíèÿìè è èìïóëüñíû-

ìè âîçäåéñòâèÿìè â ïðàâîé ÷àñòè [43], â êîòîðîé íà êîýôôèöèåíòû óðàâ-

íåíèÿ ââîäÿòñÿ îãðàíè÷åíèÿ, ïîçâîëÿþùèå íå ïðèìåíÿòü "ïðîèçâîäíûå"

âèíåðîâñêîãî ïðîöåññà.

Ïðåäëàãàåìûé â ðàáîòå ìåòîä èññëåäîâàíèÿ äèôôåðåíöèàëüíîãî óðàâ-
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íåíèÿ ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè îñíîâàí íà ïðè-

ìåíåíèè àïïàðàòà ïðîèçâîäíûõ â ñðåäíåì ïî Íåëüñîíó îò ñëó÷àéíûõ ïðî-

öåññîâ [10], äëÿ îïèñàíèÿ êîòîðûõ íå èñïîëüçóþòñÿ îáîáùåííûå ôóíêöèè.

Îòìåòèì, ÷òî ïîíÿòèå ïðîèçâîäíûõ â ñðåäíåì áûëî ââåäåíî Ý. Íåëüñîíîì

â 60-õ ãîäàõ ÕÕ âåêà äëÿ íóæä ïîñòðîåííîé èì ñòîõàñòè÷åñêîé ìåõàíèêè

(âàðèàíò êâàíòîâîé ìåõàíèêè). Ìû ïðèìåíÿåì ñèììåòðè÷åñêèå ïðîèçâîä-

íûå â ñðåäíåì (òåêóùèå ñêîðîñòè) âèíåðîâñêîãî ïðîöåññà. Òåêóùèå ñêîðî-

ñòè, â ñîîòâåòñòâèè ñ îáùåé èäåîëîãèåé òåîðèè ïðîèçâîäíûõ â ñðåäíåì ïî

Íåëüñîíó, ÿâëÿþòñÿ åñòåñòâåííûìè àíàëîãàìè ôèçè÷åñêîé ñêîðîñòè äåòåð-

ìèíèðîâàííûõ ïðîöåññîâ. Ïðè ýòîì, îòïàäàåò íåîáõîäèìîñòü âî ââåäåíèè

îãðàíè÷åíèé íà êîýôôèöèåíòû óðàâíåíèÿ (êàê â [43]), ñëåäóÿ êîòîðûì íå

ïðèõîäèòñÿ èñïîëüçîâàòü "ïðîèçâîäíûå" âèíåðîâñêîãî ïðîöåññà äëÿ èçó-

÷åíèÿ óðàâíåíèÿ.

Àëüòåðíàòèâíûé ìåòîä èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé

ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè, òàêæå îñíîâàííûé íà

èñïîëüçîâàíèè ïðîèçâîäíûõ â ñðåäíåì, ðàçðàáîòàí À. Ë. Øåñòàêîâûì è

Ã. À. Ñâèðèäþêîì â ðàáîòå [40].

Öåëü ðàáîòû. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿ-

ìè, à òàêæå ñî ñëó÷àéíûìè âîçìóùåíèÿìè è èìïóëüñíûìè âîçäåéñòâèÿìè

â ïðàâîé ÷àñòè ñ ðàçëè÷íûìè òèïàìè ìàòðèö êîýôôèöèåíòîâ ñ èñïîëüçî-

âàíèåì ïðîèçâîäíûõ â ñðåäíåì. Ââåäåíèå â ðàññìîòðåíèå è èññëåäîâàíèå

íîâîãî êëàññà óðàâíåíèé � äèôôåðåíöèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî

òèïà â òåêóùèõ ñêîðîñòÿõ.

Ìåòîäû èññëåäîâàíèÿ. Èñïîëüçóþòñÿ ìåòîäû ñòîõàñòè÷åñêîãî àíà-

ëèçà è òåîðèè äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì ïåðâîãî ïîðÿäêà,

íå ðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíîé.
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Íàó÷íàÿ íîâèçíà.

Âñå ðåçóëüòàòû, âêëþ÷åííûå â äèññåðòàöèþ, ÿâëÿþòñÿ íîâûìè. Íàèáîëåå

çíà÷èìûå èç íèõ ïåðå÷èñëåíû â ñëåäóþùåì íèæå ñïèñêå:

1. Ïîëó÷åíû ôîðìóëû äëÿ âû÷èñëåíèÿ ñèììåòðè÷åñêèõ ïðîèçâîäíûõ â

ñðåäíåì âûñøèõ ïîðÿäêîâ îò âèíåðîâñêîãî ïðîöåññà.

2. Ïîëó÷åíû óòâåðæäåíèÿ î ïðèâåäåíèè ê êàíîíè÷åñêîìó âèäó äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùå-

íèÿìè.

3. Ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû äëÿ ðåøåíèé äèôôåðåíöèàëüíûõ

óðàâíåíèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè, à òàêæå

ñî ñëó÷àéíûìè âîçìóùåíèÿìè è èìïóëüñíûìè âîçäåéñòâèÿìè â ïðà-

âîé ÷àñòè ñ ðåãóëÿðíûì è ñèíãóëÿðíûì ïó÷êàìè ïîñòîÿííûõ ìàòðèö

êîýôôèöèåíòîâ â òåðìèíàõ ñèììåòðè÷åñêèõ ïðîèçâîäíûõ â ñðåäíåì

âèíåðîâñêîãî ïðîöåññà.

4. Ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû äëÿ ðåøåíèé äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè ñ ïðÿìî-

óãîëüíûìè ìàòðèöàìè êîýôôèöèåíòîâ, çàâèñÿùèìè îò âðåìåíè â òåð-

ìèíàõ ïñåâäîîáðàòíûõ ìàòðèö. À äëÿ óðàâíåíèé ñ äîñòàòî÷íî ãëàäêè-

ìè êâàäðàòíûìè ìàòðèöàìè êîýôôèöèåíòîâ, çàâèñÿùèìè îò âðåìåíè,

ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû äëÿ ðåøåíèé â òåðìèíàõ ïðîèçâîä-

íûõ â ñðåäíåì âèíåðîâñêîãî ïðîöåññà.

5. Îïðåäåëåíû äèôôåðåíöèàëüíûå óðàâíåíèÿ ëåîíòüåâñêîãî òèïà â òå-

êóùèõ ñêîðîñòÿõ, à òàêæå ïîëó÷åíû óòâåðæäåíèÿ î ñóùåñòâîâàíèè

ðåøåíèé ýòèõ óðàâíåíèé.

Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ çíà÷èìîñòü.

Ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü
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èñïîëüçîâàíû äëÿ äàëüíåéøåãî èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíå-

íèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè.

Àïðîáàöèÿ ðåçóëüòàòîâ äèññåðòàöèè.

Ðåçóëüòàòû ðàáîòû äîêëàäûâàëèñü íà ìåæäóíàðîäíîé íàó÷íî-

ïðàêòè÷åñêîé êîíôåðåíöèè "Èçìåðåíèÿ: ñîñòîÿíèå, ïåðñïåêòèâû ðàç-

âèòèÿ"(×åëÿáèíñê, 2012), íà Âîðîíåæñêîé çèìíåé ìàòåìàòè÷åñêîé øêîëå

Ñ. Ã. Êðåéíà (Âîðîíåæ, 2014), íà Âîðîíåæñêèõ âåñåííèõ ìàòåìàòè÷åñêèõ

øêîëàõ "Ïîíòðÿãèíñêèå ÷òåíèÿ": "Ñîâðåìåííûå ìåòîäû òåîðèè êðàåâûõ

çàäà÷"(Âîðîíåæ, 2014, 2015), íà Êðûìñêîé ìåæäóíàðîäíîé îñåííåé ìàòå-

ìàòè÷åñêîé øêîëå-ñèìïîçèóìå ïî ñïåêòðàëüíûì è ýâîëþöèîííûì çàäà÷àì

(Ñóäàê, Ðîññèÿ 2014).

×àñòü èññëåäîâàíèé, ðåçóëüòàòû êîòîðûõ ïðåäñòàâëåíû â äèññåðòà-

öèè, ïîääåðæàíà ãðàíòîì Ðîññèéñêîãî Ôîíäà Ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêò �15-01-00620).

Ïóáëèêàöèè.

Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ïÿòíàäöàòè ðàáîòàõ [48] � [62]. Èç

ñîâìåñòíûõ ðàáîò [48], [51], [53] è [59] â äèññåðòàöèþ âîøëè ëèøü ðåçóëüòà-

òû, ïîëó÷åííûå ëè÷íî àâòîðîì äèññåðòàöèè. Ðàáîòû [48] � [52] îïóáëèêîâà-

íû â æóðíàëàõ èç ïåðå÷íÿ ðåöåíçèðóåìûõ íàó÷íûõ æóðíàëîâ è èçäàíèé,

ðåêîìåíäîâàííûõ ÂÀÊ Ìèíîáðíàóêè ÐÔ.

Ñòðóêòóðà è îáúåì äèññåðòàöèè.

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, ïÿòè ãëàâ, ðàçáèòûõ íà 13 ïàðàãðàôîâ,

è ñïèñêà ëèòåðàòóðû. Îáúåì äèññåðòàöèè � 119 ñòðàíèö. Áèáëèîãðàôèÿ

ñîäåðæèò 62 íàèìåíîâàíèÿ.

Ñîäåðæàíèå äèññåðòàöèè.

Â �1.1 ïåðâîé ãëàâû ïðèâîäÿòñÿ âñïîìîãàòåëüíûå ñâåäåíèÿ èç òåîðèè

ïðîèçâîäíûõ â ñðåäíåì. Ðàññìîòðèì ñëó÷àéíûé ïðîöåññ ξ(t) â Rn (ãäå ìû
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ôèêñèðóåì σ-àëãåáðó áîðåëåâñêèõ ìíîæåñòâ), çàäàííûé íà âåðîÿòíîñòíîì

ïðîñòðàíñòâå (Ω,F ,P) è òàêîé, ÷òî ξ(t) ÿâëÿåòñÿ L1-ñëó÷àéíîé âåëè÷èíîé

ïðè âñåõ t. Ââåäåì â ðàññìîòðåíèå σ-ïîäàëãåáðó σ-àëãåáðû F , ïîðîæäåí-

íóþ ïðîîáðàçàìè áîðåëåâñêèõ ìíîæåñòâ ïðè îòîáðàæåíèè ξ(t) : Ω → Rn,

êîòîðàÿ, ñîãëàñíî Ý. Íåëüñîíó [36], íàçûâàåòñÿ "íàñòîÿùåå" è îáîçíà÷àåòñÿ

N ξ
t . Îáîçíà÷èì ÷åðåç Eξ

t óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå îòíîñèòåëü-

íî "íàñòîÿùåãî" N ξ
t äëÿ ξ(t) (ñì. [10]). Ñëåäóÿ Ý. Íåëüñîíó [36], [37], [38]

ââåäåì ñëåäóþùèå

Îïðåäåëåíèå 1.1.1 [36] (i) Ïðîèçâîäíàÿ â ñðåäíåì ñïðàâà Dξ(t) ïðî-

öåññà ξ(t) â ìîìåíò âðåìåíè t åñòü L1-ñëó÷àéíàÿ âåëè÷èíà âèäà

Dξ(t) = lim
△t→+0

Eξ
t (
ξ(t+△t)− ξ(t)

△t
),

ãäå ïðåäåë ïðåäïîëàãàåòñÿ ñóùåñòâóþùèì â L1(Ω,F ,P) è △t → +0 îçíà-

÷àåò, ÷òî △t ñòðåìèòñÿ ê 0 è △t > 0. (ii) Ïðîèçâîäíàÿ â ñðåäíåì ñëåâà

D∗ξ(t) ïðîöåññà ξ(t) â ìîìåíò âðåìåíè t åñòü L1-ñëó÷àéíàÿ âåëè÷èíà

D∗ξ(t) = lim
△t→+0

Eξ
t (
ξ(t)− ξ(t−△t)

△t
),

ãäå óñëîâèÿ è îáîçíà÷åíèÿ òàêèå æå, êàê â (i).

Èçâåñòíî, ÷òî Dξ(t) è D∗ξ(t) ìîãóò áûòü ïðåäñòàâëåíû êàê ñóïåðïî-

çèöèè ξ(t) è áîðåëåâñêèõ âåêòîðíûõ ïîëåé (ðåãðåññèé) Y 0(t, x) è Y 0
∗ (t, x)

ñîîòâåòñòâåííî íà Rn, òî åñòü, Dξ(t) = Y 0(t, ξ(t)) è D∗ξ(t) = Y 0
∗ (t, ξ(t))

(ñì. [21]).

Îïðåäåëåíèå 1.1.2 [36] Ïðîèçâîäíàÿ DS = 1
2(D + D∗) íàçûâàåòñÿ

ñèììåòðè÷åñêîé ïðîèçâîäíîé â ñðåäíåì. Ïðîèçâîäíàÿ DA = 1
2(D − D∗)

íàçûâàåòñÿ àíòèñèììåòðè÷åñêîé ïðîèçâîäíîé â ñðåäíåì.

Ââåäåì â ðàññìîòðåíèå âåêòîðíûå ïîëÿ vξ(t, x) = 1
2(Y

0(t, x)+Y 0
∗ (t, x))

è uξ(t, x) = 1
2(Y

0(t, x)− Y 0
∗ (t, x)).

Îïðåäåëåíèå 1.1.3 [36] vξ(t) = vξ(t, ξ(t)) = DSξ(t) íàçûâàåòñÿ òå-
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êóùåé ñêîðîñòüþ ïðîöåññà ξ(t); uξ(t) = vξ(t, ξ(t)) = DAξ(t) íàçûâàåòñÿ

îñìîòè÷åñêîé ñêîðîñòüþ ïðîöåññà ξ(t).

Ââåäåì, ñëåäóÿ Þ. Å. Ãëèêëèõó [34], äèôôåðåíöèàëüíûé îïåðàòîð D2,

êîòîðûé äåéñòâóåò íà L1-ñëó÷àéíûé ïðîöåññ ξ(t) ïî ïðàâèëó

D2ξ(t) = lim
∆t→+0

Eξ
t

(
(ξ(t+∆t)− ξ(t))(ξ(t+∆t)− ξ(t))∗

∆t

)
,

ãäå (ξ(t + ∆t) − ξ(t)) ðàññìàòðèâàåòñÿ êàê âåêòîð-ñòîëáåö â Rn, à (ξ(t +

∆t) − ξ(t))∗ � ýòî ñîïðÿæåííûé âåêòîð-ñòðîêà, à ïðåäåë ïðåäïîëàãàåòñÿ

ñóùåñòâóþùèì â L1(Ω,F ,P).

Îïðåäåëåíèå 1.1.4 [34] D2 íàçûâàåòñÿ êâàäðàòè÷íîé ïðîèçâîäíîé

â ñðåäíåì.

Â �1.2 ïðèâîäÿòñÿ íåîáõîäèìûå ñâåäåíèÿ èç òåîðèè ìàòðèö. Â ÷àñòíî-

ñòè, ñëåäóÿ ðàáîòàì Â. Ô. ×èñòÿêîâà [24] è äð., ïðèâîäÿòñÿ

Òåîðåìà 1.2.5 [24] Ïóñòü:

(i) A(t) è B(t) � C∞-ãëàäêèå n× n-ìàòðèöû è t ∈ [0, T ];

(ii) ìíîãî÷ëåí ξ(t, λ) = det(λA(t) + B(t)) = ad(t)λ
d + . . . + a1(t)λ + a0(t)

óäîâëåòâîðÿåò êðèòåðèþ "ðàíã-ñòåïåíü" äëÿ ëþáîãî t ∈ [0, T ] è åãî ñòàð-

øèé êîýôôèöèåíò íå èìååò íóëåé íà [0, T ].

Òîãäà:

(i) rankA(t) = const = d äëÿ t ∈ [0, T ];

(ii) ñóùåñòâóþò íåîñîáåííûå äëÿ ëþáîãî t ∈ [0, T ] C∞-ãëàäêèå (n × n)-

ìàòðèöû P (t) è Q(t) òàêèå, ÷òî

P (t)(λA(t) +B(t))Q(t) = λ

 Ed 0

0 0

+

 J(t) 0

0 En−d

 . (1.2.2)

Òåîðåìà 1.2.6 [24] Ïóñòü:

(i) A(t) è B(t) � âåùåñòâåííî-àíàëèòè÷åñêèå n× n-ìàòðèöû è t ∈ [0, T ];

(ii) ñòàðøèé êîýôôèöèåíò ìíîãî÷ëåíà ξ(t, λ) = det(λA(t) +B(t)) =
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= ad(t)λ
d + . . .+ a1(t)λ+ a0(t) íå îáðàùàåòñÿ â íóëü íà [0, T ].

Òîãäà ñóùåñòâóþò íåîñîáåííûå äëÿ ëþáîãî t ∈ [0, T ] âåùåñòâåííî-

àíàëèòè÷åñêèå (n× n)-ìàòðèöû P (t), Q(t) è âûïîëíåíî ðàâåíñòâî

P (t)(λA(t) +B(t))Q(t) = λ

 Ed 0

0 N(t)

+

 J(t) 0

0 En−d

 , (1.2.3)

ãäå N(t) � âåðõíåòðåóãîëüíàÿ ìàòðèöà ñ íóëåâîé äèàãîíàëüþ, Nk(t) ≡ 0

íà [0, T ], J(t) íåêîòîðûé d× d-áëîê.

Â �2.1 äîêàçûâàåòñÿ óòâåðæäåíèå î âû÷èñëåíèè ñèììåòðè÷åñêèõ ïðî-

èçâîäíûõ â ñðåäíåì (òåêóùèõ ñêîðîñòåé) âûñøèõ ïîðÿäêîâ îò âèíåðîâ-

ñêîãî ïðîöåññà w(t), êîòîðûå èñïîëüçóþòñÿ äëÿ èññëåäîâàíèÿ äèôôåðåí-

öèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè.

Èçâåñòíî, ÷òî DSw(t) =
w(t)
2t (ñì. [34]). Èìååò ìåñòî

Ëåììà 2.1.4 Ïðè öåëîì k ≥ 2 Dk
Sw(t) = (−1)k−1

k−1∏
i=1

(2i−1)

2k
w(t)
tk

.

Â �2.2 äîêàçûâàþòñÿ óòâåðæäåíèÿ î ïðèâåäåíèè ê êàíîíè÷åñêîìó âèäó

äèôôåðåíöèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìó-

ùåíèÿìè. Ðàññìàòðèâàåòñÿ óðàâíåíèå â Rn

L̃ξ(t) = M̃

∫ t

0

ξ(s)ds+

∫ t

0

f(s)ds+Bw̃(t), 0 ≤ t ≤ T, (2.2.1)

ãäå ξ(t) ñëó÷àéíûé, à f(t) íåñëó÷àéíûé (äåòåðìèíèðîâàííûé) n-ìåðíûå

âåêòîðû, L̃, M̃ è B � n × n-ìàòðèöû, ïðè÷åì L̃ âûðîæäåíà (èìååò íóëå-

âîé îïðåäåëèòåëü), à B è M̃ � íåâûðîæäåíû, âåêòîð-ôóíêöèÿ f(t) ïðåä-

ïîëàãàåòñÿ äîñòàòî÷íî ãëàäêîé, w̃(t) � âèíåðîâñêèé ïðîöåññ. Ïóñòü ïó÷îê

λL̃ + M̃ ðåãóëÿðåí. Äëÿ ðåãóëÿðíîãî ïó÷êà ìàòðèö èìååòñÿ ïðåîáðàçîâà-

íèå Êðîíåêåðà-Âåéåðøòðàññà (îïèñûâàåòñÿ ïàðîé íåâûðîæäåííûõ ìàòðèö

(îïåðàòîðîâ) A = (aij) è AR), ïðè êîòîðîì ìàòðèöû L̃ è M̃ ïðèâîäÿòñÿ

ê êâàçèäèàãîíàëüíîìó âèäó (ñì. [8]). Òîãäà óðàâíåíèå ïðåîáðàçóåòñÿ ñëå-

äóþùèì îáðàçîì Lη(t) =
∫ t

0 Mη(s)ds +
∫ t

0 Af(s)ds + Cw̃(t), ãäå C = AB,
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η(t) = A−1
R ξ(t). Îáîçíà÷èì ÷åðåç C∗ îïåðàòîð, ñîïðÿæåííûé ñ C, à (·, ·) �

ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â Rn. Ââåäåì â Rn íîâîå ñêàëÿðíîå

ïðîèçâåäåíèå ⟨·, ·⟩ ôîðìóëîé

⟨X, Y ⟩ = ((CC∗)−1X, Y ). (2.2.2)

Òîãäà èìåþò ìåñòî

Òåîðåìà 2.2.1 (i) Äëÿ ëþáûõ âåêòîðîâ X è Y èç Rn âûïîëíÿåòñÿ

òîæäåñòâî ⟨CX,CY ⟩ = (X, Y ). (ii) Ïðîöåññ w(t) = Cw̃(t) ÿâëÿåòñÿ âè-

íåðîâñêèì â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩.

Ïóñòü e1, e2,..., en � åñòåñòâåííûé îðòîíîðìèðîâàííûé áàçèñ â Rn ñ (·, ·).

Òîãäà èìåþò ìåñòî

Ñëåäñòâèå 2.2.1 Âåêòîðû Ce1, ..., Cen îáðàçóþò îðòîíîðìèðîâàí-

íûé áàçèñ â åâêëèäîâîì ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì

⟨·, ·⟩.

Ñëåäñòâèå 2.2.2 Â ïðîñòðàíñòâå Rn ñ ⟨·, ·⟩ â ðàçëîæåíèè ïî îð-

òîíîðìèðîâàííîìó áàçèñó Ce1, Ce2,..., Cen äèôôåðåíöèàëüíîå óðàâíåíèå

ëåîíòüåâñêîãî òèïà èìååò âèä

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

Af(s)ds+ w(t). (2.2.3)

Ëåììà 2.2.1 d⟨x, x⟩ = d(C−1x,C−1x) = 2(C∗)−1C−1x, ãäå d � âíåø-

íèé äèôôåðåíöèàë.

Ëåììà 2.2.2 Grad⟨x, x⟩ = Grad(C−1x,C−1x) = 2x.

Ñëåäîâàòåëüíî, ïðè îòîáðàæåíèè â Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩

ôîðìóëû äëÿ òåêóùèõ ñêîðîñòåé âèíåðîâñêîãî ïðîöåññà ñîõðàíÿþò ñâîé

âèä.

Çàìå÷àíèå 2.2.1 Äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà

âèäà (2.2.1), íî ñ ñèíãóëÿðíûì ïó÷êîì ìàòðèö M̃ + λL̃ ðàçìåðà n × m
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ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó àíàëîãè÷íî. Ðàçíèöà â ïðåîáðàçîâà-

íèè óðàâíåíèé ñîñòîèò ëèøü â òîì, ÷òî ïðåîáðàçîâàíèå Êðîíåêåðà-

Âåéåðøòðàññà ñèíãóëÿðíîãî ïó÷êà ìàòðèö ê êâàçèäèàãîíàëüíîìó âèäó

îïèñûâàåòñÿ ïàðîé íåâûðîæäåííûõ ìàòðèö PL è PR ðàçìåðîâ n × n è

m×m ñîîòâåòñòâåííî (ñì. [8]).

Â �2.3 ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî

òèïà âèäà (2.2.1), â êîòîðîì îáîçíà÷åíèÿ òå æå, ÷òî è â (2.2.1). Ïîä÷åðê-

íåì, ÷òî ïðè çàìåíå áåëîãî øóìà ẇ(t) íà òåêóùóþ ñêîðîñòü âèíåðîâêîãî

ïðîöåññà, ïîëó÷àåì ôîðìóëû äëÿ ðåøåíèé óðàâíåíèÿ, êîòîðûå îïðåäåëå-

íû íà îòêðûòîì ïðîìåæóòêå (0, T ). Äëÿ òîãî, ÷òîáû ïîëó÷èòü ïðîöåññ,

óäîâëåòâîðÿþùèé íóëåâûì íà÷àëüíûì óñëîâèÿì ïðè t = 0, çàôèêñèðóåì

ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 ∈ (0, T ) è çàäàäèì (êàê è â [11])

ôóíêöèþ t0(t) ôîðìóëîé

t0(t) =

t0, åñëè 0 ≤ t ≤ t0;

t, åñëè t0 ≤ t.
(2.3.9)

Òîãäà ñîãëàñíî ðåçóëüòàòàì ïðåäûäóùåãî ïàðàãðàôà èìååò ìåñòî

Òåîðåìà 2.3.1 Ïóñòü λL̃+ M̃ � ðåãóëÿðíûé ïó÷îê n× n-ìàòðèö, à

f(t) � äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ, 0 ≤ t ≤ T ; ïóñòü

A è AR � íåâûðîæäåííûå ìàòðèöû ðàçìåðà n × n, ïðèâîäÿùèå ïó÷îê

λL̃+ M̃ ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà-Âåéåðøòðàññà (ò.å. ê êâàçèäèà-

ãîíàëüíîìó âèäó), L = AL̃AR è M = AM̃AR. Òîãäà: 1) óðàâíåíèå (2.2.1)

òðàíñôîðìèðóåòñÿ â óðàâíåíèå (2.2.3), êîòîðîå ðàñïàäàåòñÿ íà íåçàâèñè-

ìûå ïîäñèñòåìû óðàâíåíèé; 2) äëÿ ïîäñèñòåìû, ñîîòâåòñòâóþùåé åäè-

íè÷íîé ìàòðèöå â L è íåâûðîæäåííîé ìàòðèöå K â M , èìååò ìåñòî

àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé âèäà

ϑ(t) =

∫ t

0

eK(t−τ)Af(τ)dτ +

∫ t

0

eK(t−τ)dw(τ);
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3) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ æîðäàíîâûì êëåòêàì â L ðàçìåðà

(p + 1)× (p + 1) ñ íóëÿìè ïî ãëàâíîé äèàãîíàëè è åäèíè÷íûì ìàòðèöàì

â M , ïðè 0 < t < T èìåþò ìåñòî ôîðìóëû äëÿ ðåøåíèé âèäà

ηp+1(t) = −
n∑

j=1

ap+1
j f j −DSw

p+1(t) = −
n∑

j=1

ap+1
j f j − wp+1(t)

2t
,

ηi(t) = −
p∑

k=i

(
n∑

j=1

ak+1
j

dk−i+1f j

dtk−i+1

)
−

n∑
j=1

aijf
j+

+

p+1∑
k=i+1

(
(−1)k−i+1

∏k−i
j=1(2j − 1)

2k−i+1

wk(t)

tk−i+1

)
− wj(t)

2t
, 1 ≤ i ≤ p;

4) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíàìå-

íàòåëÿõ ïîëó÷åííûõ â ïóíêòå 3) ïðîöåññîâ çàìåíÿåì t íà t0(t) ïî ôîðìó-

ëå (2.3.9) è ïîëó÷àåì ïðîöåññû, êîòîðûå êîòîðûå ïðè t = 0 ïðèíèìàþò

íóëåâûå çíà÷åíèÿ, íî ñòàíîâÿòñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

Â �2.4 èçó÷àåòñÿ ñèíãóëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâ-

ñêîãî òèïà

L̃ξ(t) =

∫ t

0

M̃ξ(s)ds+

∫ t

0

f(s)ds+ w̃(t), 0 ≤ t ≤ T, (2.4.1)

ãäå M̃ + λL̃ � ñèíãóëÿðíûé ïó÷îê ìàòðèö ðàçìåðà n ×m, ξ(t) � èñêîìûé

ñëó÷àéíûé ïðîöåññ, w̃(t) � âèíåðîâñêèé ïðîöåññ â Rn, f(t) � äîñòàòî÷íî

ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ. Ñîãëàñíî ðåçóëüòàòàì �2.2, ñ ïðèìå-

íåíèåì ïðåîáðàçîâàíèÿ Êðîíåêåðà-Âåéåðøòðàññà äëÿ ñèíãóëÿðíîãî ïó÷êà

ìàòðèö è çàìåíû ìåòðèêè ïðîñòðàíñòâà Rn äàííîå óðàâíåíèå ïðèâîäèòñÿ

ê êàíîíè÷åñêîìó óðàâíåíèþ

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

PLf(s)ds+ w(t), (2.4.2)

ãäå ìàòðèöà M + λL � êâàçèäèàãîíàëüíà. Äëÿ óðàâíåíèÿ (2.4.2) ïðè

0 < t < T ïîëó÷åíû óñëîâèÿ ðàçðåøèìîñòè è àíàëèòè÷åñêèå ôîðìóëû

äëÿ îïèñàíèÿ ðåøåíèé â òåðìèíàõ òåêóùèõ ñêîðîñòåé âèíåðîâñêîãî ïðî-

öåññà. Çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â
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çíàìåíàòåëÿõ íàéäåííûõ ïðîöåññîâ çàìåíÿåì t íà t0(t) ïî ôîðìóëå (2.3.9)

è ïîëó÷àåì ïðîöåññû, êîòîðûå ïðè t = 0 ïðèíèìàþò íóëåâûå çíà÷åíèÿ, íî

ñòàíîâÿòñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

Â �2.5 ïðèâåäåí ïîäõîä ê èçó÷åíèþ ñèñòåìû ñ ðåãóëÿðíûì ïó÷êîì

ìàòðèö êîýôôèöèåíòîâ è åäèíè÷íîé äèôôóçèåé, îñíîâàííûé íà ïðèìåíå-

íèè ïðåîáðàçîâàíèÿ ìàòðèö êîýôôèöèåíòîâ ê êàíîíè÷åñêîé ôîðìå Øóðà.

Ñ ïðèìåíåíèåì ýòîãî ïîäõîäà íå òðåáóåòñÿ ïðèáåãàòü ê çàìåíå ìåòðèêè

ïðîñòðàíñòâà, à ôîðìóëû äëÿ ðåøåíèé òîæå ïîëó÷àþòñÿ â òåðìèíàõ ñèì-

ìåòðè÷åñêèõ ïðîèçâîäíûõ â ñðåäíåì âèíåðîâñêîãî ïðîöåññà.

Â �3.1 ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî

òèïà ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè è èìïóëüñíûìè âîçäåéñòâèÿìè

â ïðàâîé ÷àñòè âèäà dζ(t)
dt , ãäå ζ(t, ω) =

∑N
k=1 ζ̃k(ω)χ(t − tk), 0 ≤ t ≤ T ,

0 < t1 < · · · < tN < T , χ � ôóíêöèÿ Õåâèñàéäà, ζ̃k(ω) � ñëó÷àéíûå âåëè÷è-

íû ñî çíà÷åíèÿìè â Rn. Äëÿ äàííîãî óðàâíåíèÿ ïðè 0 < t < T ïîëó÷åíû

àíàëèòè÷åñêèå ôîðìóëû äëÿ ðåøåíèé â òåðìèíàõ òåêóùèõ ñêîðîñòåé âè-

íåðîâñêîãî ïðîöåññà. Çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè

t0 > 0, ìû â çíàìåíàòåëÿõ íàéäåííûõ ïðîöåññîâ çàìåíÿåì t íà t0(t) ïî

ôîðìóëå (2.3.9) è ïîëó÷àåì ïðîöåññû, ïðèíèìàþùèå ïðè t = 0 íóëåâûå

çíà÷åíèÿ, íî ÿâëÿþùèåñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

Â �3.2 èçó÷àåòñÿ ñèíãóëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâ-

ñêîãî òèïà ñ èìïóëüñíûìè âîçäåéñòâèÿìè è ñ íåâûðîæäåííûì íååäèíè÷-

íûì êîýôôèöèåíòîì äèôôóçèè ñ ïðèìåíåíèåì ðåçóëüòàòîâ �2.1, �2.2.

Â �4.1 ñíà÷àëà èçó÷àåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå, ïó÷îê ìàò-

ðèö êîòîðîãî óäîâëåòâîðÿåò Òåîðåìå 1.2.6 è óæå ïðèâåäåí ê âèäó (1.2.3).

Äîêàçàíà

Òåîðåìà 4.1.2 Ïóñòü èìåþòñÿ âåùåñòâåííî-àíàëèòè÷åñêèå íåâû-

ðîæäåííàÿ d × d-ìàòðèöà J(t), âåðõíåòðåóãîëüíàÿ (n − d) × (n − d)-
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ìàòðèöà N(t) ñ íóëÿìè ïî ãëàâíîé äèàãîíàëè (Nk(t) ≡ 0 íà [0, T ]), íåâû-

ðîæäåííàÿ n×n-ìàòðèöà P (t), ïóñòü P1(t) � ìàòðèöà èç ïåðâûõ d ñòðîê

ìàòðèöû P (t), E � åäèíè÷íàÿ ìàòðèöà è t ∈ [0, T ]. Òîãäà: 1) äëÿ äîñòà-

òî÷íî ãëàäêîé âåêòîð ôóíêöèè f(t) óðàâíåíèå Ed 0

0 N(t)

 η(t) =

∫ t

0

 J(s) 0

0 En−d

 η(s)ds+

+

∫ t

0

P (s)f(s)ds+

∫ t

0

P (s)dw(s)

ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå ïîäñèñòåìû; 2) äëÿ ïîäñèñòåìû, ñîîò-

âåòñòâóþùåé ìàòðèöàì Ed è J èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà

äëÿ ðåøåíèé

η(t) = Θ(t)

∫ t

0

Θ−1(τ)P1(τ)f(τ)dτ +Θ(t)

∫ t

0

Θ−1(τ)P1(τ)dw(τ),

ãäå ìàòðè÷íàÿ ôóíêöèÿ Θ(t) óäîâëåòâîðÿåò çàäà÷å Êîøè Θ̇(t) =

J(t)Θ(t), Θ(0) = Ed; 3) äëÿ ïîäñèñòåìû, ñîîòâåòñòâóþùåé ìàòðèöàì

N(t) è En−d, ïðè 0 < t < T èìåþò ìåñòî ðåêóðåíòíûå ôîðìóëû äëÿ

âû÷èñëåíèÿ ðåøåíèé

ηn = −
n∑

j=1

P n
j f

j −
n∑

j=1

P n
j

wj

2t
,

DS

n∑
j=i+1

N i
jη

j = ηi +
n∑

j=1

P i
jf

j +
n∑

j=1

P i
j

wj

2t
;

4) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíà-

ìåíàòåëÿõ ïðîöåññîâ, óäîâëåòâîðÿþùèõ ïðèâåäåííûì â ïóíêòå 3) ðåêó-

ðåíòíûì ñîîòíîøåíèÿì, çàìåíÿåì t íà t0(t) ïî ôîðìóëå (2.3.9) è ïîëó-

÷àåì ïðîöåññû, óäîâëåòâîðÿþùèå íóëåâûì íà÷àëüíûì óñëîâèÿì, íî ÿâ-

ëÿþùèåñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

Äàëåå â ýòîì ïàðàãðàôå èçó÷àåòñÿ óðàâíåíèå ñ ïó÷êîì C∞-ãëàäêèõ

ìàòðèö, óäîâëåòâîðÿþùèõ Òåîðåìå 1.2.5 è óæå ïðèâåäåííûõ ê êàíîíè÷å-

ñêîìó âèäó (1.2.2).
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Â �4.2 èçó÷àåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà

dL(t)ξ(t) = M(t)ξ(t)dt+ f(t)dt+N(t)dw(t), Sξ(0) = a, 0 ≤ t ≤ T, (4.2.1)

ãäå ξ(t) ∈ Rn � èñêîìûé ñëó÷àéíûé ïðîöåññ, L(t), M(t), N(t) � âåùåñòâåí-

íûå íåïðåðûâíûå m× n-ìàòðèöû, ïðè÷åì â ñëó÷àå ñ êâàäðàòíûìè ìàòðè-

öàìè (êîãäà m = n) L(t) âûðîæäåíà (detL(t) ≡ 0 íà [0, T ]), S � ïîñòîÿííàÿ

m × n-ìàòðèöà, f(t) ∈ Rm � èíòåãðèðóåìàÿ âåêòîð-ôóíêöèÿ, w(t) ∈ Rn �

âèíåðîâñêèé ïðîöåññ, a ∈ Rm � ïîñòîÿííûé âåêòîð.

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ìàòðèöû: P0 = E − L+L,

P1 = P0(MP0)
+MP0, Q1 = P0(SP0)

+SP0, P2 = P0 − P1, Q2 = P0 − Q1,

P3 = P2(SP2)
+SP2, Q3 = Q2(MQ2)

+MQ2, P4 = P2 − P3, Q4 = Q2 −Q3,

Ξ =

 E − SP2(SP2)
+ 0

0 E −MQ2(MQ2)
+

 ·

 S −S

M −M

 ·

·

 P0(MP0)
+M 0

0 P0(SP0)
+S

 ,

Φ1 =
(
P0(MP0)

+M 0
)
(E − Ξ+Ξ),Φ2 =

(
0 P0(SP0)

+S
)
(E − Ξ+Ξ)

Λ = SL+(0)X(0), G =

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)ds,

dX(t)

dt
= M(t)L+(t)X(t), X(0) = E.

Òîãäà èìåþò ìåñòî

Òåîðåìà 4.2.1 Ïóñòü â çàäà÷å (4.2.1) äëÿ ìàòðèö L(t), M(t), S âû-

ïîëíÿþòñÿ òîæäåñòâà

[E − L(t)L+(t)]X(t)X−1(s)M(s)Φ1(s) = 0, (4.2.47)

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]SΦ2(t) = 0, t, s ∈ [0, T ]. (4.2.48)

Òîãäà äëÿ òîãî, ÷òîáû çàäà÷à èìåëà ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî
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âûïîëíåíèÿ óñëîâèé

[E − L(t)L+(t)]X(t)G+{
∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(t)L+(t)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds} =

= [E − L(t)L+(t)]{z(t) +X(t)

∫ t

0

X−1(s)N(s)dw(s)}, (4.2.49)

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]{a+

+ΛG+[

∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds]} = 0, (4.2.50)

ãäå z(s) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè:

dz(t) = M(t)L+(t)z(t)dt+ f(t)dt, z(0) = 0.

Òåîðåìà 4.2.2 Åñëè ìàòðèöû L(t), M(t), S â çàäà÷å (4.2.1) óäîâëå-

òâîðÿþò ðàâåíñòâàì (4.2.47), (4.2.48) è çàäà÷à èìååò ðåøåíèå, òî åå

îáùåå ðåøåíèå çàïèñûâàåòñÿ äâóìÿ ñïîñîáàìè:

ξ(t) = L+(t)η(t) +H1(t)r(t) + P4(t)r0(t),

ξ(t) = L+(t)η(t) +H2(t)r(t) +Q4(t)r0(t),

ãäå ìàòðèöû H1(t), H2(t) âû÷èñëÿþòñÿ ïî ôîðìóëàì

H1 = [E − P2(SP2)
+S]Φ1 + P2(SP2)

+SΦ2,

H2 = [E −Q2(MQ2)
+M ]Φ2 +Q2(MQ2)

+MΦ1,

r(t), r0(t) � ïðîèçâîëüíûå íåïðåðûâíûå âåêòîðû, à η(t) ÿâëÿåòñÿ ðåøåíè-

åì óðàâíåíèÿ Èòî

dη(t) = M(t)L+(t)η(t)dt+M(t)Φ1(t)r(t)dt+ f(t)dt+N(t)dw(t)
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ñ íà÷àëüíûì óñëîâèåì

η(0) = −[E − (E −G+G)(Λ− ΛG+G)+Λ]·

·G+{
∫ T

0

X∗(s)[E − L(s)L+(s)]θ(s)ds+

+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds}+

+(E −G+G)(Λ− ΛG+G)+ · {a− SΦ2(0)r(0)}+ α,

ãäå α ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû Λα = 0, Gα = 0, à âåêòîð θ(t) óäîâëå-

òâîðÿåò óðàâíåíèþ

dθ(t) = M(t)L+(t)θ(t)dt+M(t)Φ1(t)r(t)dt+ f(t)dt, θ(0) = 0.

Òåîðåìà 4.2.3 Ðåøåíèå çàäà÷è (4.2.1) (åñëè îíî ñóùåñòâóåò) åäèí-

ñòâåííî òîãäà è òîëüêî òîãäà, êîãäà ñèñòåìà Λα = 0, Gα = 0 èìååò

ëèøü íóëåâîå ðåøåíèå α = 0 è âåðíû ðàâåíñòâà

P4(t) = Q4(t) = 0, 0 ≤ t ≤ T,

Φ1(t) = Φ2(t) = 0, 0 ≤ t ≤ T. (4.2.51)

Â �5.1 ââîäÿòñÿ è èçó÷àþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ëåîíòüåâ-

ñêîãî òèïà â òåêóùèõ ñêîðîñòÿõ. Äîêàçàíà

Òåîðåìà 5.1.1 Ïóñòü L̃ è M̃ � âûðîæäåííàÿ (d = rankL̃) è

íåâûðîæäåííàÿ ñîîòâåòñòâåííî n × n-ìàòðèöû, îáðàçóþùèå ðåãóëÿð-

íûé ïó÷îê λL̃ + M̃ è âûïîëíÿåòñÿ êðèòåðèé "ðàíã-ñòåïåíü" rankL̃ =

deg[det(λL̃+M̃)]; ïóñòü P è Q � n×n-ìàòðèöû, ïðèâîäÿùèå ïó÷îê λL̃+M̃

ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà-Âåéåðøòðàññà, L = PL̃Q è M = PM̃Q;

ïóñòü L̄ = QLQ∗ è t ∈ [0, T ]. Òîãäà äëÿ C∞-ãëàäêîé n-ìåðíîé âåêòîð-

ôóíêöèè f̃(t) óðàâíåíèå

L̃DSξ(t) = M̃ξ(t) + f̃(t),

D2ξ(t) = L̄,
ïðåîáðàçîâàííîå ê
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LDSη(t) = Mη(t) + f(t),

D2η(t) = L,
ãäå η(t) = Q−1ξ(t), f(t) = P f̃(t), ñ íà÷àëü-

íûìè óñëîâèÿìè η(2)(0) = −f (2)(0) â Rn−d è ñëó÷àéíîé âåëè÷èíîé ñ ïëîò-

íîñòüþ ρ0 íèãäå íå ðàâíîé íóëþ â Rd, èìååò ðåøåíèå.

Â �5.2 èçó÷àåòñÿ óðàâíåíèå áîëåå îáùåãî âèäà, ÷åì â �5.1. Äîêàçàí

àíàëîã Òåîðåìû 5.1.1 ñ ìàòðèöåé äèôôóçèè áîëåå îáùåãî âèäà.

Â ðàáîòå èñïîëüçóåòñÿ äâîéíàÿ íóìåðàöèÿ ïàðàãðàôîâ, ãäå, êàê îáû÷-

íî, ñíà÷àëà óêàçûâàåòñÿ íîìåð ãëàâû, çàòåì íîìåð ïàðàãðàôà. Âíóòðè

êàæäîãî ïàðàãðàôà âñå îïðåäåëåíèÿ, ëåììû è ò.ï. íóìåðóþòñÿ çàíîâî è

ïðèîáðåòàþò òðîéíóþ íóìåðàöèþ: íîìåð ãëàâû. íîìåð ïàðàãðàôà. íîìåð

òåîðåìû è ò.ï. Ôîðìóëû ïîëó÷àþò òàêóþ æå òðîéíóþ íóìåðàöèþ.
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Ãëàâà I.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ

1.1. Âñïîìîãàòåëüíûå ñâåäåíèÿ èç òåîðèè ïðîèçâîä-

íûõ â ñðåäíåì

Ðàññìîòðèì ñëó÷àéíûé ïðîöåññ ξ(t) â Rn (ãäå ìû ôèêñèðóåì σ-àëãåáðó

áîðåëåâñêèõ ìíîæåñòâ), t ∈ [0, l], çàäàííûé íà íåêîòîðîì âåðîÿòíîñòíîì

ïðîñòðàíñòâå (Ω,F ,P) è òàêîé, ÷òî ξ(t) ÿâëÿåòñÿ L1-ñëó÷àéíîé âåëè÷èíîé

ïðè âñåõ t. Ââåäåì â ðàññìîòðåíèå σ-ïîäàëãåáðó σ-àëãåáðû F , ïîðîæäåí-

íóþ ïðîîáðàçàìè áîðåëåâñêèõ ìíîæåñòâ ïðè îòîáðàæåíèè ξ(t) : Ω → Rn,

êîòîðàÿ, ñîãëàñíî Ý. Íåëüñîíó [36], íàçûâàåòñÿ "íàñòîÿùåå" è îáîçíà÷àåòñÿ

N ξ
t . Äëÿ óäîáñòâà ìû îáîçíà÷èì ÷åðåç Eξ

t óñëîâíîå ìàòåìàòè÷åñêîå îæè-

äàíèå E(·|N ξ
t ) îòíîñèòåëüíî "íàñòîÿùåãî" N ξ

t äëÿ ξ(t) (ñì. [10]). Îáû÷íîå

("áåçóñëîâíîå") ìàòåìàòè÷åñêîå îæèäàíèå îáîçíà÷àåòñÿ ñèìâîëîì E.

Â îáùåì ñëó÷àå, ïî÷òè âñå âûáîðî÷íûå òðàåêòîðèè ïðîöåññà ξ(t) íå

äèôôåðåíöèðóåìû, ïîýòîìó åãî ïðîèçâîäíûå ñóùåñòâóþò òîëüêî â ñìûñëå

îáîáùåííûõ ôóíêöèé. ×òîáû èçáåæàòü èñïîëüçîâàíèÿ îáîáùåííûõ ôóíê-

öèé, ñîãëàñíî Ý. Íåëüñîíó (ñì., íàïðèìåð, [36], [37], [38]) äàåì ñëåäóþùåå

îïðåäåëåíèå:

Îïðåäåëåíèå 1.1.1. [36] (i) Ïðîèçâîäíàÿ â ñðåäíåì ñïðàâà Dξ(t) ïðî-
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öåññà ξ(t) â ìîìåíò âðåìåíè t åñòü L1-ñëó÷àéíàÿ âåëè÷èíà âèäà

Dξ(t) = lim
△t→+0

Eξ
t (
ξ(t+△t)− ξ(t)

△t
),

ãäå ïðåäåë ïðåäïîëàãàåòñÿ ñóùåñòâóþùèì â L1(Ω,F ,P) è △t → +0 îçíà-

÷àåò, ÷òî △t ñòðåìèòñÿ ê 0 è △t > 0. (ii) Ïðîèçâîäíàÿ â ñðåäíåì ñëåâà

D∗ξ(t) ïðîöåññà ξ(t) â ìîìåíò âðåìåíè t åñòü L1-ñëó÷àéíàÿ âåëè÷èíà

D∗ξ(t) = lim
△t→+0

Eξ
t (
ξ(t)− ξ(t−△t)

△t
),

ãäå óñëîâèÿ è îáîçíà÷åíèÿ òàêèå æå, êàê â (i).

Ñëåäóåò îòìåòèòü, ÷òî, âîîáùå ãîâîðÿ, Dξ(t) ̸= D∗ξ(t), íî åñëè, íà-

ïðèìåð, ξ(t) ïî÷òè íàâåðíîå èìååò ãëàäêèå âûáîðî÷íûå òðàåêòîðèè, ýòè

ïðîèçâîäíûå î÷åâèäíî ñîâïàäàþò.

Èç ñâîéñòâ óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ (ñì. [21]) âûòåêàåò,

÷òî Dξ(t) è D∗ξ(t) ìîãóò áûòü ïðåäñòàâëåíû êàê ñóïåðïîçèöèè ξ(t) è áî-

ðåëåâñêèõ âåêòîðíûõ ïîëåé (ðåãðåññèé) Y 0(t, x) è Y 0
∗ (t, x) íà Rn, òî åñòü,

Dξ(t) = Y 0(t, ξ(t)) è D∗ξ(t) = Y 0
∗ (t, ξ(t)).

Îïðåäåëåíèå 1.1.2. [36] Ïðîèçâîäíàÿ DS = 1
2(D + D∗) íàçûâàåòñÿ

ñèììåòðè÷åñêîé ïðîèçâîäíîé â ñðåäíåì. Ïðîèçâîäíàÿ DA = 1
2(D − D∗)

íàçûâàåòñÿ àíòèñèììåòðè÷åñêîé ïðîèçâîäíîé â ñðåäíåì.

Ââåäåì â ðàññìîòðåíèå âåêòîðíûå ïîëÿ vξ(t, x) = 1
2(Y

0(t, x)+Y 0
∗ (t, x))

è uξ(t, x) = 1
2(Y

0(t, x)− Y 0
∗ (t, x)).

Îïðåäåëåíèå 1.1.3. [36] vξ(t) = vξ(t, ξ(t)) = DSξ(t) íàçûâàåòñÿ òå-

êóùåé ñêîðîñòüþ ïðîöåññà ξ(t); uξ(t) = uξ(t, ξ(t)) = DAξ(t) íàçûâàåòñÿ

îñìîòè÷åñêîé ñêîðîñòüþ ïðîöåññà ξ(t).

Ôèçè÷åñêèé ñìûñë òåêóùåé è îñìîòè÷åñêîé ñêîðîñòåé (ñì., íàïðèìåð,

[10], [36], [37], [38]) ñîñòîèò â ñëåäóþùåì. Òåêóùàÿ ñêîðîñòü ÿâëÿåòñÿ äëÿ

ñëó÷àéíûõ ïðîöåññîâ ïðÿìûì àíàëîãîì îáû÷íîé ôèçè÷åñêîé ñêîðîñòè äå-

òåðìèíèðîâàííûõ ïðîöåññîâ. Îñìîòè÷åñêàÿ ñêîðîñòü èçìåðÿåò íàñêîëüêî
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áûñòðî íàðàñòàåò "ñëó÷àéíîñòü" ïðîöåññà .

Ðàññìîòðèì äèôôóçèîííûé ïðîöåññ (ñì., íàïðèìåð, [34]) ξ(t) â Rn,

ÿâëÿþùèéñÿ ñèëüíûì ðåøåíèåì ñòîõàñòè÷åñêîãî óðàâíåíèÿ

ξ(t) = ξ0 +

∫ t

0

a(s, ξ(s))ds+ w(t), (1.1.1)

ãäå w(t) � âèíåðîâñêèé ïðîöåññ, a(t, x) � ãëàäêîå ïî ñîâîêóïíîñòè ïåðåìåí-

íûõ îòîáðàæåíèå èç [0, l]×Rn â Rn.

×åðåç ρξ(t, x) îáîçíà÷èì ïëîòíîñòü ïðîöåññà, óäîâëåòâîðÿþùåãî

(1.1.1), îòíîñèòåëüíî ëåáåãîâîé ìåðû λ íà [0, l] × Rn. Òîãäà èìåþò ìåñòî

óòâåðæäåíèÿ:

Ëåììà 1.1.1. [34] Äëÿ ïðîöåññà (1.1.1) â Rn âåêòîðíîå ïîëå uξ(t, x)

èìååò âèä

uξ(t, x) =
1

2
grad ln ρξ(t, x). (1.1.2)

Ëåììà 1.1.2. [34] Äëÿ ïðîöåññà (1.1.1) â Rn âåêòîðíîå ïîëå vξ(t, x)

è ïëîòíîñòü ρξ(t, x) óäîâëåòâîðÿþò óðàâíåíèþ íåïðåðûâíîñòè

∂ρξ(t, x)

∂t
= −div(ρξvξ). (1.1.3)

Ââåäåì, ñëåäóÿ Þ. Å. Ãëèêëèõó [34], äèôôåðåíöèàëüíûé îïåðàòîð D2,

êîòîðûé äåéñòâóåò íà L1-ñëó÷àéíûé ïðîöåññ ξ(t), t ∈ [0, l] ïî ïðàâèëó

D2ξ(t) = lim
∆t→+0

Eξ
t

(
(ξ(t+∆t)− ξ(t))(ξ(t+∆t)− ξ(t))∗

∆t

)
,

ãäå (ξ(t+∆t)− ξ(t)) ðàññìàòðèâàåòñÿ êàê âåêòîð-ñòîëáåö (âåêòîð â Rn), à

(ξ(t+∆t)− ξ(t))∗ � ýòî âåêòîð-ñòðîêà (ñîïðÿæåííûé èëè òðàíñïîíèðîâàí-

íûé âåêòîð), à ïðåäåë ïðåäïîëàãàåòñÿ ñóùåñòâóþùèì â L1(Ω,F ,P). Îòìå-

òèì, ÷òî ìàòðè÷íîå ïðîèçâåäåíèå ñòîëáöà ñëåâà è ñòðîêè ñïðàâà � ýòî ìàò-

ðèöà, òàê ÷òî D2ξ(t) åñòü ñèììåòðè÷åñêàÿ íåîòðèöàòåëüíî-îïðåäåëåííàÿ

ìàòðè÷íàÿ ôóíêöèÿ íà [0, l]×Rn.
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Îïðåäåëåíèå 1.1.4. [34] D2 íàçûâàåòñÿ êâàäðàòè÷íîé ïðîèçâîäíîé

â ñðåäíåì.

Çàìå÷àíèå 1.1.1. Èç ñâîéñòâ óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäà-

íèÿ [21] ñëåäóåò, ÷òî ñóùåñòâóåò èçìåðèìîå ïî Áîðåëþ îòîáðàæåíèå

(ðåãðåññèÿ) α(t, x) : R×Rn → S̄+, òàêîå, ÷òî D2ξ(t) = α(t, ξ(t)), ãäå S̄+ �

ìíîæåñòâî íåîòðèöàòåëüíî îïðåäåëåííûõ ñèììåòðè÷åñêèõ n× n ìàò-

ðèö.

Ðàññìîòðèì òåïåðü äèôôóçèîííûì ïðîöåññ, ÿâëÿþùèéñÿ ñèëüíûì

ðåøåíèåì ñëåäóþùåãî ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â

ôîðìå Èòî

ξ(t) = ξ0 +

∫ t

0

a(s, ξ(s))ds+

∫ t

0

A(s, ξ(s))dw(s), (1.1.4)

ãäå a(t, x) è A(t, x) � ãëàäêèå ïî ñîâîêóïíîñòè ïåðåìåííûõ îòîáðàæåíèÿ èç

[0, l]×Rn â Rn è â L(Rn, Rn), ñîîòâåòñòâåíî. Òîãäà èìåþò ìåñòî

Òåîðåìà 1.1.1. [34] Ïóñòü ξ(t) � äèôôóçèîííûé ïðîöåññ (1.1.4). Òîãäà

ïðîèçâîäíàÿ â ñðåäíåì ñïðàâà Dξ(t) ñóùåñòâóåò è èìååò âèä Dξ(t) =

a(t, ξ(t)).

Òåîðåìà 1.1.2. [34] Äëÿ äèôôóçèîííîãî ïðîöåññà (1.1.4) êâàäðàòè÷-

íàÿ ïðîèçâîäíàÿ D2ξ(t) ñóùåñòâóåò è èìååò âèä D2ξ(t) = α(t, ξ(t)),

α(t, x) = A(t, x)A∗(t, x) � êîýôôèöèåíò äèôôóçèè.

Ïðèâåäåì åùå óòâåðæäåíèÿ, êîòîðûå íóæíû áóäóò â äàëüíåéøåì:

Ëåììà 1.1.3. [34] Ïóñòü α(t, x) ÿâëÿåòñÿ íåïðåðûâíûì (èçìåðè-

ìûì, ãëàäêèì) ïî ñîâîêóïíîñòè ïåðåìåííûõ îòîáðàæåíèåì èç [0, l]×Rn

â S+(n). Òîãäà ñóùåñòâóåò íåïðåðûâíîå (èçìåðèìîå, ãëàäêîå, ñîîòâåò-

ñòâåííî) ïî ñîâîêóïíîñòè ïåðåìåíûõ îòîáðàæåíèå A(t, x) èç [0, l] × Rn

â L(Rn, Rn) òàêîå, ÷òî äëÿ âñåõ t ∈ R, x ∈ Rn èìååò ìåñòî ðàâåíñòâî

A(t, x)A∗(t, x) = α(t, x).

Ëåììà 1.1.4. [34] Ïóñòü ïðîöåññ ξ(t) ÿâëÿåòñÿ ìàðòèíãàëîì îòíî-
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ñèòåëüíî åãî ïðîøëîãî Pξ
t è t ∈ [0, l). Òîãäà Dξ(t) = 0.

1.2. Íåîáõîäèìûå ñâåäåíèÿ èç òåîðèè ìàòðèö

Ïðèâåäåì îñíîâíûå ïîíÿòèÿ è óòâåðæäåíèÿ èç òåîðèè ìàòðèö, íåîáõîäè-

ìûå äëÿ èçó÷åíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî òèïà.

Îïðåäåëåíèå 1.2.1. [13] Åñëè A è B � ìàòðèöû ðàçìåðà m × n,

òî ìàòðèöà A − λB íàçûâàåòñÿ ìàòðè÷íûì ïó÷êîì, èëè ïðîñòî ïó÷-

êîì. Çäåñü λ ÿâëÿåòñÿ ïàðàìåòðîì, à íå êîíêðåòíûì ÷èñëîì. Åñëè A

è B � êâàäðàòíûå ìàòðèöû è det(A − λB) íå ðàâåí íóëþ òîæäåñòâåí-

íî, òî ïó÷îê A− λB íàçûâàþò ðåãóëÿðíûì. Â ïðîòèâíîì ñëó÷àå, ïó÷îê

íàçûâàåòñÿ ñèíãóëÿðíûì. Äëÿ ðåãóëÿðíîãî ïó÷êà det(A− λB) ìíîãî÷ëåí

p(λ) ≡ det(A− λB) íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì.

Îïðåäåëåíèå 1.2.2. [24] Ïóñòü A è B êâàäðàòíûå ìàòðèöû îäèíà-

êîâûõ ðàçìåðîâ. Òîãäà íåíóëåâîé ìíîãî÷ëåí det(λA + B) óäîâëåòâîðÿåò

êðèòåðèþ "ðàíã-ñòåïåíü" , åñëè

rankA = deg[det(λA+B)].

Òåîðåìà 1.2.1. [24] Ïóñòü ó íàñ èìåþòñÿ n × n-ìàòðèöû A è B,

òàêèå, ÷òî õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí p(λ) = det(λA + B) óäîâëå-

òâîðÿåò êðèòåðèþ "ðàíã-ñòåïåíü" . Òîãäà ñóùåñòâóþò íåâûðîæäåííûå

ìàòðèöû P è Q òàêèå, ÷òî

P (λA+B)Q = λ

 Ed 0

0 0

+

 J 0

0 En−d

 ,

ãäå J � d× d-ìàòðèöà.

Âñþäó äàëåå ÷åðåç E áóäåì îáîçíà÷àòü åäèíè÷íóþ ìàòðèöó, 0 � íóëå-

âàÿ ìàòðèöà, imA, kerA � îáðàç è ÿäðî ìàòðèöû A ñîîòâåòñòâåííî. Áóäåì
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îïóñêàòü óêàçàíèå çàâèñèìîñòè ìàòðèö îò t òàì, ãäå ýòî íå âûçûâàåò íåäî-

ðàçóìåíèé.

Îïðåäåëåíèå 1.2.3. [24],[8] Ìàòðèöà A+(t) ðàçìåðíîñòè n×m íà-

çûâàåòñÿ ïñåâäîîáðàòíîé êm×n-ìàòðèöå A(t), t ∈ [0, T ], åñëè äëÿ ëþáîãî

t ∈ [0, T ] âûïîëíÿþòñÿ ðàâåíñòâà

A(t)A+(t)A(t) = A(t), A+(t)A(t)A+(t) = A+(t),

[A(t)A+(t)]T = A(t)A+(t), [A+(t)A(t)]T = A+(t)A(t).

Êàê ñëåäóåò èç ðàáîò [24],[8], ïñåâäîîáðàòíàÿ ìàòðèöà ñóùåñòâóåò è åäèí-

ñòâåííà äëÿ ëþáîé âåùåñòâåííîé ìàòðèöû.

Òåîðåìà 1.2.2. [24] Ïóñòü:

(i) A(t) � íåïðåðûâíàÿ íà ïðîìåæóòêå [0, T ] n× n-ìàòðèöà;

(ii) rankA(t) = const = ρ äëÿ ëþáîãî t ∈ [0, T ].

Òîãäà ñóùåñòâóåò íåïðåðûâíàÿ íà [0, T ] ïñåâäîîáðàòíàÿ ìàòðèöà A+(t).

Ëåììà 1.2.1. [1] Ïóñòü:

(i) A(t), B(t) � íåïðåðûâíûå íà ïðîìåæóòêå [0, T ] m × n-ìàòðèöû,

C � ïîñòîÿííàÿ âåùåñòâåííàÿ m× n-ìàòðèöà;

(ii) ìàòðèöû A+(t), (B(t)P0(t))
+, (CP0)

+, (CP2(t))
+, (B(t)Q2(t))

+

íåïðåðûâíû íà ïðîìåæóòêå [0, T ], ãäå P0 = E − A+A, P2 = P0 − P1,

Q2 = P0 −Q1, P1 = P0(BP0)
+BP0, Q1 = P0(CP0)

+CP0.

Òîãäà ìàòðèöû A+A, P0 è P1, P2 = P0−P1 è P3 = P2(CP2)
+CP2, P4 =

P2 − P3 íåïðåðûâíû íà ïðîìåæóòêå [0, T ] è ÿâëÿþòñÿ ïðîåêòîðàìè íà

ìíîæåñòâà imA, kerA, kerA∩kerB, kerA∩kerB∩kerC ñîîòâåòñòâåííî.

Òàê æå ìàòðèöû Q1, Q2 = P0 − Q1 è Q3 = Q2(BQ2)
+BQ2, Q4 = Q2 −

Q3 íåïðåðûâíû íà [0, T ] è ÿâëÿþòñÿ ïðîåêòîðàìè íà ìíîæåñòâà kerA,

kerA ∩ kerC, kerA ∩ kerB ∩ kerC ñîîòâåòñòâåííî.
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Ðàññìîòðèì ñèñòåìó

AX = Y, (1.2.1)

ãäå X � èñêîìûé âåêòîð, A è Y � ìàòðèöà è âåêòîð ïîäõîäÿùèõ ðàçìåðîâ

(ò.å. òàêèå, ÷òî âîçìîæíî çàïèñàòü ñèñòåìó (1.2.1) ). Òîãäà èìååò ìåñòî

êëàññè÷åñêàÿ òåîðåìà Êðîíåêåðà-Êàïåëëè î ðàçðåøèìîñòè ñèñòåìû (1.2.1):

Òåîðåìà 1.2.3. [1] Äëÿ ðàçðåøèìîñòè ñèñòåìû (1.2.1) íåîáõîäèìî è

äîñòàòî÷íî âûïîëíåíèÿ ðàâåíñòâà

(E − AA+)Y = 0.

Ïðèâåäåì òåîðåìó î ïðåäñòàâëåíèè ðåøåíèé ñèñòåìû (1.2.1).

Òåîðåìà 1.2.4. [1] Åñëè ñèñòåìà (1.2.1) ðàçðåøèìà, òî åå îáùåå ðå-

øåíèå çàïèñûâàåòñÿ ïî ôîðìóëå

X = A+Y + (E − A+A)U,

ãäå U � ïðîèçâîëüíûé âåêòîð.

Ïðèâåäåì íåêîòîðûå óòâåðæäåíèÿ î ïðåîáðàçîâàíèÿõ ïó÷êîâ ïåðåìåí-

íûõ ìàòðèö.

Òåîðåìà 1.2.5. [24] Ïóñòü:

(i) A(t) è B(t) � C∞-ãëàäêèå n× n-ìàòðèöû è t ∈ [0, T ];

(ii) ìíîãî÷ëåí ξ(t, λ) = det(λA(t) + B(t)) = ad(t)λ
d + . . . + a1(t)λ +

a0(t) óäîâëåòâîðÿåò êðèòåðèþ "ðàíã-ñòåïåíü" äëÿ ëþáîãî t ∈ [0, T ] è åãî

ñòàðøèé êîýôôèöèåíò íå èìååò íóëåé íà [0, T ].

Òîãäà:

(i) rankA(t) = const = d äëÿ t ∈ [0, T ];

(ii) ñóùåñòâóþò íåîñîáåííûå äëÿ ëþáîãî t ∈ [0, T ] C∞-ãëàäêèå (n × n)-

ìàòðèöû P (t) è Q(t) òàêèå, ÷òî

P (t)(λA(t) +B(t))Q(t) = λ

 Ed 0

0 0

+

 J(t) 0

0 En−d

 . (1.2.2)
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Òåîðåìà 1.2.6. [24] Ïóñòü:

(i) A(t) è B(t) � âåùåñòâåííî-àíàëèòè÷åñêèå n× n-ìàòðèöû è t ∈ [0, T ];

(ii) ñòàðøèé êîýôôèöèåíò ìíîãî÷ëåíà ξ(t, λ) = det(λA(t) + B(t)) =

ad(t)λ
d + . . .+ a1(t)λ+ a0(t) íå îáðàùàåòñÿ â íóëü íà [0, T ].

Òîãäà ñóùåñòâóþò íåîñîáåííûå äëÿ ëþáîãî t ∈ [0, T ] âåùåñòâåííî-

àíàëèòè÷åñêèå (n× n)-ìàòðèöû P (t), Q(t) è âûïîëíåíî ðàâåíñòâî

P (t)(λA(t) + B(t))Q(t) = λ

 Ed 0

0 N(t)

 +

 J(t) 0

0 En−d

 , (1.2.3)

ãäå N(t) � âåðõíåòðåóãîëüíàÿ ìàòðèöà ñ íóëåâîé äèàãîíàëüþ, Nk(t) = 0

íà [0, T ], J(t) íåêîòîðûé d× d-áëîê.
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Ãëàâà II.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ

ëåîíòüåâñêîãî òèïà ñ ïîñòîÿííûìè

ìàòðèöàìè

2.1. Âû÷èñëåíèå ñèììåòðè÷åñêèõ ïðîèçâîäíûõ â

ñðåäíåì âûñøèõ ïîðÿäêîâ îò âèíåðîâñêîãî ïðî-

öåññà

Îïèøåì âû÷èñëåíèå ñèììåòðè÷åñêèõ ïðîèçâîäíûõ â ñðåäíåì (òåêóùèõ

ñêîðîñòåé) âûñøèõ ïîðÿäêîâ îò âèíåðîâñêîãî ïðîöåññà, êîòîðûå, êàê áûëî

ñêàçàíî ðàíåå, öåëåñîîáðàçíî èñïîëüçîâàòü äëÿ èññëåäîâàíèÿ äèôôåðåí-

öèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè.

Ïóñòü w(t) � âèíåðîâñêèé ïðîöåññ â Rn. Ïîñêîëüêó âèíåðîâñêèé ïðî-

öåññ ÿâëÿåòñÿ ìàðòèíãàëîì, òî ïî Ëåììå 1.1.4 âûïîëíÿåòñÿ ðàâåíñòâî

Dw(t) = 0, ãäå t ∈ [0, l). Â ìîíîãðàôèè [10] äîêàçàíà

Ëåììà 2.1.1. Äëÿ t ∈ (0, l] âåðíî ðàâåíñòâî D∗w(t) =
w(t)
t .

Ñëåäîâàòåëüíî, äëÿ ñèììåòðè÷åñêîé ïðîèçâîäíîé â ñðåäíåì (òåêóùåé

ñêîðîñòè) âèíåðîâñêîãî ïðîöåññà ñîãëàñíî Îïðåäåëåíèþ 1.1.2 èìååò ìåñòî

Ñëåäñòâèå 2.1.1. [11],[34] DSw(t) =
w(t)
2t .
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Çàìå÷àíèå 2.1.1. [11] Ïîñêîëüêó äëÿ âèíåðîâñêîãî ïðîöåññà

E(w(t)2) = t, òî íà ôåíîìåíîëîãè÷åñêîì óðîâíå ðàññóæäåíèé ìîæíî ñêà-

çàòü, ÷òî ñðåäíèé ïðîáåã ÷àñòèöû âèíåðîâñêîãî ïðîöåññà çà âðåìÿ t ðàâåí
√
t è, ñëåäîâàòåëüíî, ó áåëîãî øóìà ẇ(t) îí ðàâåí 1

2
√
t
. Íî àíàëîãè÷íûå

ôåíîìåíîëîãè÷åñêèå ðàññóæäåíèÿ äëÿ òåêóùåé ñêîðîñòè DSw(t) = w(t)
2t

äàþò òîò æå ðåçóëüòàò äëÿ ñðåäíåãî ïðîáåãà ÷àñòèöû: 1
2
√
t
. Ýòî â íåêî-

òîðîì ñìûñëå åñòåñòâåííîå ñîîòíîøåíèå ìåæäó "ïðîèçâîäíîé" ẇ(t) âè-

íåðîâñêîãî ïðîöåññà è åãî òåêóùåé ñêîðîñòüþ, êîòîðàÿ, êàê áûëî ñêàçàíî

âûøå, ÿâëÿåòñÿ åñòåñòâåííûì àíàëîãîì îáû÷íîé ôèçè÷åñêîé ñêîðîñòè

äåòåðìèíèðîâàííûõ ïðîöåññîâ.

Ïåðåéäåì ê âû÷èñëåíèþ ñèììåòðè÷åñêèõ ïðîèçâîäíûõ â ñðåäíåì âûñ-

øèõ ïîðÿäêîâ îò âèíåðîâñêîãî ïðîöåññà. Ñëåäóÿ ñèñòåìå îáîçíà÷åíèé èç

[10], [34] ïðîèçâîäíóþ ïîðÿäêà k ìû áóäåì îáîçíà÷àòü êàê Dw, Dw
∗ èëè

Dw
S îò ïðîèçâîäíûõ ïîðÿäêà k−1. Ýòè îáîçíà÷åíèÿ ïîä÷åðêèâàþò, ÷òî ìû

âñåãäà èñïîëüçóåì σ-àëãåáðó "íàñòîÿùåå" èìåííî âèíåðîâñêîãî ïðîöåññà

w(t).

Ëåììà 2.1.2. [11] (i) Dww(t)
t = −w(t)

t2 äëÿ t ∈ (0, l);

(ii) Dw
∗
w(t)
t = 0 äëÿ t ∈ (0, l];

(iii) Dw
S
w(t)
t = −w(t)

2t2 äëÿ t ∈ (0, l).

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî

Dww(t)

t
= (

d

dt

1

t
)w(t) +

1

t
Dw(t) = −w(t)

t2

è

Dw
∗
w(t)

t
= (

d

dt

1

t
)w(t) +

1

t
D∗w(t) = −w(t)

t2
+

w(t)

t2
= 0.

Óòâåðæäåíèå (iii) âûòåêàåò èç ïîñëåäíèõ äâóõ ôîðìóë. �

Ëåììà 2.1.3. [11] (i) Dw(w(t)
tk

) = −kw(t)
tk+1 ;

(ii) Dw
∗ (

w(t)
tk

) = −(k − 1)w(t)
tk+1 ;
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(iii) Dw
S (

w(t)
tk

) = −2k−1
2

w(t)
tk+1 .

Äîêàçàòåëüñòâî.

(i) Dww(t)
tk

= ( d
dt

1
tk
)w(t) + 1

tk
Dw(t) = −kw(t)

tk+1 + 0 = −kw(t)
tk+1 ;

(ii) Dw
∗
w(t)
tk

= ( d
dt

1
tk
)w(t) + 1

tk
D∗w(t) = −kw(t)

tk+1 +
1
tk

w(t)
t = 0;

(iii) Èç ïîñëåäíèõ äâóõ ôîðìóë ñëåäóåò, ÷òî Dw
S (

w(t)
tk

) = −2k−1
2

w(t)
tk+1 . �

Ëåììà 2.1.4. Ïðè öåëîì k ≥ 2

Dk
Sw(t) = (−1)k−1

k−1∏
i=1

(2i− 1)

2k
w(t)

tk
.

Ýòà ôîðìóëà äîêàçûâàåòñÿ ïî èíäóêöèè, èñõîäÿ èç óòâåðæäåíèé Ñëåä-

ñòâèÿ 2.1.1, Ëåììû 2.1.2 (iii) è Ëåììû 2.1.3 (iii).

2.2. Î ïðèâåäåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé

ëåîíòüåâñêîãî òèïà ê êàíîíè÷åñêîìó âèäó

Îïèøåì ìåòîä ïðèâåäåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ëåîíòüåâñêîãî

òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè è ñ ïîñòîÿííûìè ìàòðèöàìè êîýô-

ôèöèåíòîâ ê êàíîíè÷åñêîìó âèäó, èñïîëüçóÿ ïðåîáðàçîâàíèå Êðîíåêåðà-

Âåéåðøòðàññà (íàçâàíèå äëÿ ïðåîáðàçîâàíèÿ îïðàâäàíî òåì, ÷òî âïåðâûå

îíî áûëî îïèñàíî â ðàáîòàõ L. Kroneker [35] è K. Weierstrass [44]) äëÿ ðàç-

ëè÷íûõ òèïîâ ïó÷êîâ (ðåãóëÿðíûõ è ñèíãóëÿðíûõ) ïîñòîÿííûõ ìàòðèö.

Ââåäåì äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà â Rn

L̃ξ(t) = M̃

∫ t

0

ξ(s)ds+

∫ t

0

f(s)ds+Bw̃(t), 0 ≤ t ≤ T, (2.2.1)

ãäå ξ(t) ñëó÷àéíûé, à f(t) íåñëó÷àéíûé (äåòåðìèíèðîâàííûé) n-ìåðíûå

âåêòîðû, L̃, M̃ è B � n×n-ìàòðèöû, ïðè÷åì L̃ âûðîæäåíà (èìååò íóëåâîé

îïðåäåëèòåëü), à B è M̃ � íåâûðîæäåíû, âåêòîð-ôóíêöèÿ f(t) ïðåäïîëà-

ãàåòñÿ äîñòàòî÷íî ãëàäêîé, w̃(t) � âèíåðîâñêèé ïðîöåññ.
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Ïóñòü ïó÷îê λL̃ + M̃ ðåãóëÿðåí. Òîãäà ïðèìåíÿÿ ê ðåãóëÿðíîìó ïó÷-

êó ìàòðèö ïðåîáðàçîâàíèå Êðîíåêåðà-Âåéåðøòðàññà (îïèñûâàåòñÿ ïàðîé

íåâûðîæäåííûõ ìàòðèö (îïåðàòîðîâ) A = (aij) è AR), ïðèâåäåì ìàòðèöû

L̃ è M̃ ê êâàçèäèàãîíàëüíîìó âèäó (ñì., íàïðèìåð, [8]).

Òàêèì îáðàçîì, ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Êðîíåêåðà-

Âåéåðøòðàññà, óðàâíåíèå (2.2.1) ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì

Lη(t) =
∫ t

0 Mη(s)ds+
∫ t

0 Af(s)ds+ Cw̃(t), ãäå C = AB, η(t) = A−1
R ξ(t).

Îáîçíà÷èì ÷åðåç C∗ îïåðàòîð, ñîïðÿæåííûé ñ C, à (·, ·) � ñòàíäàðòíîå

ñêàëÿðíîå ïðîèçâåäåíèå â Rn. Íàïîìíèì, ÷òî âèíåðîâñêèé ïðîöåññ w̃(t)

ÿâëÿåòñÿ ãàóññîâñêèì ñî ñðåäíèì 0 è ìàòðèöåé êîâàðèàöèé It, ãäå I � åäè-

íè÷íàÿ ìàòðèöà, ò.å. ñ ïëîòíîñòüþ ðàñïðåäåëåíèÿ ρw(t, x) = 1

(2πt)
n
2
exp(−x2

2t )

îòíîñèòåëüíî ôîðìû îáúåìà åâêëèäîâîé ìåòðèêè (·, ·). Òàê êàê ìàòðèöà

CC∗ íåâûðîæäåíà, ñóùåñòâóåò îáðàòíàÿ ìàòðèöà (CC∗)−1 = (C∗)−1C−1.

Ñëåäîâàòåëüíî (ñì. [9]), Cw̃(t) òàêæå ÿâëÿåòñÿ ãàóññîâñêèì ïðîöåññîì ñî

ñðåäíèì 0 è ìàòðèöåé êîâàðèàöèé CC∗t è, çíà÷èò, ñ ïëîòíîñòüþ

ρCw̃(t, x) = ((2πt)−
n
2△−1

2 ) exp(
−((CC∗)−1x, x)

2t
)

îòíîñèòåëüíî òîé æå ôîðìû îáúåìà, ãäå △ � îïðåäåëèòåëü ìàòðèöû CC∗.

Ââåäåì â Rn íîâîå ñêàëÿðíîå ïðîèçâåäåíèå ⟨·, ·⟩ ôîðìóëîé

⟨X, Y ⟩ = ((CC∗)−1X, Y ). (2.2.2)

Òåîðåìà 2.2.1. (i) Äëÿ ëþáûõ âåêòîðîâ X è Y èç Rn âûïîëíÿåò-

ñÿ òîæäåñòâî ⟨CX,CY ⟩ = (X,Y ). (ii) Ïðîöåññ w(t) = Cw̃(t) ÿâëÿåòñÿ

âèíåðîâñêèì â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩.

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî (CC∗)−1 = (C∗)−1C−1. Òîãäà

⟨CX,CY ⟩ = ((C∗)−1C−1CX,CY ) = (C−1CX,C−1CY ) = (X,Y ).

Ôîðìà îáúåìà ìåòðèêè ⟨·, ·⟩ îòëè÷àåòñÿ îò ôîðìû îáúåìà ìåòðèêè (·, ·)
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ìíîæèòåëåì△−1
2 , ò.å. ïëîòíîñòü ïðîöåññà Cw̃(t) îòíîñèòåëüíî ôîðìû îáú-

åìà ìåòðèêè ⟨·, ·⟩ èìååò âèä

((2πt)−
n
2 ) exp(

−((CC∗)−1x, x)

2t
) = ((2πt)−

n
2 ) exp(

−⟨x, x⟩
2t

).

Ëåãêî âèäåòü, ÷òî îñòàëüíûå òðåáîâàíèÿ èç îïðåäåëåíèÿ âèíåðîâñêîãî ïðî-

öåññà òàêæå âûïîëíÿþòñÿ äëÿ Cw̃(t) â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðî-

èçâåäåíèåì ⟨·, ·⟩. �

Ïóñòü e1, e2,..., en � åñòåñòâåííûé îðòîíîðìèðîâàííûé áàçèñ â Rn ñ

(·, ·).

Ñëåäñòâèå 2.2.1. Âåêòîðû Ce1, Ce2,..., Cen îáðàçóþò îðòîíîðìèðî-

âàííûé áàçèñ â åâêëèäîâîì ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì

⟨·, ·⟩.

Ñëåäñòâèå 2.2.2. Â ïðîñòðàíñòâå Rn ñ ⟨·, ·⟩ â ðàçëîæåíèè ïî îð-

òîíîðìèðîâàííîìó áàçèñó Ce1, Ce2,..., Cen äèôôåðåíöèàëüíîå óðàâíåíèå

ëåîíòüåâñêîãî òèïà èìååò âèä

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

Af(s)ds+ w(t). (2.2.3)

Íàïîìíèì, ÷òî â âûðàæåíèÿ äëÿ òåêóùåé ñêîðîñòè âèíåðîâñêîãî ïðî-

öåññà â äàííîì ñëó÷àå âõîäèò Grad(C−1x,C−1x), ãäå Grad � ãðàäèåíò îò-

íîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ ⟨·, ·⟩.

Ëåììà 2.2.1. d⟨x, x⟩ = d(C−1x,C−1x) = 2(C∗)−1C−1x, ãäå d � âíåø-

íèé äèôôåðåíöèàë.

Ëåììà 2.2.2. Grad⟨x, x⟩ = Grad(C−1x,C−1x) = 2x.

Äîêàçàòåëüñòâî ñëåäóåò èç ôîðìóëû ïîäíÿòèÿ èíäåêñîâ

Grad(C−1x,C−1x) = CC∗d(C−1x,C−1x)

è èç ïðåäûäóùåé ëåììû.
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Ñëåäîâàòåëüíî, ïðè îòîáðàæåíèè â Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì

⟨·, ·⟩ ôîðìóëû äëÿ òåêóùèõ ñêîðîñòåé âèíåðîâñêîãî ïðîöåññà ñîõðàíÿþò

ñâîé âèä.

Èòàê, åñëè ïó÷åê M̃+λL̃ ðåãóëÿðåí, òî ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâà-

íèÿ Êðîíåêåðà-Âåéåðøòðàññà äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî

òèïà â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩ ïðèîáðåòàåò âèä

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

Af(s)ds+ w(t).

Çàìå÷àíèå 2.2.1. Äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òè-

ïà âèäà (2.2.1), íî ñ ñèíãóëÿðíûì ïó÷êîì ìàòðèö M̃ + λL̃ ðàçìåðà n×m

ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó àíàëîãè÷íî. Ðàçíèöà â ïðåîáðàçîâà-

íèè óðàâíåíèé ñîñòîèò ëèøü â òîì, ÷òî ïðåîáðàçîâàíèå Êðîíåêåðà-

Âåéåðøòðàññà ñèíãóëÿðíîãî ïó÷êà ìàòðèö ê êâàçèäèàãîíàëüíîìó âèäó

îïèñûâàåòñÿ ïàðîé íåâûðîæäåííûõ ìàòðèö PL è PR ðàçìåðîâ n × n è

m×m ñîîòâåòñòâåííî (ñì. [8]).

2.3. Èññëåäîâàíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ëåîíòüåâñêîãî òèïà

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà â Rn

âèäà (2.2.1), ò.å.

L̃ξ(t) = M̃

∫ t

0

ξ(s)ds+

∫ t

0

f(s)ds+Bw̃(t), 0 ≤ t ≤ T,

ãäå îáîçíà÷åíèÿ òå æå, ÷òî è â (2.2.1). Ôèçè÷åñêèé ñìûñë: f(t) � âõîäÿùèé

ñèãíàë â óñòðîéñòâî, îïèñûâàåìîå îïåðàòîðàìè L̃ è M̃ , áåëûé øóì, ò.å.

"ïðîèçâîäíàÿ" w̃(t), � ïîìåõè, B � íåêîòîðàÿ ìàòðèöà êîýôôèöèåíòîâ,

ξ(t) � ñèãíàë íà âûõîäå èç óñòðîéñòâà (ñì. [26], [27], [40]).
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Ïóñòü ïó÷îê λL̃+M̃ ðåãóëÿðåí. Âûïîëíÿÿ äëÿ ðåãóëÿðíîãî ïó÷êà ìàò-

ðèö ïðåîáðàçîâàíèå Êðîíåêåðà-Âåéåðøòðàññà (çàäàåòñÿ ïàðîé íåâûðîæ-

äåííûõ ìàòðèö (îïåðàòîðîâ) A = (aij) è AR), ïîëó÷èì êâàçèäèàãîíàëüíûå

ìàòðèöû L̃ è M̃ (ñì. [8]), ïðè÷åì, ïðè ñîîòâåòñòâóþùåé íóìåðàöèè âåêòî-

ðîâ áàçèñà, â L = AL̃AR ñíà÷àëà âäîëü ãëàâíîé äèàãîíàëè ñòîÿò æîðäà-

íîâû êëåòêè ñ íóëÿìè ïî äèàãîíàëè, à ïîñëåäíÿÿ ìàòðèöà âäîëü ãëàâíîé

äèàãîíàëè � åäèíè÷íàÿ. ÂM = AM̃AR â ñòðîêàõ, ñîîòâåòñòâóþùèõ æîðäà-

íîâûì êëåòêàì ñòîèò åäèíè÷íàÿ ìàòðèöà, à ïîñëåäíèé áëîê âäîëü ãëàâíîé

äèàãîíàëè ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ íåâûðîæäåííóþ ìàòðèöó. Ïðè-

âåäåì ìàòðèöû L è M â îáùåì ÿâíîì âèäå:

L =



0 1 0 0 0 0 . . . 0 0 0 . . . 0

0 0 1 0 0 0 . . . 0 0 0 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...

0 0 0 0 1 0 . . . 0 0 0 . . . 0

0 0 0 0 0 0 . . . 0 0 0 . . . 0

0 0 0 0 0 0 . . . 1 0 0 . . . 0

0 0 0 0 0 0 . . . 0 1 0 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...

0 0 0 0 0 0 . . . 0 0 0 . . . 0

0 0 0 0 0 0 . . . 0 1 0 . . . 0

0 0 0 0 0 0 . . . 0 0 1 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...

0 0 0 0 0 0 . . . 0 0 0 . . . 1



,
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M =



1 0 0 0 0 0 0 0 0 0 . . . 0

0 1 0 0 0 0 0 0 0 0 . . . 0

0 0 1 0 0 0 0 0 0 0 . . . 0

0 0 0 1 0 0 0 0 0 0 . . . 0

0 0 0 0 1 0 0 0 0 0 . . . 0

0 0 0 0 0 1 0 0 0 0 . . . 0

0 0 0 0 0 0 1 0 0 0 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...

0 0 0 0 0 0 0 0 an−q
n−q an−q

n−q+1 . . . an−q
n

0 0 0 0 0 0 0 0 an−q+1
n−q an−q+1

n−q+1 . . . an−q+1
n

...
...

...
...

...
...

...
...

...
...

...
...

0 0 0 0 0 0 0 0 ann−q ann−q+1 . . . ann



.

Ââåäåì â Rn íîâîå ñêàëÿðíîå ïðîèçâåäåíèå ⟨·, ·⟩ ôîðìóëîé (2.2.2). Òî-

ãäà (ñîãëàñíî ðåçóëüòàòàì ïàðàãðàôà �2.2) ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâà-

íèÿ Êðîíåêåðà-Âåéåðøòðàññà äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî

òèïà â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩ (Ñëåäñòâèå 2.2.2)

ïðèîáðåòàåò âèä (2.2.3), ò.å.

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

Af(s)ds+ w(t).

Èç âèäà (2.2.3) ïîíÿòíî (ñð. (1.1.1)), ÷òî (äëÿ ïðîñòîòû) íà÷àëüíîå

óñëîâèå äëÿ ðåøåíèÿ (2.2.3) ïðåäïîëàãàåòñÿ âèäà η(0) = 0. Ñêàæåì ñðàçó,

÷òî äëÿ ïîñòðîåííûõ íàìè íèæå ðåøåíèé ýòî óñëîâèå íå âûïîëíÿåòñÿ. Ïî-

ýòîìó ìû àïïðîêñèìèðóåì ðåøåíèÿ ïðîöåññàìè, êîòîðûå óäîâëåòâîðÿþò

ýòîìó íà÷àëüíîìó óñëîâèþ, íî ñòàíîâÿòñÿ ðåøåíèÿìè ëèøü ñ íåêîòîðî-

ãî (çàðàíåå çàäàííîãî ñêîëü óãîäíî ìàëîãî) ìîìåíòà âðåìåíè t0 > 0 (ñì.

íèæå).

Çàìå÷àíèå 2.3.1. Ïåðåïèñàâ (2.2.3) â âèäå Lη(t) − M
∫ t

0 η(s)ds −∫ t

0 Af(s)ds = w(t), ìû âèäèì, ÷òî "íàñòîÿùåå" äëÿ ïðîöåññà Lη(t) −
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M
∫ t

0 η(s)ds −
∫ t

0 Af(s)ds ñîâïàäàåò ñ "íàñòîÿùèì" äëÿ w(t). Ïîýòîìó

ïîñëåäíþþ σ-àëãåáðó ìû è áóäåì èñïîëüçîâàòü ïðè íàõîæäåíèè ïðîèç-

âîäíûõ â ñðåäíåì, ò.å. ïðèìåíÿòü ê (2.2.3) ïðîèçâîäíûå Dw, Dw
∗ èëè Dw

S .

Ó÷èòûâàÿ ñòðóêòóðó ìàòðèö L è M íåòðóäíî âèäåòü, ÷òî (2.2.3) ðàñ-

ïàäàåòñÿ íà íåñêîëüêî íåçàâèñèìûõ ñèñòåì óðàâíåíèé. Ñàìîå "íèæíåå" èç

íèõ ñîîòâåòñòâóåò åäèíè÷íîìó îòðåçêó äèàãîíàëè â L è áëîêó, ñîñòîÿùåìó

èç ìàòðèöû â ïðàâîì íèæíåì óãëó â M . Îáîçíà÷èì ïîñëåäíþþ ìàòðèöó

÷åðåç K, ÷åðåç ϑ(t) îáîçíà÷èì âåêòîð ðàçìåðíîñòè q + 1, ñîñòàâëåííûé èç

ïîñëåäíèõ q+1 êîîðäèíàò âåêòîðà η(t). Òîãäà ϑ(t) îïèñûâàåòñÿ óðàâíåíèåì

ϑ(t) = K

∫ t

0

ϑ(s)ds+

∫ t

0

Af(s)ds+ w(t), (2.3.1)

â Rq+1. Çäåñü w(t) � (q+1)-ìåðíûé âèíåðîâñêèé ïðîöåññ, ñîñòàâëåííûé èç

ïîñëåäíèõ q + 1 êîîðäèíàò âèíåðîâñêîãî ïðîöåññà â Rn, à Af(t) � (q + 1)-

ìåðíûé âåêòîð, ñîñòàâëåííûé èç ïîñëåäíèõ q + 1 êîîðäèíàò Af(t). Äëÿ

óðàâíåíèÿ (2.3.1) èçâåñòíà àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé (ñì. [20],

[33]):

ϑ(t) =

∫ t

0

eK(t−τ)Af(τ)dτ +

∫ t

0

eK(t−τ)dw(τ).

Äðóãèå ñèñòåìû ñîîòâåòñòâóþò êëåòêàì Æîðäàíà â L è åäèíè÷íûì

ìàòðèöàì ñîîòâåòñòâóþùåé ðàçìåðíîñòè, âûáðàííûì èç ñòðîê è ñòîëáöîâ

M . Ðàññìîòðèì ýòîò ñëó÷àé íà ïðèìåðå (p+1)× (p+1)-ìàòðèöû (æîðäà-

íîâîé êëåòêè) N â ëåâîì âåðõíåì óãëó L

N =



0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0


è ñîîòâåòñòâóþùåé åé åäèíè÷íîé ìàòðèöå â M . ×åðåç (Af)(p+1) îáîçíà-

÷èì (p + 1)-ìåðíûé âåêòîð, ñîñòàâëåííûé èç ïåðâûõ p + 1 êîîðäèíàò
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âåêòîðà Af(t), ÷åðåç η(p+1)(t) � (p + 1)-ìåðíûé âåêòîð ñ êîîðäèíàòàìè

(η1(t), η2(t), . . . , ηp+1(t)), ñîñòàâëåííûé èç ïåðâûõ p+ 1 êîîðäèíàò âåêòîðà

η(t), à ÷åðåç w(p+1)(t) � âåêòîð ñ êîîðäèíàòàìè (w1(t), w2(t), . . . , wp+1(t)),

ñîñòîÿùèé èç ïåðâûõ p+1 êîîðäèíàò âåêòîðà w(t). Çàìåòèì, ÷òî êîîðäèíà-

òû âåêòîðà Af èìåþò âèä (Af)i =
∑n

j=1 a
i
jf

j. Òîãäà η(p+1)(t) îïèñûâàåòñÿ

óðàâíåíèåì

Nη(p+1)(t) =

∫ t

0

(η(p+1)(s) + (Af)(p+1)(s))ds+ w(p+1)(t).

Â êîîðäèíàòíîé ôîðìå ýòî óðàâíåíèå èìååò âèä

0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0





η1(t)

η2(t)
...

ηp(t)

ηp+1(t)


=



∫ t

0 (η
1(s) +

∑n
j=1 a

1
jf

j)ds∫ t

0 (η
2(s) +

∑n
j=1 a

2
jf

j)ds
...∫ t

0 (η
p(s) +

∑n
j=1 a

p
jf

j)ds∫ t

0 (η
p+1(s) +

∑n
j=1 a

p+1
j f j)ds


+

+



w1(t)

w2(t)
...

wp(t)

wp+1(t)


. (2.3.2)

Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (2.3.2) ïîëó÷àåì, ÷òî∫ t

0

ηp+1(s)ds = −
∫ t

0

(
n∑

j=1

ap+1
j f j)ds− wp+1(t). (2.3.3)

Òàê êàê èìåííî òåêóùàÿ ñêîðîñòü (ñèììåòðè÷åñêàÿ ïðîèçâîäíàÿ â ñðåä-

íåì) ñîîòâåòñòâóåò ôèçè÷åñêîé ñêîðîñòè, èç ýòîãî óðàâíåíèÿ ïðè 0 < t < T

ìû íàõîäèì ηp+1(t) ïðèìåíåíèåì ê îáåèì ÷àñòÿì ðàâåíñòâà ïðîèçâîäíîé

Dw
S (ñì. Çàìå÷àíèå 2.3.1). Ëåãêî âèäåòü, ÷òî ïðèìåíåíèå ïðîèçâîäíûõ â

ñðåäíåì Dw è Dw
∗ (è, ñëåäîâàòåëüíî, Dw

S ) ê èíòåãðàëó â ëåâîé è ïðàâîé
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÷àñòÿõ ïðè 0 < t < T äàåò îäèíàêîâûå ðåçóëüòàòû ηp+1(t) è
∑n

j=1 a
p+1
j f j,

ñîîòâåòñòâåííî. Òàêèì îáðàçîì, ìû ïðè 0 < t < T ïîëó÷àåì, ÷òî

ηp+1(t) = −
n∑

j=1

ap+1
j f j −DSw

p+1(t) = −
n∑

j=1

ap+1
j f j − wp+1(t)

2t
. (2.3.4)

Èç ïðåäïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (2.3.2) ìû ïîëó÷àåì, ÷òî

ηp+1(t) =

∫ t

0

(ηp(s) +
n∑

j=1

apjf
j)ds+ wp(t), (2.3.5)

îòêóäà, ïðîâåäÿ ðàññóæäåíèÿ, àíàëîãè÷íî ñäåëàííûì âûøå, ïðè 0 < t < T

âûâîäèì

ηp(t) = −
n∑

j=1

apjf
j +Dw

S η
p+1(t)−Dw

Sw
p(t).

Ïîäñòàâèâ â ïîñëåäíåå ðàâåíñòâî âûðàæåíèå äëÿ ηp+1(t) èç (2.3.4) è èñ-

ïîëüçîâàâ Ëåììó 2.1.2, ïðè 0 < t < T ïîëó÷èì

ηp(t) = −
n∑

j=1

df p+1

dt
−

n∑
j=1

apjf
j +

wp+1(t)

4t2
− wp(t)

2t
. (2.3.6)

Â òî÷íîñòè àíàëîãè÷íî, äëÿ 1 ≤ i ≤ p ìû ïðè 0 < t < T ïîëó÷àåì

ðåêóðåíòíóþ ôîðìóëó

ηi(t) = Dw
S η

i+1(t)−Dw
Sw

i(t)−
n∑

j=1

aijf
j. (2.3.7)

Ñ ïîìîùüþ Ëåììû 2.1.4 ïî ôîðìóëå (2.3.7) ïðè 0 < t < T ïîëó÷àåì ÿâíîå

âûðàæåíèå äëÿ ëþáîãî ηi(t)

ηi(t) = −
p∑

k=i

(
n∑

j=1

ak+1
j

dk−i+1f j

dtk−i+1

)
−

n∑
j=1

aijf
j+

+

p+1∑
k=i+1

(
(−1)k−i+1

∏k−i
j=1(2j − 1)

2k−i+1

wk(t)

tk−i+1

)
− wj(t)

2t
. (2.3.8)

Ïåðåéäåì ê âîïðîñó î íóëåâûõ íà÷àëüíûõ óñëîâèÿõ äëÿ ðåøåíèé ñè-

ñòåìû (2.3.2). Ïðèíèìàÿ âî âíèìàíèå îïðåäåëåíèå ñèììåòðè÷åñêèõ ïðî-

èçâîäíûõ â ñðåäíåì, íåòðóäíî çàìåòèòü, ÷òî îíè êîððåêòíî îïðåäåëåíû

39



òîëüêî íà îòêðûòûõ ïðîìåæóòêàõ âðåìåíè, ïîñêîëüêó â èõ êîíñòðóêöèè

èñïîëüçîâàíû êàê ïðèðàùåíèÿ ïî âðåìåíè âïðàâî, òàê è âëåâî. Òîãäà èç

ôîðìóë (2.3.4), (2.3.6) è (2.3.8) âèäíî, ÷òî ðåøåíèÿ ηl(t) îïèñûâàþòñÿ êàê

ñóììû, â êîòîðûõ êàæäîå ñëàãàåìîå ñîäåðæèò ñîìíîæèòåëü âèäà wj(t)
tk

,

k ≥ 1. Ñëåäîâàòåëüíî, ðåøåíèÿ ñòðåìÿòñÿ ê áåñêîíå÷íîñòè ïðè t → 0, ò.å.

çíà÷åíèÿ ðåøåíèé ïðè t = 0 íå ñóùåñòâóþò. Îäèí èç âàðèàíòîâ ðàçðåøå-

íèÿ óêàçàííîé ñèòóàöèè (êàê è â [11]) ñîñòîèò â ñëåäóþùåì. Çàôèêñèðóåì

ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 ∈ (0, T ) è çàäàäèì ôóíêöèþ t0(t)

ôîðìóëîé

t0(t) =

t0, åñëè 0 ≤ t ≤ t0;

t, åñëè t0 ≤ t.
(2.3.9)

Ýëåìåíòû wj(t)
tk

â ôîðìóëaõ (2.3.4), (2.3.6) è (2.3.8) çàìåíèì íà wj(t)
(t0(t))k

. Ïî-

ëó÷åííûå ïðîöåññû â ìîìåíò âðåìåíè t = 0 áóäóò ïðèíèìàòü íóëåâûå çíà-

÷åíèÿ, îäíàêî îíè ñòàíóò ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T . Îòìåòèì, ÷òî

äëÿ äâóõ ðàçíûõ ìîìåíòîâ âðåìåíè t
(1)
0 è t

(2)
0 ïðè t ≥ max(t

(1)
0 , t

(2)
0 ) çíà÷åíèÿ

ñîîòâåòñòâóþùèõ ïðîöåññîâ ï.í. ñîâïàäàþò.

Òàêèì îáðàçîì, ìû ïîëó÷àåì

Òåîðåìà 2.3.1. Ïóñòü λL̃ + M̃ � ðåãóëÿðíûé ïó÷îê n × n-ìàòðèö,

à f(t) � äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ, 0 ≤ t ≤ T ; A è

AR � íåâûðîæäåííûå ìàòðèöû ðàçìåðà n×n, ïðèâîäÿùèå ïó÷îê λL̃+ M̃

ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà-Âåéåðøòðàññà (ò.å. ê êâàçèäèàãîíàëüíî-

ìó âèäó), L = AL̃AR è M = AM̃AR. Òîãäà: 1) óðàâíåíèå (2.2.1) òðàíñ-

ôîðìèðóåòñÿ â óðàâíåíèå (2.2.3), êîòîðîå ðàñïàäàåòñÿ íà íåçàâèñèìûå

ïîäñèñòåìû óðàâíåíèé; 2) äëÿ ïîäñèñòåìû, ñîîòâåòñòâóþùåé åäèíè÷íîé

ìàòðèöå â L è íåâûðîæäåííîé ìàòðèöå K â M , èìååò ìåñòî àíàëèòè-

÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé âèäà

ϑ(t) =

∫ t

0

eK(t−τ)Af(τ)dτ +

∫ t

0

eK(t−τ)dw(τ);
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3) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ æîðäàíîâûì êëåòêàì â L ðàçìåðà

(p + 1)× (p + 1) ñ íóëÿìè ïî ãëàâíîé äèàãîíàëè è åäèíè÷íûì ìàòðèöàì

â M , ïðè 0 < t < T èìåþò ìåñòî ôîðìóëû äëÿ ðåøåíèé âèäà

ηp+1(t) = −
n∑

j=1

ap+1
j f j −DSw

p+1(t) = −
n∑

j=1

ap+1
j f j − wp+1(t)

2t
,

ηi(t) = −
p∑

k=i

(
n∑

j=1

ak+1
j

dk−i+1f j

dtk−i+1

)
−

n∑
j=1

aijf
j+

+

p+1∑
k=i+1

(
(−1)k−i+1

∏k−i
j=1(2j − 1)

2k−i+1

wk(t)

tk−i+1

)
− wj(t)

2t
, 1 ≤ i ≤ p;

4) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíàìå-

íàòåëÿõ ïîëó÷åííûõ â ïóíêòå 3) ïðîöåññîâ çàìåíÿåì t íà t0(t) ïî ôîðìó-

ëå (2.3.9) è ïîëó÷àåì ïðîöåññû, êîòîðûå ïðè t = 0 ïðèíèìàþò íóëåâûå

çíà÷åíèÿ, íî ñòàíîâÿòñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

Çàìå÷àíèå 2.3.2. Êàê îòìå÷åíî â ðàáîòå [11], çíà÷åíèÿ ïðîèçâîä-

íûõ â ñðåäíåì ñóùåñòâåííî çàâèñÿò îò òîãî, σ-àëãåáðó "íàñòîÿùåå"

êàêîãî ïðîöåññà ìû èñïîëüçóåì. Ïðîäåìîíñòðèðóåì ýòî íà ïðèìåðå ïî-

ëó÷åííûõ âûøå ôîðìóë. Â Çàìå÷àíèè 2.3.1 ìû îáîñíîâàëè èñïîëüçîâàíèå

σ-àëãåáðû "íàñòîÿùåå" n-ìåðíîãî âèíåðîâñêîãî ïðîöåññà (ò.å. èñïîëüçî-

âàíèå ïðîèçâîäíîé Dw
S ), èñõîäÿ èç ðàññìîòðåíèÿ (2.2.3) êàê åäèíîé ñè-

ñòåìû. Îäíàêî, âîîáùå ãîâîðÿ, â óñëîâèå êîíêðåòíîé çàäà÷è ìîæåò âõî-

äèòü òðåáîâàíèå îá èñïîëüçîâàíèè êàêîé-íèáóäü äðóãîé σ-àëãåáðû. Òî-

ãäà ôîðìóëû äëÿ ðåøåíèé èçìåíÿòñÿ. Íàïðèìåð, òàê ïðîèçîéäåò åñëè

ðàññìàòðèâàòü óðàâíåíèÿ ñèñòåìû (2.3.2) ïî îòäåëüíîñòè. Óðàâíåíèå

(2.3.3) íå çàâèñèò îò äðóãèõ óðàâíåíèé ñèñòåìû (2.3.2) è ìîæåò èñ-

ñëåäîâàòüñÿ îòäåëüíî îò (2.3.2). Â ýòîì ñëó÷àå, ðàññóæäàÿ êàê â Çàìå-

÷àíèè 2.3.1, ïðèäåì ê âûâîäó, ÷òî â êîíñòðóêöèè ïðîèçâîäíûõ â ñðåä-

íåì äëÿ ïðîöåññîâ ηp+1(t) è wp+1(t) íàäî èñïîëüçîâàòü σ-àëãåáðó "íà-

ñòîÿùåå" ïðîöåññà wp+1(t). Ïåðåïèøåì çàòåì óðàâíåíèå (2.3.5) â âèäå
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ηp+1(t) −
∫ t

0 (η
p(s) −

∑n
j=1 a

p
jf

j)ds = wp(t). Âíîâü ðàññóæäàÿ àíàëîãè÷-

íî Çàìå÷àíèþ 2.3.1, ïðèõîäèì ê âûâîäó, ÷òî äëÿ ïðîèçâîäíûõ â ñðåä-

íåì ïðîöåññîâ èç ýòîãî óðàâíåíèÿ íàäî èñïîëüçîâàòü σ-àëãåáðó "íàñòîÿ-

ùåå" ïðîöåññà wp(t) è ò.ä. Êàê èçâåñòíî, êîîðäèíàòû n-ìåðíîãî ïðîöåññà

w(t) ÿâëÿþòñÿ íåçàâèñèìûìè 1-ìåðíûìè âèíåðîâñêèìè ïðîöåññàìè. Ñî-

ãëàñíî ñâîéñòâàì óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ ýòî îçíà÷àåò,

÷òî Ewi

t (wj(t)) = E(wj(t)) = 0 ïðè i ̸= j. Àíàëîã ðåêóðåíòíîé ôîðìó-

ëû (2.3.7) ïðèìåò âèä ηi(t) = Dwi

S ηi+1(t) − Dwi

S wi(t) −
∑n

j=1 a
i
jf

j. Îäíàêî

èç ñêàçàííîãî âûøå è êîíñòðóêöèè ïðîèçâîäíûõ â ñðåäíåì ñëåäóåò, ÷òî

Dwi

S ηi+1 = 0+ dsi+1(t)
dt , ãäå si+1(t) � äåòåðìèíèðîâàííîå ñëàãàåìîå èç ηi+1(t),

ò.å. ηi(t) = dsi+1(t)
dt −

∑n
j=1 a

i
jf

j − wi(t)
2t ïðè âñåõ i = 1, 2, ..., p.

2.4. Èçó÷åíèå ñèíãóëÿðíîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ëåîíòüåâñêîãî òèïà

Ñèíãóëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà � ýòî äèô-

ôåðåíöèàëüíîå óðàâíåíèå â Rn âèäà

L̃ξ(t) =

∫ t

0

M̃ξ(s)ds+

∫ t

0

f(s)ds+ w̃(t), 0 ≤ t ≤ T, (2.4.1)

ãäå M̃+λL̃ � ñèíãóëÿðíûé ïó÷îê ìàòðèö ðàçìåðà n×m, ó êîòîðîãî ñòðîêè

è ñòîëáöû íå ñâÿçàíû ëèíåéíûìè çàâèñèìîñòÿìè ñ ïîñòîÿííûìè êîýôôè-

öèåíòàìè, ξ(t) � èñêîìûé ñëó÷àéíûé ïðîöåññ, w̃(t) � âèíåðîâñêèé ïðîöåññ

â Rn, f(t) � äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ.

Äëÿ ñèíãóëÿðíîãî ïó÷êà ìàòðèö M̃ + λL̃ èìååòñÿ ïðåîáðàçîâà-

íèå Êðîíåêåðà-Âåéåðøòðàññà (îïèñûâàåòñÿ ïàðîé íåâûðîæäåííûõ ìàòðèö

(îïåðàòîðîâ) PL è PR ðàçìåðîâ n×n èm×m ñîîòâåòñòâåííî), ïðè êîòîðîì

ìàòðèöà PLM̃PR+λPLL̃PR � êâàçèäèàãîíàëüíà (ñì., íàïðèìåð, [8]) è òîãäà
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óðàâíåíèå (2.4.1) ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì

PLL̃PRP
−1
R ξ(t) =

∫ t

0

PLM̃PRP
−1
R ξ(s)ds+

∫ t

0

PLf(s)ds+ PLw̃(t).

Ïðè ñîîòâåòñòâóþùåé íóìåðàöèè âåêòîðîâ áàçèñà, â L = PLL̃PR âäîëü

ãëàâíîé äèàãîíàëè ñòîÿò â óêàçàííîì ïîðÿäêå áëîêè ñëåäóþùèõ òèïîâ:

N � æîðäàíîâû êëåòêè ñ íóëÿìè âäîëü ãëàâíîé äèàãîíàëè, E � åäèíè÷íàÿ

ìàòðèöà, A è G � ïðÿìîóãîëüíûå ìàòðèöû óêàçàííîãî íèæå âèäà (ñèí-

ãóëÿðíûå êëåòêè). Â M = PLM̃PR ñòðîêàõ, ñîîòâåòñòâóþùèõ áëîêàì L,

ñòîÿò â óêàçàííîì ïîðÿäêå òàêèå áëîêè: E � åäèíè÷íàÿ ìàòðèöà, K � íåêî-

òîðàÿ êâàäðàòíàÿ ìàòðèöà, B è H � ïðÿìîóãîëüíûå ìàòðèöû óêàçàííîãî

íèæå âèäà (ñèíãóëÿðíûå êëåòêè).

Ïðèâåäåì ìàòðèöû A è B, G è H â îáùåì ÿâíîì âèäå:

A =



0 1 0 . . . 0 0

0 0 1 . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . 1 0

0 0 0 . . . 0 1


, B =



1 0 . . . 0 0 0

0 1 . . . 0 0 0
...

... . . .
...

...
...

0 0 . . . 1 0 0

0 0 . . . 0 1 0


,

G =



0 0 . . . 0 0

1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1


, H =



1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1

0 0 . . . 0 0


.

Îáîçíà÷èì ÷åðåç P ∗
L îïåðàòîð, ñîïðÿæåííûé ñ PL, à (·, ·) � ñòàíäàðòíîå

ñêàëÿðíîå ïðîèçâåäåíèå â Rn. Êàê è â �2.2 ââåäåì â Rn íîâîå ñêàëÿðíîå

ïðîèçâåäåíèå ⟨·, ·⟩ ôîðìóëîé (2.2.2) (çäåñü C = PL). Òîãäà (ñîãëàñíî ðå-

çóëüòàòàì ïàðàãðàôà �2.2) ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Êðîíåêåðà-

Âåéåðøòðàññà ñèíãóëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî
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òèïà â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩ ïðèîáðåòàåò âèä

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

PLf(s)ds+ w(t), (2.4.2)

îòêóäà ïîíÿòíî, ÷òî (äëÿ ïðîñòîòû) íà÷àëüíîå óñëîâèå äëÿ ðåøåíèÿ (2.4.2)

ïðåäïîëàãàåòñÿ âèäà η(0) = 0.

Íåòðóäíî çàìåòèòü, ó÷èòûâàÿ êâàçèäèàãîíàëüíóþ ñòðóêòóðó ìàòðèö

L è M , ÷òî ñèñòåìà (2.4.2) ðàñïàäàåòñÿ íà íåñêîëüêî íåçàâèñèìûõ ñèñòåì

óðàâíåíèé ÷åòûðåõ òèïîâ (êàæäîé ïàðå ñîîòâåòñòâóþùèõ áëîêîâ â L è M

ñîîòâåòñòâóåò óðàâíåíèå îïðåäåëåííîãî òèïà). Îáîçíà÷èì ÷åðåç ς(t), ϑ(t),

η(t), θ(t) êîìïîíåíòû âåêòîðà η(t), ñîîòâåòñòâóþùèå ïàðàì áëîêîâ N è E,

E è K, A è B, G è H ñîîòâåòñòâåííî. Òàêæå ÷åðåç u(t), v(t), g(t), z(t) îáî-

çíà÷èì ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t). Ñîîòâåòñòâóþùèå

êîìïîíåíòû âèíåðîâñêîãî ïðîöåññà áóäóò òîæå âèíåðîâñêèìè ïðîöåññàìè è

áóäåì îáîçíà÷àòü èõ êàê è ñàì âèíåðîâñêèé ïðîöåññ ÷åðåç w(t). Èññëåäóåì

êàæäûé òèï óðàâíåíèé.

Ïàðå ìàòðèö N è E ðàçìåðà (p + 1) × (p + 1) ñîîòâåòñòâóåò ñèñòåìà

òèïà

Nς(t) =

∫ t

0

ς(s)ds+

∫ t

0

u(s)ds+ w(t).

Â êîîðäèíàòíîé ôîðìå ýòî óðàâíåíèå èìååò âèä

0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0





ς1(t)

ς2(t)
...

ςp(t)

ςp+1(t)


=



∫ t

0 (ς
1(s) + u1(s))ds∫ t

0 (ς
2(s) + u2(s))ds

...∫ t

0 (ς
p(s) + up(s))ds∫ t

0 (ς
p+1(s) + up+1(s))ds


+
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+



w1(t)

w2(t)
...

wp(t)

wp+1(t)


. (2.4.3)

Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (2.4.3) ïîëó÷àåì, ÷òî∫ t

0

(ςp+1(s) + up+1(s))ds = −wp+1(t).

Ïîñêîëüêó òåêóùàÿ ñêîðîñòü (ñèììåòðè÷åñêàÿ ïðîèçâîäíàÿ â ñðåäíåì) ñî-

îòâåòñòâóåò ôèçè÷åñêîé ñêîðîñòè, èç ýòîãî óðàâíåíèÿ (êàê è â ïðåäûäóùåì

ïàðàãðàôå) ìû ïðè 0 < t < T íàõîäèì ςp+1(t) ïðèìåíåíèåì ê îáåèì ÷àñòÿì

ïðîèçâîäíîé Dw
S . Òîãäà ïðè 0 < t < T ìû ïîëó÷àåì, ÷òî

ςp+1(t) = −up+1(t)−DSw
p+1(t) = −up+1(t)− wp+1(t)

2t
. (2.4.4)

Èç ïðåäïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (2.4.3) ìû ïîëó÷àåì, ÷òî

ςp+1(t) =

∫ t

0

(ςp(s) + up(s))ds+ wp(t),

îòêóäà, ïðîâåäÿ ðàññóæäåíèÿ, àíàëîãè÷íî ñäåëàííûì âûøå, ïðè 0 < t < T

âûâîäèì

ςp(t) = −up(t) +Dw
S ς

p+1(t)−Dw
Sw

p(t).

Ïîäñòàâèâ â ïîñëåäíåå ðàâåíñòâî âûðàæåíèå äëÿ ςp+1(t) èç (2.4.4) è èñ-

ïîëüçîâàâ Ëåììó 2.1.2, ïðè 0 < t < T ïîëó÷èì

ςp(t) = −dup+1

dt
− up(t) +

wp+1(t)

2t2
− wp(t)

2t
.

Â òî÷íîñòè àíàëîãè÷íî, äëÿ 1 ≤ i ≤ p ïðè 0 < t < T ìû ïîëó÷àåì

ðåêóðåíòíóþ ôîðìóëó

ς i(t) = Dw
S ς

i+1(t)−Dw
Sw

i(t)− ui. (2.4.5)
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Ñ ïîìîùüþ Ëåìì 2.1.3 è 2.1.4 ïî ôîðìóëå (2.4.5) ïðè 0 < t < T íåòðóäíî

ïîëó÷èòü ÿâíîå âûðàæåíèå äëÿ ëþáîãî ς i(t).

Äëÿ ïàðû ìàòðèö E è K ðàçìåðîâ (q + 1)× (q + 1) ïîëó÷àåì ñèñòåìó

â Rq+1 òèïà

ϑ(t) = K ·
∫ t

0

ϑ(s)ds+

∫ t

0

v(s)ds+ w(t). (2.4.6)

Äëÿ óðàâíåíèÿ (2.4.6) èçâåñòíà àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé (ñì.

[20], [33])

ϑ(t) =

∫ t

0

eK(t−τ)v(τ)dτ +

∫ t

0

eK(t−τ)dw(τ).

Ðàññìîòðåâ ïàðó ìàòðèö A è B ðàçìåðà l × (l + 1), ïîëó÷èì ñèñòåìó

âèäà

Aη(t) =

∫ t

0

Bη(s)ds+

∫ t

0

g(s)ds+ w(t).

Â êîîðäèíàòíîé ôîðìå ýòî óðàâíåíèå èìååò âèä

0 1 0 . . . 0 0

0 0 1 . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . 1 0

0 0 0 . . . 0 1





η1(t)

η2(t)
...

ηl(t)

ηl+1(t)


=

∫ t

0



1 0 . . . 0 0 0

0 1 . . . 0 0 0
...

... . . .
...

...

0 0 . . . 1 0 0

0 0 . . . 0 1 0





η1(s)

η2(s)
...

ηl(s)

ηl+1(s)


ds

+

∫ t

0



g1(s)

g2(s)
...

gl−1(s)

gl(s)


ds+



w1(t)

w2(t)
...

wl−1(t)

wl(t)


, (2.4.7)

ò.å.,

η2(t) =

∫ t

0

(η1(s) + g1(s))ds+ w1,

46



η3(t) =

∫ t

0

(η2(s) + g2(s))ds+ w2,

ηl+1(t) =

∫ t

0

(ηl(s) + gl(s))ds+ wl.

Ýòî îçíà÷àåò, ÷òî ìîæíî âçÿòü â êà÷åñòâå ηl+1 ïðîèçâîëüíûé ñëó÷àéíûé

ïðîöåññ íà [0, T ], ïðèíèìàþùèé ïðè t = 0 íóëåâîå çíà÷åíèå è äëÿ êîòîðîãî

ïðè 0 < t < T ìîæíî âû÷èñëèòü ñèììåòðè÷åñêóþ ïðîèçâîäíóþ ïîðÿäêà l,

à ïîòîì ðåêóðåíòíî ïîëó÷èòü âñå îñòàëüíûå êîìïîíåíòû ïðîöåññà η. Äåëî

îáñòîèò òàêèì îáðàçîì ïîòîìó, ÷òî â ñèñòåìå ÷èñëî íåèçâåñòíûõ íà åäèíèöó

áîëüøå, ÷åì ÷èñëî óðàâíåíèé, ò.å. ñèñòåìà íåäîîïðåäåëåíà. Àíàëîãè÷íî

ñëó÷àþ ïåðâîé íåçàâèñèìîé ñèñòåìû, èìåþò ìåñòî ôîðìóëû:

ηl(t) = Dw
S η

l+1 −Dw
Sw

l − gl(t) = Dw
S η

l+1 − wl(t)

2t
− gl(t), 0 < t < T ;

ηl(t) =

∫ t

0

(ηl−1(s) + gl−1(s))ds+ wl−1;

ηl−1(t) = Dw
S η

l −Dw
Sw

l−1 − gl−1(t) = D2
Sη

l+1 +
wl(t)

4t2
− wl−1

2t
− gl−1,

0 < t < T.

Òî÷íî òàêæå, äëÿ 1 ≤ i ≤ l ïðè 0 < t < T ïîëó÷àåì

ηi(t) = Dw
S η

i+1 −Dw
Sw

i(t)− gi(t). (2.4.8)

Ñ ïîìîùüþ Ëåìì 2.1.3 è 2.1.4 ïî ôîðìóëå (2.4.8) ïðè 0 < t < T íåñëîæíî

ïîëó÷èòü ÿâíîå âûðàæåíèå äëÿ ëþáîãî ηi(t).

È, íàêîíåö, äëÿ ìàòðèö G è H ðàçìåðà (k+1)×k èìååì ñèñòåìó òèïà

Gθ(t) =

∫ t

0

Hθ(s)ds+

∫ t

0

z(s)ds+ w(s).
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Â êîîðäèíàòíîé ôîðìå ïîëó÷àåì ñèñòåìó âèäà

0 0 . . . 0 0

1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1





θ1(t)

θ2(t)
...

θk−1(t)

θk(t)


=

∫ t

0



1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1

0 0 . . . 0 0





θ1(s)

θ2(s)
...

θk−1(s)

θk(s)


ds+

+

∫ t

0



z1(s)

z2(s)
...

zk(s)

zk+1(s)


ds+



w1(t)

w2(t)
...

wk(t)

wk+1(t)


(2.4.9)

èëè

0 =

∫ t

0

(θ1(s) + z1(s))ds+ w1,

θ1(t) =

∫ t

0

(θ2(s) + z2(s))ds+ w2,

θk−1(t) =

∫ t

0

(θk(s) + zk(s))ds+ wk,

θk(t) =

∫ t

0

zk+1(s)ds+ wk+1.

Íà÷èíàÿ ñ ïåðâîãî óðàâíåíèÿ, ïðè 0 < t < T ïîñëåäîâàòåëüíî ïîëó÷àåì

θ1(t) = −z1(t)−Dw
Sw

1 = −z1 − w1(t)

2t
,

θ2(t) = −z2(t) +Dw
S θ

1 −Dw
Sw

2(t) = −z2(t)− dz1(t)

dt
+

w1(t)

4t2
− w2(t)

2t
,

θk(t) = −zk(t)− dzk−1(t)

dt
− ...− dk−1z1(t)

dtk−1
−

−DSw
k(t)−D2

Sw
k−1(t)− ...−Dk

Sw
1(t),
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à òàêæå ïðè 0 < t < T óñëîâèå ñîãëàñîâàíèÿ∫ t

0

zk+1(s)ds+ wk+1(t) = −zk(t)− dzk−1(t)

dt
− ...− dk−1z1(t)

dtk−1
−

−DSw
k(t)−D2

Sw
k−1(t)− ...−Dk

Sw
1(t).

Åñëè êîìïîíåíòû zi è wi íå óäîâëåòâîðÿþò ýòîìó óñëîâèþ, òî ñèñòåìà

íå èìååò ðåøåíèé. Çäåñü ÷èñëî óðàâíåíèé íà åäèíèöó áîëüøå, ÷åì ÷èñëî

íåèçâåñòíûõ, ò.å. äàííàÿ ïîäñèñòåìà ïåðåîïðåäåëåíà. Êàê è ðàíåå, äëÿ

2 ≤ i ≤ k ïðè 0 < t < T èìååò ìåñòî ðåêóðåíòíàÿ ôîðìóëà

θi(t) = −zi(t) +Dw
S θ

i−1 −Dw
Sw

i(t).

Îòìåòèì, ÷òî âîïðîñ î íóëåâûõ íà÷àëüíûõ óñëîâèÿõ äëÿ ðåøåíèé ñè-

ñòåì (2.4.3), (2.4.7) è (2.4.9) ðåøàåòñÿ òàêæå êàê è â ïðåäûäóùåì ïàðàãðàôå

ñ èñïîëüçîâàíèåì ôóíêöèè t0(t) (ñì. (2.3.9)).

Èòàê, ñóììèðóÿ âûøå ñêàçàííîå, ìû äîêàçàëè

Òåîðåìà 2.4.1. Ïóñòü M̃ + λL̃ � ñèíãóëÿðíûé ïó÷îê ìàòðèö ðàç-

ìåðà n × m, ó êîòîðîãî ñòðîêè è ñòîëáöû íå ñâÿçàíû ëèíåéíûìè çàâè-

ñèìîñòÿìè ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, f(t) � äîñòàòî÷íî ãëàäêàÿ

n-ìåðíàÿ âåêòîð-ôóíêöèÿ, 0 ≤ t ≤ T ; PL è PR � íåâûðîæäåííûå ìàòðè-

öû ðàçìåðîâ n× n è m×m ñîîòâåòñòâåííî, ïðèâîäÿùèå ïó÷îê λL̃+ M̃

ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà-Âåéåðøòðàññà (ò.å. ê êâàçèäèàãîíàëüíî-

ìó âèäó), L = PLL̃PR è M = PLM̃PR. Òîãäà: 1) óðàâíåíèå (2.4.1) òðàíñ-

ôîðìèðóåòñÿ ê êàíîíè÷åñêîìó óðàâíåíèþ (2.4.2), êîòîðîå ðàñïàäàåòñÿ íà

íåçàâèñèìûå ïîäñèñòåìû óðàâíåíèé; 2) äëÿ ïîäñèñòåìû, ñîîòâåòñòâóþ-

ùåé åäèíè÷íîé ìàòðèöå â L è êâàäðàòíîé ìàòðèöå K â M , èìååò ìåñòî

àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé âèäà

ϑ(t) =

∫ t

0

eK(t−τ)v(τ)dτ +

∫ t

0

eK(t−τ)dw(τ),

ãäå v(t) ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t); 3) äëÿ ïîäñè-

ñòåì, ñîîòâåòñòâóþùèõ æîðäàíîâûì êëåòêàì â L ðàçìåðà (p + 1) ×
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(p+ 1) ñ íóëÿìè ïî ãëàâíîé äèàãîíàëè è åäèíè÷íûì ìàòðèöàì â M , ïðè

0 < t < T èìåþò ìåñòî ðåêóðåòíûå ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ ðåøå-

íèé âèäà

ςp+1(t) = −up+1(t)− wp+1(t)

2t
,

ς i(t) = Dw
S ς

i+1(t)−Dw
Sw

i(t)− ui,

ãäå u(t) òîæå ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t); 4) äëÿ ïîä-

ñèñòåì, ñîîòâåòñòâóþùèõ ñèíãóëÿðíûì êëåòêàì èç M + λL ðàçìåðà

l × (l + 1), ïðè 0 < t < T èìåþò ìåñòî ðåêóðåíòíûå ñîîòíîøåíèÿ äëÿ

âû÷èñëåíèÿ ðåøåíèé âèäà

ηi(t) = Dw
S η

i+1 −Dw
Sw

i(t)− gi(t),

ãäå 1 ≤ i ≤ l, g(t) � ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t), η
l+1 �

ïðîèçâîëüíûé ñëó÷àéíûé ïðîöåññ íà [0, T ], ïðèíèìàþùèé ïðè t = 0 íóëå-

âîå çíà÷åíèå è äëÿ êîòîðîãî ïðè 0 < t < T ìîæíî âû÷èñëèòü ñèììåò-

ðè÷åñêóþ ïðîèçâîäíóþ ïîðÿäêà l; 5) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ

ñèíãóëÿðíûì êëåòêàì èç M + λL ðàçìåðà (k + 1) × k, ïðè 0 < t < T

èìåþò ìåñòî ïðè âûïîëíåíèè óñëîâèé ñîãëàñîâàíèÿ∫ t

0

zk+1(s)ds+ wk+1(t) = −zk(t)− dzk−1(t)

dt
− ...− dk−1z1(t)

dtk−1
−

−wk(t)

2t
+

wk−1(t)

4t2
− ...− (−1)k−1

k−1∏
i=1

(2i− 1)

2k
w1(t)

tk

ðåêóðåíòíûå ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ ðåøåíèé âèäà

θ1(t) = −z1(t)−Dw
Sw

1 = −z1 − w1(t)

2t
,

θi(t) = −zi(t) +Dw
S θ

i−1 −Dw
Sw

i(t),

ãäå z(t) ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t); 6) çàôèêñèðîâàâ

ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíàìåíàòåëÿõ ïðîöåñ-
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ñîâ, óäîâëåòâîðÿþùèõ ïðèâåäåííûì â ïóíêòàõ 3)-5) ðåêóðåíòíûì ñîîò-

íîøåíèÿì, çàìåíÿåì t íà t0(t) ïî ôîðìóëå (2.3.9) è ïîëó÷àåì ïðîöåññû,

êîòîðûå ïðè t = 0 ïðèíèìàþò íóëåâûå çíà÷åíèÿ, íî ñòàíîâÿòñÿ ðåøå-

íèÿìè òîëüêî ïðè t0 ≤ t < T .

2.5. Ïðèìåíåíèå êàíîíè÷åñêîé ôîðìûØóðà ðåãóëÿð-

íîãî ïó÷êà ìàòðèö

Â ýòîì ïàðàãðàôå îïèøåì ïîäõîä ê èçó÷åíèþ ñèñòåìû ëåîíòüåâñêîãî òè-

ïà ñ ðåãóëÿðíûì ïó÷êîì ìàòðèö êîýôôèöèåíòîâ è åäèíè÷íîé äèôôóçè-

åé, îñíîâàííûé íà ïðèìåíåíèè ïðåîáðàçîâàíèÿ ìàòðèö êîýôôèöèåíòîâ ê

êàíîíè÷åñêîé ôîðìå Øóðà. Ñ ïðèìåíåíèåì ýòîãî ïîäõîäà íå òðåáóåòñÿ

ïðèáåãàòü ê çàìåíå ìåòðèêè ïðîñòðàíñòâà, à ôîðìóëû äëÿ ðåøåíèé òîæå

ïîëó÷àþòñÿ â òåðìèíàõ ïðîèçâîäíûõ â ñðåäíåì âèíåðîâñêîãî ïðîöåññà.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà â Rn

Ãξ(t) =

∫ t

0

B̃ξ(s)ds+

∫ t

0

f(s)ds+ w̃(t), 0 ≤ t ≤ T, (2.5.1)

ãäå ξ(t) � ñëó÷àéíûé, à f(t) � íå ñëó÷àéíûé n-ìåðíûå âåêòîðû, w̃(t) �

âèíåðîâñêèé ïðîöåññ â Rn, Ã è B̃ � n × n-ìàòðèöû, Ã âûðîæäåíà, à B̃ �

íåâûðîæäåíà. Âåêòîð-ôóíêöèÿ f(t) ïðåäïîëàãàåòñÿ äîñòàòî÷íî ãëàäêîé.

Âûïîëíèì äëÿ ðåãóëÿðíîãî ïó÷êà ìàòðèö B̃+λÃ ïðåîáðàçîâàíèå Øó-

ðà (îïèñûâàåòñÿ ïàðîé âåùåñòâåííûõ îðòîãîíàëüíûõ ìàòðèöû QL è QR

(ñì., íàïðèìåð, [13])). Òîãäà óðàâíåíèå (2.5.1) ïðåîáðàçóåòñÿ ñëåäóþùèì

îáðàçîì

QLÃQRQ
−1
R ξ(t) =

∫ t

0

QLB̃QRQ
−1
R ξ(s)ds+

∫ t

0

QLf(s)ds+QLw̃(t)

èëè â íîâûõ îáîçíà÷åíèÿõ ïðèìåò âèä

Aη(t) =

∫ t

0

Bη(s)ds+

∫ t

0

g(s)ds+ w(t), (2.5.2)

51



ãäå A = QLÃQR � âåðõíÿÿ êâàçèòðåóãîëüíàÿ ìàòðèöà, B = QLB̃QR �

âåðõíåòðåóãîëüíàÿ ìàòðèöà, w(t) = QLw̃(t) � âèíåðîâñêèé ïðîöåññ, η(t) =

Q−1
R ξ(t), QLf(t) = g(t). Ïðîíóìåðîâàâ âåêòîðà áàçèñà ñîîòâåòñòâóþùèì

îáðàçîì, â A ñíà÷àëà âäîëü ãëàâíîé äèàãîíàëè ñòîÿò áëîêè ðàçìåðà 2× 2,

ïîòîì íåâûðîæäåííûå áëîêè ðàçìåðà 1 × 1, à çàòåì âûðîæäåííûå áëîêè

ðàçìåðà 1 × 1. Îòìåòèì, ÷òî èç âèäà (2.5.2) ïîíÿòíî, ÷òî (äëÿ ïðîñòîòû)

íà÷àëüíîå óñëîâèå äëÿ ðåøåíèÿ (2.5.2) ïðåäïîëàãàåòñÿ âèäà η(0) = 0.

Â ñîîòâåòñòâèè ñ êàíîíè÷åñêîé ôîðìîé Øóðà, óðàâíåíèå (2.5.2) ðàñ-

ïàäàåòñÿ íà äèôôåðåíöèàëüíûå óðàâíåíèÿ ñëåäóþùèõ òèïîâ. Äëÿ ñòðîê

A c áëîêàìè ðàçìåðà 2× 2 ïîëó÷àåì ïîäñèñòåìó èç ïàðû óðàâíåíèé

aiiη
i(t) + ai,i+1η

i+1(t) + ai,i+2η
i+2 + . . .+ ainη

n =

=

∫ t

0

(biiη
i(s) + bi,i+1η

i+1(s) + . . .+ binη
n(s))ds+

∫ t

0

gi(s)ds+ wi(t),

ai+1,iη
i(t) + ai+1,i+1η

i+1(t) + ai+1,i+2η
i+2 + . . .+ ai+1,nη

n =

=

∫ t

0

(bi+1,i+1η
i+1(s) + bi+1,i+2η

i+2(s) + . . .+ bi+1,nη
n(s))ds+

+

∫ t

0

gi+1(s)ds+ wi+1(t).

Â ìàòðè÷íîé ôîðìå â íîâûõ îáîçíà÷åíèÿõ ýòà ïîäñèñòåìà óðàâíåíèé ïðè-

íèìàåò âèä

η̄(t) + χ(t) =

∫ t

0

Kη̄(s)ds+

∫ t

0

θ(s)ds+

∫ t

0

ḡ(s)ds+ Λw̄(t),

ãäå

η̄ =

 ηi

ηi+1

 , Bii =

bii bi,i+1

0 bi+1,i+1

 , Λ =

 aii ai,i+1

ai+1,i ai+1,i+1

−1

,

χ = Λ

 ai,i+2 · · · ain

ai+1,i+2 · · · ai+1,n

(ηi+2 . . . ηn
)T

,

θ(t) = Λ

 bi,i+2 · · · bin

bi+1,i+2 · · · bi+1,n

(ηi+2 . . . ηn
)T

,
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ḡ = Λ

 gi

gi+1

 , w̄ =

 wi

wi+1

 , K = ΛBii.

Äëÿ ýòîé ïîäñèñòåìû óðàâíåíèé èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà äëÿ

ðåøåíèé (ñì. [20], [33])

η̄(t) =

∫ t

0

eK(t−τ)Λdw̄τ +

∫ t

0

eK(t−τ) (θ(τ) + ḡ(τ)−Kχ(τ)) dτ − χ(t).

Äëÿ ñòðîê A ñ áëîêàìè ðàçìåðà 1× 1 ïîëó÷àåì óðàâíåíèÿ

ajjη
j(t) + aj,j+1η

j+1(t) + . . .+ ajnη
n(t) =

=

∫ t

0

(bjjη
j(s) + bj,j+1η

j+1(s) + . . .+ bjnη
n(s))ds+

∫ t

0

gj(s)ds+ wj(t).

Äëÿ òàêîãî òèïà óðàâíåíèé òîæå åñòü àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé

(ñì. [20], [33])

ηj(t) =

∫ t

0

e
bjj
ajj

(t−u) 1

ajj
dwj

u +

∫ t

0

e
bjj
ajj

(t−u)
[
1

ajj
gj(u) +

bj,j+1

ajj
ηj+1(u)+

+ . . .+
bjn
ajj

ηn(u)− bjj
a2jj

(aj,j+1η
j+1(u) + . . .+ ajnη

n(u))]du−

−aj,j+1

ajj
ηj+1 − . . .− ajn

ajj
ηn.

Ïîñëåäíèå n−m+1 êîìïîíåíò ïðîöåññà η, ñîîòâåòñòâóþùèå ñòðîêàìA

ñ íóëåâûìè äèàãîíàëüíûìè áëîêàìè, ñîáåðåì â îäíî ìàòðè÷íîå óðàâíåíèå
0 am,m+1 am,m+2 . . . amn

0 0 am+1,m+2 . . . am+1,n

...
...

... . . . ...

0 0 0 . . . 0




ηm(t)

ηm+1(t)
...

ηn(t)

 =

=

∫ t

0


bmm bm,m+1 . . . bmn

0 bm+1,m+1 . . . bm+1,n

...
... . . .

...

0 0 . . . bnn




ηm(s)

ηm+1(s)
...

ηn(s)

 ds+
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+

∫ t

0


gm(s)

gm+1(s)
...

gn(s)

 ds+


wm(t)

wm+1(t)
...

wn(t)

 . (2.5.3)

Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (2.5.3) ïîëó÷àåì, ÷òî∫ t

0

bnnη
n(s)ds = −

∫ t

0

gn(s)ds− wn(t).

Ïðèìåíÿÿ (êàê è â �2.3) ê îáåèì ÷àñòÿì ýòîãî óðàâíåíèÿ ñèììåòðè÷åñêóþ

ïðîèçâîäíóþ â ñðåäíåì Dw
S (òåêóùóþ ñêîðîñòü), ìû ïðè 0 < t < T íàõî-

äèì ηn(t). Òîãäà â ñîîòâåòñòâèè ñî Ñëåäñòâèåì 2.1.1, ìû ïðè 0 < t < T

ïîëó÷àåì, ÷òî

ηn(t) = − 1

bnn
gn(t)− 1

bnn
DSw

n(t) = − 1

bnn
gn(t)− 1

bnn

wn(t)

2t
. (2.5.4)

Èç ïðåäïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (2.5.3) ìû ïîëó÷àåì, ÷òî

an−1,nη
n =

∫ t

0

(bn−1,n−1η
n−1(s) + bn−1,nη

n(s))ds+

∫ t

0

gn−1(s)ds+ wn−1(t),

îòêóäà, ïðîâåäÿ ðàññóæäåíèÿ, àíàëîãè÷íî ñäåëàííûì âûøå, ïðè 0 < t < T

âûâîäèì

ηn−1(t) =
an−1,n

bn−1,n−1
DSη

n − bn−1,n

bn−1,n−1
ηn−

− 1

bn−1,n−1
gn−1(t)− 1

bn−1,n−1
DSw

n−1(t).

Ïîäñòàâëÿÿ â ïîñëåäíåå ðàâåíñòâî âûðàæåíèå äëÿ ηn(t) è èñïîëüçîâàâ Ëåì-

ìó 2.1.2, ïðè 0 < t < T ïîëó÷àåì

ηn−1(t) = − an−1,n

bnnbn−1,n−1

dgn(t)

dt
+

an−1,n

bnnbn−1,n−1

wn(t)

4t2
+

+
bn−1,n

bnnbn−1,n−1
gn(t) +

bn−1,n

bnnbn−1,n−1

wn(t)

2t
−

− 1

bn−1,n−1
gn−1(t)− 1

bn−1,n−1

wn−1(t)

2t
.
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Â òî÷íîñòè àíàëîãè÷íî, äëÿ m ≤ l ≤ n − 1 ïðè 0 < t < T ïîëó÷àåì

ôîðìóëó äëÿ îïðåäåëåíèÿ ηl(t)

DS(al,l+1η
l+1 + al,l+2η

l+2 + . . .+ alnη
n) = bllη

l + bl,l+1η
l+1 + . . .

+ bl,nη
n + gl(t) +DSw

l(t). (2.5.5)

Ñ ïîìîùüþ Ëåììû 2.1.4 è ôîðìóëû (2.5.5) ïðè 0 < t < T íåòðóäíî ïîëó-

÷èòü ÿâíîå âûðàæåíèå äëÿ ëþáîãî ηl(t).

Ïåðåéäåì ê âîïðîñó î íóëåâûõ íà÷àëüíûõ óñëîâèÿõ äëÿ ðåøåíèé ñè-

ñòåìû (2.5.3). Êàê è â ïàðàãðàôå �2.3, äëÿ âûïîëíåíèÿ íóëåâûõ íà÷àëüíûõ

óñëîâèé ìû â ïðîöåññàõ, óäîâëåòâîðÿþùèõ ðåêóðåíòíûì ñîîòíîøåíèÿì

(2.5.4) è (2.5.5), â çíàìåíàòåëÿõ t çàìåíÿåì íà t0(t), ãäå t0(t) îïðåäåëÿåòñÿ

ïî ôîðìóëå (2.3.9).

Òàêèì îáðàçîì, ìû äîêàçàëè ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 2.5.1. Ïóñòü B̃ + λÃ � ðåãóëÿðíûé ïó÷îê n × n-ìàòðèö,

à f(t) � äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ, 0 ≤ t ≤ T ; QL

è QR � âåùåñòâåííûå îðòîãîíàëüíûå ìàòðèöû ðàçìåðà n × n, ïðåîáðà-

çóþùèå ïó÷îê B̃ + λÃ ê îáîáùåííîé âåùåñòâåííîé êàíîíè÷åñêîé ôîðìå

Øóðà (ò.å. ìàòðèöà A = QLÃQR � âåðõíÿÿ êâàçèòðåóãîëüíàÿ, â êîòîðîé

ñíà÷àëà âäîëü ãëàâíîé äèàãîíàëè ñòîÿò íåâûðîæäåííûå áëîêè, à ïîòîì

âûðîæäåííûå, à ìàòðèöà B = QLB̃QR � âåðõíåòðåóãîëüíàÿ). Òîãäà:

1) óðàâíåíèå (2.5.1) ïðåîáðàçóåòñÿ â óðàâíåíèå (2.5.2), êîòîðîå ðàñïàäà-

åòñÿ íà íåçàâèñèìûå ïîäñèñòåìû óðàâíåíèé; 2) äëÿ ïîäñèñòåì, ñîîòâåò-

ñòâóþùèõ ñòðîêàì A ñ íåâûðîæäåííûìè áëîêàìè ðàçìåðà 2× 2, èìååò

ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé âèäà

η̄(t) =

∫ t

0

eK(t−τ)Λdw̄τ +

∫ t

0

eK(t−τ) (θ(τ) + ḡ(τ)−Kχ(τ)) dτ − χ(t),

ãäå η̄ =

 ηi

ηi+1

 , Bii =

bii bi,i+1

0 bi+1,i+1

 , Λ =

 aii ai,i+1

ai+1,i ai+1,i+1

−1

,
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χ = Λ

 ai,i+2 · · · ain

ai+1,i+2 · · · ai+1,n

(ηi+2 . . . ηn
)T

,

θ(t) = Λ

 bi,i+2 · · · bin

bi+1,i+2 · · · bi+1,n

(ηi+2 . . . ηn
)T

,

ḡ = Λ

 gi

gi+1

 , w̄ =

 wi

wi+1

 , K = ΛBii;

3) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ ñòðîêàì A ñ íåâûðîæäåííûìè áëî-

êàìè ðàçìåðà 1 × 1, èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé

âèäà

ηj(t) =

∫ t

0

e
bjj
ajj

(t−u) 1

ajj
dwj

u +

∫ t

0

e
bjj
ajj

(t−u)
[
1

ajj
gj(u) +

bj,j+1

ajj
ηj+1(u)+

+ . . .+
bjn
ajj

ηn(u)− bjj
a2jj

(aj,j+1η
j+1(u) + . . .+ ajnη

n(u))]du−

−aj,j+1

ajj
ηj+1 − . . .− ajn

ajj
ηn;

4) äëÿ óðàâíåíèé, ñîîòâåòñòâóþùèõ n−m+1 ñòðîêàì A ñ âûðîæäåííû-

ìè áëîêàìè ðàçìåðà 1×1, îáðàçóþùèõ ïîäñèñòåìó èç ïîñëåäíèõ n−m+1

óðàâíåíèé ñèñòåìû (2.5.2), ïðè 0 < t < T èìåþò ìåñòî ðåêóðåíòíûå ñî-

îòíîøåíèÿ äëÿ âû÷èñëåíèÿ ðåøåíèé âèäà

ηn(t) = − 1

bnn
gn(t)− 1

bnn
DSw

n(t) = − 1

bnn
gn(t)− 1

bnn

wn(t)

2t
,

DS(al,l+1η
l+1 + al,l+2η

l+2 + . . .+ alnη
n) = bllη

l + bl,l+1η
l+1 + . . .

+bl,nη
n + gl(t) +DSw

l(t),

ãäå m ≤ l ≤ n− 1; 5) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè

t0 > 0, ìû â çíàìåíàòåëÿõ ïðîöåññîâ, óäîâëåòâîðÿþùèõ ïðèâåäåííûì â

ïóíêòå 4) ðåêóðåíòíûì ñîîòíîøåíèÿì, çàìåíÿåì t íà t0(t) ïî ôîðìó-

ëå (2.3.9) è ïîëó÷àåì ïðîöåññû, êîòîðûå ïðè t = 0 ïðèíèìàþò íóëåâûå

çíà÷åíèÿ, íî ñòàíîâÿòñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .
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Ãëàâà III.

Ñëó÷àé ñ èìïóëüñíûìè âîçäåéñòâèÿìè

3.1. Èçó÷åíèå äèôôåðåíöèàëüíûõ óðàâíåíèé ëåîí-

òüåâñêîãî òèïà

Â [6] îïèñûâàåòñÿ ìîäåëü äèíàìèêè n-ìåðíîãî âåêòîðà ξ(t) îñíîâíûõ ïðî-

èçâîäñòâåííûõ ôîíäîâ êîðïîðàöèè èç n ïðåäïðèÿòèé ñ ó÷åòîì âëèÿíèÿ

èìïóëüñíûõ âíåøíèõ èíâåñòèöèé ïðè êîðïîðàòèâíîì èñïîëüçîâàíèè ðå-

èíâåñòèðîâàííûõ ñðåäñòâ ïðåäïðèÿòèé. Ïîëó÷åííîå óðàâíåíèå äèíàìèêè

îêàçàëîñü íå ðàçðåøåííûì îòíîñèòåëüíî ïðîèçâîäíîé ξ́(t). Â ðàáîòàõ [43],

[7], â îòëè÷èå îò [6], ó÷èòûâàþòñÿ ñëó÷àéíûå âîçìóùåíèÿ ïðè ïîñòóïëåíèè

âíåøíèõ èíâåñòèöèé è âëèÿíèå ñëó÷àéíîé îêðóæàþùåé ñðåäû íà äèíàìè-

êó îñíîâíûõ ôîíäîâ. Â ðåçóëüòàòå äèíàìèêà îñíîâíûõ ïðîèçâîäñòâåííûõ

ôîíäîâ îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ëåîíòüåâñêîãî òèïà

ñ èìïóëüñíûìè âîçäåéñòâèÿìè

dL̃ξ(t) = M̃ξ(t)dt+ f(t)dt+ dBζ(t) + Λdw̃(t), 0 ≤ t ≤ T,

ãäå L̃, M̃ , B, Λ � n×n-ìàòðèöû, ïðè÷åì L̃ âûðîæäåíà, à M̃ è Λ � íåâûðîæ-

äåíû; M̃+λL̃ � ðåãóëÿðíûé ïó÷îê ìàòðèö; ξ(t) � n-ìåðíûé ñëó÷àéíûé ïðî-

öåññ; f(t) � äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ; ζ(t) � n-ìåðíûé

ïðîöåññ ñêà÷êîâ; w̃(t) � n-ìåðíûé âèíåðîâñêèé ïðîöåñc. Ýêîíîìè÷åñêèé
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ñìûñë: âåêòîð ξ(t) îïèñûâàåò äèíàìèêó îñíîâíûõ ïðîèçâîäñòâåííûõ ôîí-

äîâ êîðïîðàöèè èç n ïðåäïðèÿòèé; âåêòîðà f(t) è ζ(t) îòâå÷àþò âíåøíèì

íåïðåðûâíûì è èìïóëüñíûì èíâåñòèöèÿì, âëîæåííûì â êàæäîå ïðåäïðè-

ÿòèå; áåëûé øóì, ò.å. "ïðîèçâîäíàÿ" w̃(t), îòâå÷àåò ñëó÷àéíûì âîçìóùå-

íèÿì ïðè ïîñòóïëåíèè âíåøíèõ èíâåñòèöèé è âëèÿíèþ ñëó÷àéíîé îêðóæà-

þùåé ñðåäû íà äèíàìèêó îñíîâíûõ ôîíäîâ; ìàòðèöà L̃ îòðàæàåò êîðïîðà-

òèâíîå èñïîëüçîâàíèå èíäèâèäóàëüíûõ ñðåäñòâ íàêîïëåíèÿ ïðåäïðèÿòèé;

ýëåìåíòû ìàòðèöû M̃ çàâèñÿò îò ïðèáûëè è ôîíäîîòäà÷è ïðåäïðèÿòèé.

Ñèòóàöèÿ ñ îáðàòèìîñòüþ M̃ âîçíèêàåò, êîãäà êàæäîå ïðåäïðèÿòèå íà-

ïðàâëÿåò íà äðóãèå ïðåäïðèÿòèÿ çíà÷èòåëüíî ìåíüøóþ äîëþ ñâîåé ÷èñòîé

ïðèáûëè íà ðåèíâåñòèðîâàíèå è ïîãàøåíèå äîëãîâ, ÷åì îñòàâëÿåò ñåáå äëÿ

ýòèõ æå öåëåé.

Îñîáåííîñòü óðàâíåíèé ëåîíòüåâñêîãî òèïà, êàê âèäíî èç ïðåäûäóùèõ

ïàðàãðàôîâ, ïðåäïîëàãàåò ðàññìàòðèâàòü ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ

îò ïðàâîé ÷àñòè (â òîì ÷èñëå è âèíåðîâñêîãî ïðîöåññà). Â ðàáîòå [43] íà

êîýôôèöèåíòû óðàâíåíèÿ ââîäÿòñÿ îãðàíè÷åíèÿ, ïîçâîëÿþùèå íå ïðèìå-

íÿòü "ïðîèçâîäíûå" âèíåðîâñêîãî ïðîöåññà. Çäåñü ìû ïðîâîäèì èññëåäî-

âàíèå óðàâíåíèÿ, êîòîðîå íå èñïîëüçóåò ýòè îãðàíè÷åíèÿ.

Èòàê, êàê óæå ñêàçàíî âûøå, äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâ-

ñêîãî òèïà ñ èìïóëüñíûìè âîçäåéñòâèÿìè � ýòî äèôôåðåíöèàëüíîå óðàâ-

íåíèå â Rn âèäà

L̃ξ(t) =

∫ t

0

M̃ξ(s)ds+

∫ t

0

f(s)ds+Bζ(t) + Λw̃(t), 0 ≤ t ≤ T. (3.1.1)

Çäåñü ïðîöåññ ñêà÷êîâ ζ(t) = ζ(t, ω) çàäàåòñÿ ñëåäóþùèì îáðàçîì

ζ(t, ω) =
N∑
k=1

ζ̃k(ω)χ(t− tk), 0 < t1 < · · · < tN < T,

ãäå χ � ôóíêöèÿ Õåâèñàéäà, ðàâíàÿ íóëþ äëÿ îòðèöàòåëüíûõ çíà÷åíèé

àðãóìåíòà è åäèíèöå äëÿ íåîòðèöàòåëüíûõ, ζ̃k(ω) � ñëó÷àéíûå âåëè÷èíû
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ñî çíà÷åíèÿìè â Rn. Èç âèäà (3.1.1) ïîíÿòíî, ÷òî (äëÿ ïðîñòîòû) íà÷àëüíîå

óñëîâèå äëÿ ðåøåíèÿ (3.1.1) ïðåäïîëàãàåòñÿ âèäà

ξ(0, ω) = 0. (3.1.2)

Ôîðìóëû äëÿ ðåøåíèé çàäà÷è (3.1.1), (3.1.2) áóäåì èñêàòü ñðåäè ñëó-

÷àéíûõ ïðîöåññîâ ξ(t, ω), êîòîðûå óäîâëåòâîðÿþò (â òîì ñìûñëå êàê îïè-

ñûâàåòñÿ íèæå) äèôôåðåíöèàëüíûì óðàâíåíèÿì

L̃ξ(t)− L̃ξ(0) = M̃

∫ t

0

ξ(s)ds+

∫ t

0

f(s)ds+ Λw̃(t), 0 ≤ t ≤ t1,

L̃ξ(t)− L̃ξ(tk) = M̃

∫ t

tk

ξ(s)ds+

∫ t

tk

f(s)ds+ Λw̃(t), tk ≤ t ≤ tk+1,

L̃ξ(t)− L̃ξ(tN) = M̃

∫ t

tN

ξ(s)ds+

∫ t

tN

f(s)ds+ Λw̃(t), tN ≤ t ≤ T,

ïðè âñåõ k = 1, 2, . . . , N − 1, â òî÷êàõ tk óäîâëåòâîðÿþò ðàâåíñòâàì

L̃ξ(tk + 0, ω)− L̃ξ(tk − 0, ω) = Bζ̃k(ω), k = 1, 2, . . . , N,

è â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 óäîâëåòâîðÿþò íà÷àëüíîìó óñëîâèþ

(3.1.2).

Èòàê, ïðîöåññ ξ(t) äëÿ ðåøåíèÿ çàäà÷è (3.1.1), (3.1.2) îïðåäåëÿåòñÿ ïî-

ñëåäîâàòåëüíî äëÿ k = 0, 1, . . . , N ÷åðåç ñëó÷àéíûå ïðîöåññû ξk(t), êîòîðûå

óäîâëåòâîðÿþò óðàâíåíèÿì

L̃ξ0(t)− L̃ξ0(0) = M̃

∫ t

0

ξ0(s)ds+

∫ t

0

f(s)ds+ Λw̃(t), 0 ≤ t ≤ t1, (k = 0),

L̃ξk(t)− L̃ξk(tk) = M̃

∫ t

tk

ξk(s)ds+

∫ t

tk

f(s)ds+ Λw̃(t), tk ≤ t ≤ tk+1,

L̃ξN(t)− L̃ξN(tN) = M̃

∫ t

tN

ξN(s)ds+

∫ t

tN

f(s)ds+ Λw̃(t), tN ≤ t ≤ T,

k = 1, 2, . . . , N − 1, ãäå

ξ0(0) = 0, L̃ξk(tk) = L̃ξk−1(tk, ω) +Bζ̃k(ω), k = 1, . . . , N.
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Êàê íåòðóäíî âèäåòü, óðàâíåíèå (3.1.1) â îáùåé ôîðìå íåóäîáíî äëÿ

èçó÷åíèÿ, ïîýòîìó ïðèâåäåì åãî ê íåêîòîðîìó êàíîíè÷åñêîìó âèäó, èñïîëü-

çóÿ ïðè ýòîì ìåòîä, ïîëó÷åííûé â ïàðàãðàôå �2.2 äëÿ óðàâíåíèé áåç èì-

ïóëüñíûõ âîçäåéñòâèé. Äëÿ ðåãóëÿðíîãî ïó÷êà ìàòðèö ñóùåñòâóåò ïðåîá-

ðàçîâàíèå Êðîíåêåðà-Âåéåðøòðàññà (îïèñûâàåòñÿ ïàðîé íåâûðîæäåííûõ

ìàòðèö (îïåðàòîðîâ) A = (aij) è AR), ïðè êîòîðîì ìàòðèöû L̃ è M̃ ïðèâî-

äÿòñÿ ê êâàçèäèàãîíàëüíîìó âèäó (ñì. [8]), ïðè÷åì, ïðè ñîîòâåòñòâóþùåé

íóìåðàöèè âåêòîðîâ áàçèñà, L = AL̃AR èM = AM̃AR èìåþò òàêîé æå âèä

êàê è â ïàðàãðàôå �2.3.

Òàêèì îáðàçîì, ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Êðîíåêåðà-

Âåéåðøòðàññà, óðàâíåíèå (3.1.1) ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

Af(s)ds+ ABζ(t) + Cw̃(t),

ãäå C = AΛ, η(t) = A−1
R ξ(t).

Êàê è â �2.2 ââåäåì â Rn íîâîå ñêàëÿðíîå ïðîèçâåäåíèå ⟨·, ·⟩ ôîðìó-

ëîé (2.2.2). Òîãäà (ñîãëàñíî ðåçóëüòàòàì ïàðàãðàôà �2.2) ïîñëå ïðèìåíå-

íèÿ ïðåîáðàçîâàíèÿ Êðîíåêåðà-Âåéåðøòðàññà äèôôåðåíöèàëüíîå óðàâíå-

íèå ëåîíòüåâñêîãî òèïà â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì

⟨·, ·⟩ ïðèîáðåòàåò âèä

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

Af(s)ds+ ABζ(t) + w(t), (3.1.3)

η(0) = 0. (3.1.4)

Òîãäà, ó÷èòûâàÿ ñêàçàíîå âûøå, ôîðìóëû äëÿ ðåøåíèé η(t) çàäà÷è (3.1.3),

(3.1.4) îïðåäåëÿåòñÿ ïîñëåäîâàòåëüíî äëÿ k = 0, 1, . . . , N ÷åðåç ñëó÷àéíûå

ïðîöåññû ηk(t), êîòîðûå óäîâëåòâîðÿþò óðàâíåíèÿì

Lη0(t)− Lη0(0) =

∫ t

0

Mη0(s)ds+

∫ t

0

Af(s)ds+ w(t), 0 ≤ t ≤ t1, (3.1.5)
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Lηk(t)− Lηk(tk) =

∫ t

tk

Mηk(s)ds+

∫ t

tk

Af(s)ds+ w(t), tk ≤ t ≤ tk+1,

(3.1.6)

LηN(t)− LηN(tN) =

∫ t

tN

MηN(s)ds+

∫ t

tN

Af(s)ds+ w(t), tN ≤ t ≤ T,

(3.1.7)

k = 1, . . . , N − 1, ãäå

η0(0) = 0, Lηk(tk) = Lηk−1(tk, ω) +Gζ̃k(ω), k = 1, . . . , N (3.1.8)

è G = AB. Êàê áûëî îòìå÷åíî âûøå, äëÿ ïîñòðîåíèÿ ïðîöåññà, îïèñûâà-

þùåãî ìîäåëü, çàäàííóþ óðàâíåíèÿìè (3.1.5), (3.1.6) è (3.1.7), íóæíû ïðî-

èçâîäíûå ñâîáîäíûõ ÷ëåíîâ (âêëþ÷àÿ âèíåðîâñêèé ïðîöåññ). Ïðîèçâîäíûå

âèíåðîâñêîãî ïðîöåññà ñóùåñòâóþò òîëüêî â ñìûñëå îáîáùåííûõ ôóíêöèé.

Ïîýòîìó ÷òîáû èçáåæàòü èñïîëüçîâàíèÿ îáîáùåííûõ ôóíêöèé, ìû äëÿ ïî-

ñòðîåíèÿ ïðîöåññà, îïèñûâàþùåãî ìîäåëü, çàäàííóþ (3.1.5), (3.1.6) è (3.1.7)

áóäåì èñïîëüçîâàòü ñèììåòðè÷åñêèå ïðîèçâîäíûå â ñðåäíåì (òåêóùèå ñêî-

ðîñòè) Dw
S äëÿ ñëó÷àéíûõ ïðîöåññîâ.

Ïðèíèìàÿ âî âíèìàíèå ñòðóêòóðó ìàòðèö L è M , íåòðóäíî âèäåòü,

÷òî çàäà÷è (3.1.3), (3.1.4) è (3.1.5), (3.1.6), (3.1.7), (3.1.8) ðàñïàäàþòñÿ íà

íåñêîëüêî íåçàâèñèìûõ ñèñòåì óðàâíåíèé. Ñàìîå "íèæíåå" èç íèõ ñîîò-

âåòñòâóåò åäèíè÷íîìó îòðåçêó â äèàãîíàëè â L è áëîêó, ñîñòîÿùåìó èç

ìàòðèöû â ïðàâîì íèæíåì óãëó â M . Îáîçíà÷èì ïîñëåäíþþ ìàòðèöó ÷å-

ðåç K, ÷åðåç ϑ(t) îáîçíà÷èì âåêòîð ðàçìåðíîñòè q + 1, ñîñòàâëåííûé èç

ïîñëåäíèõ q + 1 êîîðäèíàò âåêòîðà η(t). Òîãäà ϑk(t) îïèñûâàåòñÿ óðàâíå-

íèåì

ϑk(t)− ϑk(tk) = K

∫ t

tk

ϑk(s)ds+

∫ t

tk

Af(s)ds+ w(t), (3.1.9)

tk ≤ t ≤ tk+1, k = 1, 2, ..., N − 1
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â Rq+1. Çäåñü w(t) � (q+1)-ìåðíûé âèíåðîâñêèé ïðîöåññ, ñîñòàâëåííûé èç

ïîñëåäíèõ q + 1 êîîðäèíàò âèíåðîâñêîãî ïðîöåññà â Rn, Af(t) � (q + 1)-

ìåðíûé âåêòîð, ñîñòàâëåííûé èç ïîñëåäíèõ q+1 êîîðäèíàò âåêòîðà Af(t).

Äëÿ óðàâíåíèÿ (3.1.9) èçâåñòíà àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé (ñì.

[20], [33]):

ϑk(t) = eK(t−tk)ϑk(tk) +

∫ t

tk

eK(t−τ)Af(τ)dτ +

∫ t

tk

eK(t−τ)dw(τ).

Îòìåòèì, ÷òî äëÿ óðàâíåíèé âèäà (3.1.9), çàäàííûõ íà ïðîìåæóòêàõ [0, t1]

è [tN , T ], èìåþò ìåñòî àíàëîãè÷íûå ôîðìóëû äëÿ ðåøåíèé. Ñóììèðóÿ âñå

ϑk(t), ïîëó÷àåì âûðàæåíèå äëÿ ϑ(t)

ϑ(t) =
N∑
k=1

eK(t−tk)Gζ̃k(ω)χ(t− tk) +

∫ t

0

eK(t−τ)Af(τ)dτ +

∫ t

0

eK(t−τ)dw(τ),

ãäå Gζ̃k(ω) � (q + 1)-ìåðíûé âåêòîð, ñîñòàâëåííûé èç ïîñëåäíèõ q + 1 êî-

îðäèíàò âåêòîðà Gζ̃k(ω).

Äðóãèå ñèñòåìû ñîîòâåòñòâóþò êëåòêàì Æîðäàíà â L è åäèíè÷íûì

ìàòðèöàì ñîîòâåòñòâóþùåé ðàçìåðíîñòè, âûáðàííûì èç ñòðîê è ñòîëáöîâ

M . Ðàññìîòðèì ýòîò ñëó÷àé íà ïðèìåðå (p+ 1)× (p+ 1) ìàòðèöû (æîðäà-

íîâîé êëåòêè) N â ëåâîì âåðõíåì óãëó L

N =



0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0


è ñîîòâåòñòâóþùåé åé åäèíè÷íîé ìàòðèöå â M . ×åðåç (Af)(p+1) îáîçíà÷èì

(p + 1)-ìåðíûé âåêòîð, ñîñòàâëåííûé èç ïåðâûõ p + 1 êîîðäèíàò âåêòîðà

Af(t), ÷åðåç η(p+1)(t) � (p+1)-ìåðíûé âåêòîð, ñîñòàâëåííûé èç ïåðâûõ p+1

êîîðäèíàò âåêòîðà η(t), à ÷åðåç w(p+1)(t) âåêòîð, ñîñòîÿùèé èç ïåðâûõ p+1
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êîîðäèíàò âåêòîðà w(t). Ëåãêî âèäåòü, ÷òî êîîðäèíàòû âåêòîðà Af èìåþò

âèä (Af)i =
∑n

j=1 a
i
jf

j. Òîãäà (ηk)(p+1)(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

N(ηk)(p+1)(t)−N(ηk)(p+1)(tk) =

∫ t

tk

((ηk)(p+1)(s) + (Af)(p+1)(s))ds+ w(p+1)(t),

(3.1.10)

tk ≤ t ≤ tk+1, k = 1, 2, ..., N − 1.

Â êîîðäèíàòíîé ôîðìå ýòî óðàâíåíèå èìååò âèä:

0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0





(ηk)
1(t)

(ηk)
2(t)
...

(ηk)
p(t)

(ηk)
p+1(t)


−



0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0





(ηk)
1(tk)

(ηk)
2(tk)
...

(ηk)
p(tk)

(ηk)
p+1(tk)


=

=



∫ t

tk
(η1k(s) +

∑n
j=1 a

1
jf

j)ds∫ t

tk
(η2k(s) +

∑n
j=1 a

2
jf

j)ds
...∫ t

tk
(ηpk(s) +

∑n
j=1 a

p
jf

j)ds∫ t

tk
(ηp+1

k (s) +
∑n

j=1 a
p+1
j f j)ds


+



w1(t)

w2(t)
...

wp(t)

wp+1(t)


, (3.1.11)

ãäå k = 1, 2, ..., N − 1. Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (3.1.11) ïîëó÷àåì,

÷òî ∫ t

tk

(ηp+1
k (s) +

n∑
j=1

ap+1
j f j)ds = −wp+1(t).

Âçÿâ (êàê è â �2.3) ñèììåòðè÷åñêóþ ïðîèçâîäíóþ â ñðåäíåì (òåêóùóþ ñêî-

ðîñòü) Dw
S îò îáåèõ ÷àñòåé ýòîãî óðàâíåíèÿ, ìû ïîëó÷àåì

(ηk)
p+1(t) = −

n∑
j=1

ap+1
j f j −DSw

p+1(t) = −
n∑

j=1

ap+1
j f j − wp+1(t)

2t
, (3.1.12)
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k = 1, 2, ..., N − 1. Èç ïðåäïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (3.1.11) ìû ïîëó-

÷àåì, ÷òî

ηp+1
k (t)− ηp+1

k (tk) =

∫ t

tk

(ηp(s) +
n∑

j=1

apjf
j)ds+ wp(t),

îòêóäà, ïðîâåäÿ ðàññóæäåíèÿ, àíàëîãè÷íî ñäåëàííûì âûøå, âûâîäèì

ηpk(t) = −
n∑

j=1

apjf
j +Dw

S η
p+1
k (t)−Dw

Sw
p(t).

Ïîäñòàâèâ â ïîñëåäíåå ðàâåíñòâî âûðàæåíèå äëÿ ηp+1
k (t) èç (3.1.12) è èñ-

ïîëüçîâàâ Ëåììó 2.1.3, ïîëó÷èì

ηpk(t) = −
n∑

j=1

ap+1
j

df j

dt
−

n∑
j=1

apjf
j +

wp+1(t)

2t2
− wp(t)

2t
.

Â òî÷íîñòè àíàëîãè÷íî, äëÿ 1 ≤ i ≤ p ìû ïîëó÷àåì ðåêóðåíòíóþ

ôîðìóëó

ηik(t) = Dw
S η

i+1
k (t)−Dw

Sw
i(t)−

n∑
j=1

aijf
j. (3.1.13)

Ñ ïîìîùüþ Ëåììû 2.1.4 ïî ôîðìóëå (3.1.13) ïîëó÷àåì ÿâíîå âûðàæåíèå

äëÿ ëþáîãî ηik(t):

ηik(t) = −
p∑

k=i

(
n∑

j=1

ak+1
j

dk−i+1f j

dtk−i+1

)
−

n∑
j=1

aijf
j+

+

p+1∑
k=i+1

(
(−1)k−i+1

∏k−i
j=1(2j − 1)

2k−i+1

wk(t)

tk−i+1

)
− wj(t)

2t
.

Çàìåòèì, ÷òî äëÿ óðàâíåíèé âèäà (3.1.10), çàäàííûõ íà ïðîìåæóòêàõ [0, t1]

è [tN , T ], èìåþò ìåñòî ïðè 0 < t ≤ t1 è tN ≤ t < T ñîîòâåòñòâåííî àíàëî-

ãè÷íûå ôîðìóëû äëÿ ðåøåíèé. Ïðè ýòîì, íàéäåííûå ïðîöåññû óäîâëåòâî-

ðÿþò óñëîâèÿì (3.1.8) â òîì ñëó÷àå, êîãäà êîìïîíåíòû ñëó÷àéíîé âåëè÷èíû

Gζ̃k(ω), ñîîòâåòñòâóþùèå æîðäàíîâûì êëåòêàì ñ íóëÿìè ïî ãëàâíîé äèà-

ãîíàëè â L, ðàâíû íóëþ.
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Èòàê, ñ ó÷åòîì âûøå ñêàçàííîãî, ïðè 0 < t < T ïîëó÷àåì ôîðìóëû

äëÿ η(p+1)(t):

ηp+1(t) = −
n∑

j=1

ap+1
j f j − wp+1(t)

2t
,

ηi(t) = −
p∑

k=i

(
n∑

j=1

ak+1
j

dk−i+1f j

dtk−i+1

)
−

n∑
j=1

aijf
j+

+

p+1∑
k=i+1

(
(−1)k−i+1

∏k−i
j=1(2j − 1)

2k−i+1

wk(t)

tk−i+1

)
− wj(t)

2t
.

Âîïðîñ î íóëåâûõ íà÷àëüíûõ óñëîâèÿõ (ïðè k = 0) äëÿ ðåøåíèé ñè-

ñòåìû âèäà (3.1.10), çàäàííîé íà ïðîìåæóòêå [0, t1], ðåøàåòñÿ ñïîñîáîì,

îïèñàííûì â êîíöå �2.3.

Òàêèì îáðàçîì, ñóììèðóÿ âûøå ñêàçàííîå, ìû äîêàçàëè ñëåäóþùåå

óòâåðæäåíèå

Òåîðåìà 3.1.1. Ïóñòü λL̃+M̃ � ðåãóëÿðíûé ïó÷îê n×n-ìàòðèö, B �

n × n-ìàòðèöà, à f(t) � äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ,

0 ≤ t ≤ T ; ïóñòü 0 < t1 < · · · < tN < T ; A è AR � íåâûðîæäåííûå

ìàòðèöû ðàçìåðà n×n, ïðèâîäÿùèå ïó÷îê λL̃+M̃ ê êàíîíè÷åñêîé ôîðìå

Êðîíåêåðà-Âåéåðøòðàññà (ò.å. ê êâàçèäèàãîíàëüíîìó âèäó), L = AL̃AR è

M = AM̃AR, G = AB; ïóñòü ζ̃k(ω), k = 1, 2, . . . , N � ñëó÷àéíûå âåëè÷èíû

ñî çíà÷åíèÿìè â Rn, òàêèå, ÷òî êîìïîíåíòû ñëó÷àéíîé âåëè÷èíû Gζ̃k(ω),

ñîîòâåòñòâóþùèå æîðäàíîâûì êëåòêàì ñ íóëÿìè ïî ãëàâíîé äèàãîíàëè

â L, ðàâíû íóëþ; ïóñòü ζ(t, ω) =
∑N

k=1 ζ̃k(ω)χ(t − tk), ãäå χ � ôóíêöèÿ

Õåâèñàéäà, ðàâíàÿ íóëþ äëÿ îòðèöàòåëüíûõ çíà÷åíèé àðãóìåíòà è åäè-

íèöå äëÿ íåîòðèöàòåëüíûõ. Òîãäà: 1) óðàâíåíèå (3.1.1) ïðåîáðàçóåòñÿ â

êàíîíè÷åñêîå óðàâíåíèå (3.1.3), êîòîðîå ðàñïàäàåòñÿ íà íåçàâèñèìûå ïîä-

ñèñòåìû óðàâíåíèé; 2) äëÿ ïîäñèñòåìû â Rq+1, ñîîòâåòñòâóþùåé åäè-

íè÷íîé ìàòðèöå â L è íåâûðîæäåííîé (q + 1) × (q + 1) � ìàòðèöå K â
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M , èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé âèäà

ϑ(t) =
N∑
k=1

eK(t−tk)Gζ̃k(ω)χ(t− tk) +

∫ t

0

eK(t−τ)Af(τ)dτ +

∫ t

0

eK(t−τ)dw(τ),

ãäå Gζ̃k(ω), Af(t) � ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðîâ Gζ̃k(ω)),

Af(t), ïðèíàäëåæàùèå Rq+1; 3) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ æîð-

äàíîâûì êëåòêàì â L ðàçìåðà (p+1)× (p+1) ñ íóëÿìè ïî ãëàâíîé äèàãî-

íàëè è åäèíè÷íûì ìàòðèöàì â M , ïðè 0 < t < T èìåþò ìåñòî ôîðìóëû

äëÿ ðåøåíèé âèäà

ηp+1(t) = −
n∑

j=1

ap+1
j f j −DSw

p+1(t) = −
n∑

j=1

ap+1
j f j − wp+1(t)

2t
,

ηi(t) = −
p∑

k=i

(
n∑

j=1

ak+1
j

dk−i+1f j

dtk−i+1

)
−

n∑
j=1

aijf
j+

+

p+1∑
k=i+1

(
(−1)k−i+1

∏k−i
j=1(2j − 1)

2k−i+1

wk(t)

tk−i+1

)
− wj(t)

2t
, 1 ≤ i ≤ p;

4) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíàìå-

íàòåëÿõ ïîëó÷åííûõ â ïóíêòå 3) ïðîöåññîâ çàìåíÿåì t íà t0(t) ïî ôîðìóëå

(2.3.9) è ïîëó÷àåì ïðîöåññû, ïðèíèìàþùèå ïðè t = 0 íóëåâûå çíà÷åíèÿ,

íî ÿâëÿþùèåñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

3.2. Ñèíãóëÿðíûå äèôôôåðåíöèàëüíûå óðàâíåíèÿ

ëåîíòüåâñêîãî òèïà

Cèíãóëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà ñ èìïóëüñ-

íûìè âîçäåéñòâèÿìè � ýòî äèôôåðåíöèàëüíîå óðàâíåíèå â Rn âèäà

L̃ξ(t) =

∫ t

0

M̃ξ(s)ds+

∫ t

0

f(s)ds+ Sζ(t) + Λw̃(t), 0 ≤ t ≤ T, (3.2.1)

ãäå M̃+λL̃ � ñèíãóëÿðíûé ïó÷îê ìàòðèö ðàçìåðà n×m, ó êîòîðîãî ñòðîêè

è ñòîëáöû íå ñâÿçàíû ëèíåéíûìè çàâèñèìîñòÿìè ñ ïîñòîÿííûìè êîýôôè-

öèåíòàìè; ξ(t) � èñêîìûé ñëó÷àéíûé ïðîöåññ; w̃(t) � âèíåðîâñêèé ïðîöåñc â
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Rn; Λ � íåâûðîæäåííàÿ ìàòðèöà ðàçìåðà n×n; f(t) � äîñòàòî÷íî ãëàäêàÿ

n-ìåðíàÿ âåêòîð-ôóíêöèÿ; ζ(t) � n-ìåðíûé ïðîöåññ ñêà÷êîâ; S � n × n-

ìàòðèöà. Êðîìå ýòîãî, çäåñü ïðîöåññ ñêà÷êîâ ζ(t) = ζ(t, ω) çàäàåòñÿ ñëåäó-

þùèì îáðàçîì

ζ(t, ω) =
N∑
k=1

ζ̃k(ω)χ(t− tk), 0 < t1 < · · · < tN < T,

ãäå χ � ôóíêöèÿ Õåâèñàéäà, ðàâíàÿ íóëþ äëÿ îòðèöàòåëüíûõ çíà÷åíèé

àðãóìåíòà è åäèíèöå äëÿ íåîòðèöàòåëüíûõ, ζ̃k(ω) � ñëó÷àéíûå âåëè÷èíû

ñî çíà÷åíèÿìè â Rn. Èç âèäà (3.2.1) ïîíÿòíî, ÷òî (äëÿ ïðîñòîòû) íà÷àëüíîå

óñëîâèå äëÿ ðåøåíèÿ (3.2.1) ïðåäïîëàãàåòñÿ âèäà

ξ(0, ω) = 0. (3.2.2)

Îòìåòèì, ÷òî â [43] ðàññìàòðèâàëîñü äèôôåðåíöèàëüíîå óðàâíåíèå

ëåîíòüåâñêîãî òèïà ñ ðåãóëÿðíûì ïó÷êîì ìàòðèö êîýôôèöèåíòîâ.

Ôîðìóëû äëÿ ðåøåíèé çàäà÷è (3.2.1), (3.2.2) áóäåì èñêàòü ñðåäè ñëó-

÷àéíûõ ïðîöåññîâ ξ(t, ω), êîòîðûå óäîâëåòâîðÿþò (â òîì ñìûñëå êàê îïè-

ñûâàåòñÿ íèæå) äèôôåðåíöèàëüíûì óðàâíåíèÿì

L̃ξ(t)− L̃ξ(0) = M̃

∫ t

0

ξk(s)ds+

∫ t

0

f(s)ds+ Λw̃(t), 0 ≤ t ≤ t1,

L̃ξ(t)− L̃ξ(tk) = M̃

∫ t

tk

ξ(s)ds+

∫ t

tk

f(s)ds+ Λw̃(t), tk ≤ t ≤ tk+1,

L̃ξ(t)− L̃ξ(tN) = M̃

∫ t

tN

ξ(s)ds+

∫ t

tN

f(s)ds+ Λw̃(t), tN ≤ t ≤ T,

ïðè âñåõ k = 1, 2, . . . , N − 1, â òî÷êàõ tk óäîâëåòâîðÿþò ðàâåíñòâàì

L̃ξ(tk + 0, ω)− L̃ξ(tk − 0, ω) = Sζ̃k(ω), k = 1, 2, . . . , N

è â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 óäîâëåòâîðÿþò íà÷àëüíîìó óñëîâèþ

(3.2.2).
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Òàêèì îáðàçîì, ïðîöåññ ξ(t) äëÿ ðåøåíèÿ çàäà÷è (3.2.1), (3.2.2) îïðå-

äåëÿåòñÿ ïîñëåäîâàòåëüíî äëÿ k = 0, 1, . . . , N ÷åðåç ñëó÷àéíûå ïðîöåññû

ξk(t), êîòîðûå óäîâëåòâîðÿþò óðàâíåíèÿì

L̃ξ0(t)− L̃ξ0(0) = M̃

∫ t

0

ξ0(s)ds+

∫ t

0

f(s)ds+ Λw̃(t), 0 ≤ t ≤ t1, (k = 0),

L̃ξk(t)− L̃ξk(tk) = M̃

∫ t

tk

ξk(s)ds+

∫ t

tk

f(s)ds+ Λw̃(t), tk ≤ t ≤ tk+1,

L̃ξN(t)− L̃ξN(tN) = M̃

∫ t

tN

ξN(s)ds+

∫ t

tN

f(s)ds+ Λw̃(t), tN ≤ t ≤ T,

k = 1, 2, . . . , N − 1, ãäå

ξ0(0) = 0, L̃ξk(tk) = L̃ξk−1(tk, ω) + Sζ̃k(ω), k = 1, . . . , N.

Êàê è â ïðåäûäóùåì ïàðàãðàôå ïðèâåäåì óðàâíåíèå (3.2.1) ê êàíîíè-

÷åñêîìó âèäó, ïðèìåíèâ ïðè ýòîì ìåòîä, ïîëó÷åííûé â ïàðàãðàôå �2.2 äëÿ

óðàâíåíèé ëåîíòüåâñêîãî òèïà áåç ïðîöåññà ñêà÷êîâ â ïðàâîé ÷àñòè. Âûïîë-

íèâ äëÿ ñèíãóëÿðíîãî ïó÷êà ìàòðèö M̃ + λL̃ ïðåîáðàçîâàíèå Êðîíåêåðà-

Âåéåðøòðàññà (îïèñûâàåòñÿ ïàðîé íåâûðîæäåííûõ ìàòðèö (îïåðàòîðîâ)

PL è PR ðàçìåðîâ n × n è m × m ñîîòâåòñòâåííî), ïîëó÷èì êâàçèäèàãî-

íàëüíóþ ìàòðèöó PLM̃PR + λPLL̃PR (ñì. [8]) è òîãäà óðàâíåíèå (3.2.1)

ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì

PLL̃PRη(t) =

∫ t

0

PLM̃PRη(s)ds+

∫ t

0

PLf(s)ds+ PLSζ(t) + Cw̃(t),

ãäå C = PLΛ, η(t) = P−1
R ξ(t). Ïðè ñîîòâåòñòâóþùåé íóìåðàöèè âåêòîðîâ

áàçèñà, L = PLL̃PR è M = PLM̃PR èìåþò âèä, îïèñàííûé â �2.4.

Êàê è â �2.2 ââåäåì â Rn íîâîå ñêàëÿðíîå ïðîèçâåäåíèå ⟨·, ·⟩ ôîðìó-

ëîé (2.2.2). Òîãäà (ñîãëàñíî ðåçóëüòàòàì ïàðàãðàôà �2.2) ïîñëå ïðèìåíå-

íèÿ ïðåîáðàçîâàíèÿ Êðîíåêåðà-Âåéåðøòðàññà äèôôåðåíöèàëüíîå óðàâíå-

íèå ëåîíòüåâñêîãî òèïà â ïðîñòðàíñòâå Rn ñî ñêàëÿðíûì ïðîèçâåäåíèåì
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⟨·, ·⟩ ïðèîáðåòàåò âèä

Lη(t) =

∫ t

0

Mη(s)ds+

∫ t

0

PLf(s)ds+ PLSζ(t) + w(t), (3.2.3)

η(0) = 0. (3.2.4)

Òîãäà, ó÷èòûâàÿ ñêàçàíîå âûøå, ôîðìóëû äëÿ ðåøåíèé η(t) çàäà÷è (3.2.3),

(3.2.4) îïðåäåëÿåòñÿ ïîñëåäîâàòåëüíî äëÿ k = 0, 1, . . . , N ÷åðåç ñëó÷àéíûå

ïðîöåññû ηk(t), êîòîðûå óäîâëåòâîðÿþò óðàâíåíèÿì

Lη0(t)− Lη0(0) =

∫ t

0

Mη0(s)ds+

∫ t

0

PLf(s)ds+ w(t), 0 ≤ t ≤ t1, (3.2.5)

Lηk(t)− Lηk(tk) =

∫ t

tk

Mηk(s)ds+

∫ t

tk

PLf(s)ds+ w(t), tk ≤ t ≤ tk+1,

(3.2.6)

LηN(t)− LηN(tN) =

∫ t

tN

MηN(s)ds+

∫ t

tN

PLf(s)ds+ w(t), tN ≤ t ≤ T,

(3.2.7)

k = 1, 2, . . . , N − 1, ãäå

η0(0) = 0, Lηk(tk) = Lηk−1(tk, ω) +Qζ̃k(ω), k = 1, . . . , N (3.2.8)

è Q = PLS. Êàê è â ïðåäûäóùåì ïàðàãðàôå, äëÿ ïîñòðîåíèÿ ïðîöåññà,

îïèñûâàþùåãî ìîäåëü, çàäàííóþ (3.2.5), (3.2.6) è (3.2.7) áóäåì èñïîëüçî-

âàòü ñèììåòðè÷åñêèå ïðîèçâîäíûå â ñðåäíåì (òåêóùèå ñêîðîñòè) Dw
S äëÿ

ñëó÷àéíûõ ïðîöåññîâ.

Ïðèíèìàÿ âî âíèìàíèå ñòðóêòóðó ìàòðèö L è M , íåòðóäíî çàìåòèòü,

÷òî çàäà÷è (3.2.3), (3.2.4) è, ñëåäîâàòåëüíî, (3.2.5), (3.2.6), (3.2.7), (3.2.8)

ðàñïàäàþòñÿ íà íåñêîëüêî íåçàâèñèìûõ ñèñòåì óðàâíåíèé ÷åòûðåõ òèïîâ

(êàæäîé ïàðå ñîîòâåòñòâóþùèõ áëîêîâ â L è M ñîîòâåòñòâóåò óðàâíåíèå

îïðåäåëåííîãî òèïà). Êàê è â ïàðàãðàôå �2.4 îáîçíà÷èì ÷åðåç ς(t), ϑ(t),

η(t), θ(t) êîìïîíåíòû âåêòîðà η(t), ñîîòâåòñòâóþùèå ïàðàì áëîêîâ N è E,

E è K, A è B, G è H ñîîòâåòñòâåííî. Òàêæå ÷åðåç u(t), v(t), g(t), z(t) îáî-

çíà÷èì ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t). Ñîîòâåòñòâóþùèå
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êîìïîíåíòû âèíåðîâñêîãî ïðîöåññà áóäóò òîæå âèíåðîâñêèìè ïðîöåññàìè

è áóäåì îáîçíà÷àòü èõ êàê è ñàì âèíåðîâñêèé ïðîöåññ ÷åðåç w(t). Èçó÷èì

êàæäûé òèï óðàâíåíèé.

Ïàðå ìàòðèö N è E ðàçìåðà (p + 1) × (p + 1) ñîîòâåòñòâóåò ñèñòåìà

òèïà

Nςk(t)−Nςk(tk) =

∫ t

tk

ςk(s)ds+

∫ t

tk

u(s)ds+ w(t), (3.2.9)

tk ≤ t ≤ tk+1, k = 1, 2, ..., N − 1.

Â êîîðäèíàòíîé ôîðìå ýòî óðàâíåíèå èìååò âèä

0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0





ς1k(t)

ς2k(t)
...

ςpk(t)

ςp+1
k (t)


−



0 1 0 . . . 0

0 0 1 . . . 0
...

...
... . . .

...

0 0 0 . . . 1

0 0 0 . . . 0





ς1k(tk)

ς2k(tk)
...

ςpk(tk)

ςp+1
k (tk)


=

=



∫ t

tk
(ς1k(s) + u1(s))ds∫ t

tk
(ς2k(s) + u2(s))ds

...∫ t

tk
(ςpk(s) + up(s))ds∫ t

tk
(ςp+1

k (s) + up+1(s))ds


+



w1(t)

w2(t)
...

wp(t)

wp+1(t)


. (3.2.10)

Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (3.2.10) ïîëó÷àåì, ÷òî∫ t

tk

(ςp+1
k (s) + up+1(s))ds = −wp+1(t).

Òîãäà èç ýòîãî óðàâíåíèÿ (êàê è â �2.3) ìû íàõîäèì ςp+1
k (t) ïðèìåíåíèåì ê

îáåèì åãî ÷àñòÿì ïðîèçâîäíîé Dw
S (òåêóùåé ñêîðîñòè)

ςp+1
k (t) = −up+1(t)−DSw

p+1(t) = −up+1(t)− wp+1(t)

2t
. (3.2.11)
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Èç ïðåäïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (3.2.10) ìû ïîëó÷àåì, ÷òî

ςp+1
k (t) =

∫ t

tk

(ςpk(s) + up(s))ds+ wp(t),

îòêóäà, ïðîâåäÿ ðàññóæäåíèÿ, àíàëîãè÷íî ñäåëàííûì âûøå, âûâîäèì

ςpk(t) = −up(t) +Dw
S ς

p+1
k (t)−Dw

Sw
p(t).

Ïîäñòàâèâ â ïîñëåäíåå ðàâåíñòâî âûðàæåíèå äëÿ ςp+1
k (t) èç (3.2.11) è èñ-

ïîëüçîâàâ Ëåììó 2.1.2, ïðè ïîëó÷èì

ςpk(t) = −dup+1

dt
− up(t) +

wp+1(t)

2t2
− wp(t)

2t
.

Â òî÷íîñòè àíàëîãè÷íî, äëÿ 1 ≤ i ≤ p ìû ïîëó÷àåì ðåêóðåíòíóþ

ôîðìóëó

ς ik(t) = Dw
S ς

i+1
k (t)−Dw

Sw
i(t)− ui. (3.2.12)

Ñ ïîìîùüþ Ëåììû 2.1.4 ïî ôîðìóëå (3.2.12) íåòðóäíî ïîëó÷èòü ÿâíîå âû-

ðàæåíèå äëÿ ëþáîãî ς ik(t). Îòìåòèì, ÷òî äëÿ óðàâíåíèé âèäà (3.2.9), çà-

äàííûõ íà ïðîìåæóòêàõ [0, t1] è [tN , T ], ñïðàâåäëèâû ïðè 0 < t ≤ t1 è

tN ≤ t < T ñîîòâåòñòâåííî àíàëîãè÷íûå ôîðìóëû äëÿ ðåøåíèé. Ïðè ýòîì,

ïðîöåññû, óäîâëåòâîðÿþùèå íàéäåííîé ðåêóðåíòíîé ôîðìóëå, óäîâëåòâî-

ðÿþò îãðàíè÷åíèÿì (3.2.8) â òîì ñëó÷àå, åñëè êîìïîíåíòû ñëó÷àéíîé âåëè-

÷èíû Qζ̃k(ω), ñîîòâåòñòâóþùèå æîðäàíîâûì êëåòêàì ñ íóëÿìè ïî ãëàâíîé

äèàãîíàëè â L, ðàâíû íóëþ. Ñòàëî áûòü, êîìïîíåíòû ïðîöåññà ς i(t) ïðè

0 < t < T íàõîäÿòñÿ èç ñëåäóþùèõ ñîîòíîøåíèé

ςp+1(t) = −up+1(t)−DSw
p+1(t) = −up+1(t)− wp+1(t)

2t
,

ς i(t) = Dw
S ς

i+1(t)−Dw
Sw

i(t)− ui, i = 1, 2, ..., p.

Äëÿ ïàðû ìàòðèö E è K ðàçìåðîâ (q + 1)× (q + 1) ïîëó÷àåì ñèñòåìó

â Rq+1 òèïà

ϑk(t)− ϑk(tk) = K

∫ t

tk

ϑk(s)ds+

∫ t

tk

v(s)ds+ w(t), (3.2.13)

tk ≤ t ≤ tk+1, k = 1, 2, ..., N − 1.
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Äëÿ ýòîãî óðàâíåíèÿ èçâåñòíà àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé (ñì.

[20], [33])

ϑk(t) = eK(t−tk)ϑk(tk) +

∫ t

tk

eK(t−τ)v(τ)dτ +

∫ t

tk

eK(t−τ)dw(τ).

Äëÿ óðàâíåíèÿ âèäà (3.2.13), çàäàííûõ íà ïðîìåæóòêàõ [0, t1] è [tN , T ],

ñïðàâåäëèâû àíàëîãè÷íûå ôîðìóëû äëÿ ðåøåíèé. Ñóììèðóÿ âñå ϑk(t), ïî-

ëó÷àåì âûðàæåíèå äëÿ ϑ(t)

ϑ(t) =
N∑
k=1

eK(t−tk)Qζ̃k(ω)χ(t− tk) +

∫ t

0

eK(t−τ)v(τ)dτ +

∫ t

0

eK(t−τ)dw(τ),

ãäå èç ïðîèçâåäåíèÿ Qζ̃k(ω) áåðóòñÿ òîëüêî ýëåìåíòû èç Rq+1.

Ðàññìîòðåâ ïàðó ìàòðèö A è B ðàçìåðà l × (l + 1), ïîëó÷èì ñèñòåìó

âèäà

Aηk(t)− Aηk(tk) =

∫ t

tk

Bηk(s)ds+

∫ t

tk

g(s)ds+ w(t), (3.2.14)

tk ≤ t ≤ tk+1, k = 1, 2, ..., N − 1.

Â êîîðäèíàòíîé ôîðìå ýòî óðàâíåíèå èìååò âèä

0 1 0 . . . 0 0

0 0 1 . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . 1 0

0 0 0 . . . 0 1





η1k(t)

η2k(t)
...

ηlk(t)

ηl+1
k (t)


−



0 1 0 . . . 0 0

0 0 1 . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . 1 0

0 0 0 . . . 0 1





η1k(tk)

η2k(tk)
...

ηlk(tk)

ηl+1
k (tk)


=

=

∫ t

tk



1 0 . . . 0 0 0

0 1 . . . 0 0 0
...

... . . .
...

...

0 0 . . . 1 0 0

0 0 . . . 0 1 0





η1k(s)

η2k(s)
...

ηlk(s)

ηl+1
k (s)


ds+
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+

∫ t

tk



g1(s)

g2(s)
...

gl−1(s)

gl(s)


ds+



w1(t)

w2(t)
...

wl−1(t)

wl(t)


,

ò.å.,

η2k(t)− η2k(tk) =

∫ t

tk

(η1k(s) + g1(s))ds+ w1,

η3k(t)− η3k(tk) =

∫ t

tk

(η2k(s) + g2(s))ds+ w2,

ηl+1
k (t)− ηl+1

k (tk) =

∫ t

tk

(ηlk(s) + gl(s))ds+ wl.

Êàê è â ñëó÷àå ïåðâîé íåçàâèñèìîé ñèñòåìû, èìåþò ìåñòî ôîðìóëû:

ηlk(t) = Dw
S η

l+1
k −Dw

Sw
l − gl(t) = Dw

S η
l+1
k − wl(t)

2t
− gl(t),

ηlk(t) =

∫ t

tk

(ηl−1
k (s) + gl−1(s))ds+ wl−1,

ηl−1
k (t) = Dw

S η
l
k −Dw

Sw
l−1 − gl−1(t) = D2

Sη
l+1
k +

wl(t)

4t2
− wl−1

2t
− gl−1.

Òî÷íî òàêæå, äëÿ 1 ≤ i ≤ l ïîëó÷àåì

ηik(t) = Dw
S η

i+1
k −Dw

Sw
i(t)− gi(t). (3.2.15)

Íåòðóäíî çàìåòèòü, ÷òî äëÿ óðàâíåíèé âèäà (3.2.14), çàäàííûõ íà ïðîìå-

æóòêàõ [0, t1] è [tN , T ], èìåþò ìåñòî ïðè 0 < t ≤ t1 è tN ≤ t < T ñîîò-

âåòñòâåííî àíàëîãè÷íûå ôîðìóëû äëÿ ðåøåíèé. Êàê è â �2.4 â êà÷åñòâå

ηl+1 áåðåòñÿ ïðîèçâîëüíûé ñëó÷àéíûé ïðîöåññ íà [0, T ], ïðèíèìàþùèé ïðè

t = 0 íóëåâîå çíà÷åíèå è äëÿ êîòîðîãî ïðè 0 < t < T ìîæíî âû÷èñ-

ëèòü ñèììåòðè÷åñêóþ ïðîèçâîäíóþ ïîðÿäêà l. Ñ ïîìîùüþ Ëåììû 2.1.4 ïî

ôîðìóëå (3.2.15) íåñëîæíî ïîëó÷èòü ÿâíîå âûðàæåíèå äëÿ ëþáîãî ηik(t),

k = 0, 1, 2, ..., N . Ïðè ýòîì, ïðîöåññû, óäîâëåòâîðÿþùèå íàéäåííîìó ðåêó-

ðåíòíîìó ñîîòíîøåíèþ, óäîâëåòâîðÿþò îãðàíè÷åíèÿì (3.2.8) â òîì ñëó÷àå,
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êîãäà êîìïîíåíòû ñëó÷àéíîé âåëè÷èíû Qζ̃k(ω), ñîîòâåòñòâóþùèå ñèíãó-

ëÿðíûì êëåòêàì A è B, ðàâíû íóëþ. Òàêèì îáðàçîì, äëÿ âû÷èñëåíèÿ η(t)

ïðè 0 < t < T èìååò ìåñòî ôîðìóëà

ηi(t) = Dw
S η

i+1 −Dw
Sw

i(t)− gi(t).

È, íàêîíåö, äëÿ ìàòðèö G è H ðàçìåðà (r+1)× r èìååì ñèñòåìó òèïà

Gθk(t)−Gθk(tk) =

∫ t

tk

Hθk(s)ds+

∫ t

tk

z(s)ds+ w(s), (3.2.16)

tk ≤ t ≤ tk+1, k = 1, 2, ..., N − 1.

Â êîîðäèíàòíîé ôîðìå ïîëó÷àåì ñèñòåìó âèäà

0 0 . . . 0 0

1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1





θ1k(t)

θ2k(t)
...

θr−1
k (t)

θrk(t)


−



0 0 . . . 0 0

1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1





θ1k(tk)

θ2k(tk)
...

θr−1
k (tk)

θrk(tk)


=

∫ t

tk



1 0 . . . 0 0

0 1 . . . 0 0
...

... . . .
...

...

0 0 . . . 1 0

0 0 . . . 0 1

0 0 . . . 0 0





θ1k(s)

θ2k(s)
...

θr−1
k (s)

θrk(s)


ds+

∫ t

tk



z1(s)

z2(s)
...

zr(s)

zr+1(s)


ds+



w1(t)

w2(t)
...

wr(t)

wr+1(t)


èëè

0 =

∫ t

tk

(θ1k(s) + z1(s))ds+ w1,

θ1k(t)− θ1k(tk) =

∫ t

tk

(θ2k(s) + z2(s))ds+ w2,
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θr−1
k (t)− θr−1

k (tk) =

∫ t

tk

(θrk(s) + zr(s))ds+ wr,

θrk(t)− θrk(tk) =

∫ t

tk

zr+1(s)ds+ wr+1.

Íà÷èíàÿ ñ ïåðâîãî óðàâíåíèÿ, ïîñëåäîâàòåëüíî ïîëó÷àåì

θ1k(t) = −z1(t)−Dw
Sw

1 = −z1 − w1(t)

2t
,

θ2k(t) = −z2(t) +Dw
S θ

1
k −Dw

Sw
2(t) = −z2(t)− dz1(t)

dt
+

w1(t)

4t2
− w2(t)

2t
,

θrk(t) = −zr(t)− dzr−1(t)

dt
− ...− dr−1z1(t)

dtr−1
−

−DSw
r(t)−D2

Sw
r−1(t)− ...−Dr

Sw
1(t),

à òàêæå óñëîâèå ñîãëàñîâàíèÿ

θrk(tk) +

∫ t

tk

zr+1(s)ds+ wr+1(t) = −zr(t)− dzr−1(t)

dt
− ...− dr−1z1(t)

dtr−1
−

−DSw
r(t)−D2

Sw
r−1(t)− ...−Dr

Sw
1(t), tk ≤ t ≤ tk+1.

Åñëè êîìïîíåíòû zi è wi íå óäîâëåòâîðÿþò ýòîìó óñëîâèþ, òî ñèñòåìà

íå èìååò ðåøåíèé. Çäåñü ÷èñëî óðàâíåíèé íà åäèíèöó áîëüøå, ÷åì ÷èñëî

íåèçâåñòíûõ, ò.å. äàííàÿ ïîäñèñòåìà ïåðåîïðåäåëåíà. Êàê è ðàíåå, äëÿ

2 ≤ i ≤ r èìååò ìåñòî ðåêóðåíòíàÿ ôîðìóëà

θik(t) = −zi(t) +Dw
S θ

i−1
k −Dw

Sw
i(t). (3.2.17)

Ñ ïîìîùüþ Ëåììû 2.1.4 ïî ôîðìóëàì (3.2.17) íåñëîæíî ïîëó÷èòü ÿâ-

íîå âûðàæåíèå äëÿ ëþáîãî θik(t). Ëåãêî âèäåòü, ÷òî äëÿ óðàâíåíèé âè-

äà (3.2.16), çàäàííûõ íà ïðîìåæóòêàõ [0, t1] è [tN , T ], ñïðàâåäëèâû ïðè

0 < t ≤ t1 è tN ≤ t < T ñîîòâåòñòâåííî àíàëîãè÷íûå óñëîâèÿ ñîãëàñîâàíèÿ

è ôîðìóëû äëÿ ðåøåíèé. Ïðè ýòîì, ïðîöåññû, óäîâëåòâîðÿþùèå ïîëó÷åí-

íîé ðåêóðåíòíîé ôîðìóëå, óäîâëåòâîðÿþò óñëîâèÿì (3.2.8) â òîì ñëó÷àå,

åñëè êîìïîíåíòû ñëó÷àéíîé âåëè÷èíû Qζ̃k(ω), ñîîòâåòñòâóþùèå ñèíãóëÿð-

íûì êëåòêàì G è H, ðàâíû íóëþ. Ñòàëî áûòü, ïðè 0 < t < T èìåþò ìåñòî
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ïðè âûïîëíåíèè óñëîâèé ñîãëàñîâàíèÿ∫ t

0

zr+1(s)ds+ wr+1(t) = −zr(t)− dzr−1(t)

dt
− ...− dr−1z1(t)

dtr−1
−

−wr(t)

2t
+

wr−1(t)

4t2
− ...− (−1)r−1

r−1∏
i=1

(2i− 1)

2r
w1(t)

tr
, 0 < t < T

ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ êîìïîíåíò θi(t)

θ1 = −z1 − w1

2t
,

θi(t) = −zi(t) +Dw
S θ

i−1 −Dw
Sw

i(t).

Êàê è â ïðåäûäóùåì ïàðàãðàôå, âîïðîñ î íóëåâûõ íà÷àëüíûõ óñëî-

âèÿõ (ïðè k = 0) äëÿ ðåøåíèé ñèñòåì âèäà (3.2.9), (3.2.14) è (3.2.16), çà-

äàííûõ íà ïðîìåæóòêå [0, t1], ðåøàåòñÿ ìåòîäîì, óêàçàííûì â êîíöå �2.3 ñ

ïðèìåíåíèåì ôóíêöèè t0(t) (ñì. (2.3.9)).

Òàêèì îáðàçîì, ñóììèðóÿ âûøå ñêàçàííîå, ìû äîêàçàëè ñëåäóþùåå

óòâåðæäåíèå

Òåîðåìà 3.2.1. Ïóñòü M̃ + λL̃ � ñèíãóëÿðíûé ïó÷îê ìàòðèö ðàç-

ìåðà n × m, ó êîòîðîãî ñòðîêè è ñòîëáöû íå ñâÿçàíû ëèíåéíûìè çàâè-

ñèìîñòÿìè ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, S � n× n-ìàòðèöà, f(t) �

äîñòàòî÷íî ãëàäêàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ, 0 ≤ t ≤ T ; ïóñòü

0 < t1 < · · · < tN < T ; PL è PR � íåâûðîæäåííûå ìàòðèöû ðàçìåðîâ n×n

èm×m ñîîòâåòñòâåííî, ïðèâîäÿùèå ïó÷îê λL̃+M̃ ê êàíîíè÷åñêîé ôîðìå

Êðîíåêåðà-Âåéåðøòðàññà (ò.å. ê êâàçèäèàãîíàëüíîìó âèäó), L = PLL̃PR

è M = PLM̃PR, Q = PLS; ïóñòü ζ̃k(ω), k = 1, 2, . . . , N � ñëó÷àéíûå âå-

ëè÷èíû ñî çíà÷åíèÿìè â Rn, òàêèå, ÷òî êîìïîíåíòû ñëó÷àéíîé âåëè÷è-

íû Qζ̃k(ω), ñîîòâåòñòâóþùèå æîðäàíîâûì è ñèíãóëÿðíûì êëåòêàì ïî

ãëàâíîé äèàãîíàëè â L, ðàâíû íóëþ; ïóñòü ζ(t, ω) =
∑N

k=1 ζ̃k(ω)χ(t − tk),

ãäå χ � ôóíêöèÿ Õåâèñàéäà, ðàâíàÿ íóëþ äëÿ îòðèöàòåëüíûõ çíà÷åíèé

àðãóìåíòà è åäèíèöå äëÿ íåîòðèöàòåëüíûõ. Òîãäà: 1) óðàâíåíèå (3.2.1)
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òðàíñôîðìèðóåòñÿ ê êàíîíè÷åñêîìó óðàâíåíèþ (3.2.3), êîòîðîå ðàñïàäà-

åòñÿ íà íåçàâèñèìûå ïîäñèñòåìû óðàâíåíèé; 2) äëÿ ïîäñèñòåìû â Rq+1,

ñîîòâåòñòâóþùåé åäèíè÷íîé ìàòðèöå â L è (q+1)× (q+1)-ìàòðèöå K

â M , èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé âèäà

ϑ(t) =
N∑
k=1

eK(t−tk)Qζ̃k(ω)χ(t− tk) +

∫ t

0

eK(t−τ)v(τ)dτ +

∫ t

0

eK(t−τ)dw(τ),

ãäå Qζ̃k(ω), v(t) � ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðîâ Qζ̃k(ω)),

PLf(t), ïðèíàäëåæàùèå Rq+1; 3) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ æîð-

äàíîâûì êëåòêàì â L ðàçìåðà (p+1)×(p+1) ñ íóëÿìè ïî ãëàâíîé äèàãîíà-

ëè è åäèíè÷íûì ìàòðèöàì â M , ïðè 0 < t < T èìåþò ìåñòî ðåêóðåòíûå

ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ ðåøåíèé âèäà

ςp+1(t) = −up+1(t)− wp+1(t)

2t
,

ς i(t) = Dw
S ς

i+1(t)−Dw
Sw

i(t)− ui,

ãäå u(t) òîæå ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t); 4) äëÿ ïîä-

ñèñòåì, ñîîòâåòñòâóþùèõ ñèíãóëÿðíûì êëåòêàì èç M + λL ðàçìåðà

l × (l + 1), ïðè 0 < t < T èìåþò ìåñòî ðåêóðåíòíûå ñîîòíîøåíèÿ äëÿ

âû÷èñëåíèÿ ðåøåíèé âèäà

ηi(t) = Dw
S η

i+1 −Dw
Sw

i(t)− gi(t),

ãäå 1 ≤ i ≤ l, g(t) � ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t), η
l+1 �

ïðîèçâîëüíûé ñëó÷àéíûé ïðîöåññ íà [0, T ], ïðèíèìàþùèé ïðè t = 0 íóëå-

âîå çíà÷åíèå è äëÿ êîòîðîãî ïðè 0 < t < T ìîæíî âû÷èñëèòü ñèììåò-

ðè÷åñêóþ ïðîèçâîäíóþ ïîðÿäêà l; 5) äëÿ ïîäñèñòåì, ñîîòâåòñòâóþùèõ

ñèíãóëÿðíûì êëåòêàì èç M + λL ðàçìåðà (r + 1) × r, ïðè 0 < t < T

èìåþò ìåñòî ïðè âûïîëíåíèè óñëîâèé ñîãëàñîâàíèÿ∫ t

0

zr+1(s)ds+ wr+1(t) = −zr(t)− dzr−1(t)

dt
− ...− dr−1z1(t)

dtr−1
−
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−wr(t)

2t
+

wr−1(t)

4t2
− ...− (−1)r−1

r−1∏
i=1

(2i− 1)

2r
w1(t)

tr

ðåêóðåíòíûå ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ ðåøåíèé âèäà

θ1(t) = −z1(t)−Dw
Sw

1 = −z1 − w1(t)

2t
,

θi(t) = −zi(t) +Dw
S θ

i−1 −Dw
Sw

i(t),

ãäå z(t) ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðà PLf(t); 6) çàôèêñèðîâàâ

ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíàìåíàòåëÿõ ïðîöåñ-

ñîâ, óäîâëåòâîðÿþùèõ ïðèâåäåííûì â ïóíêòàõ 3)-5) ðåêóðåíòíûì ñîîò-

íîøåíèÿì, çàìåíÿåì t íà t0(t) ïî ôîðìóëå (2.3.9) è ïîëó÷àåì ïðîöåññû,

êîòîðûå ïðè t = 0 ïðèíèìàþò íóëåâûå çíà÷åíèÿ, íî ñòàíîâÿòñÿ ðåøå-

íèÿìè òîëüêî ïðè t0 ≤ t < T .
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Ãëàâà IV.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ

ëåîíòüåâñêîãî òèïà ñ ìàòðèöàìè,

çàâèñÿùèìè îò âðåìåíè

4.1. Ñëó÷àé ñ âåùåñòâåííî-àíàëèòè÷åñêèìè è ñ C∞-

ãëàäêèìè êâàäðàòíûìè ìàòðèöàìè

Â ýòîì ïàðàãðàôå ðàññìàòðèâàåòñÿ ñíà÷àëà äèôôåðåíöèàëüíîå óðàâíå-

íèå ëåîíòüåâñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè è ñ âåùåñòâåííî-

àíàëèòè÷åñêèìè êâàäðàòíûìè ìàòðèöàìè êîýôôèöèåíòîâ, çàâèñÿùèìè îò

âðåìåíè. Çàòåì ðàññìàòðèâàåòñÿ ñèñòåìà ñ C∞-ãëàäêèìè êâàäðàòíûìè

ìàòðèöàìè, çàâèñÿùèìè îò âðåìåíè è óäîâëåòâîðÿþùèìè êðèòåðèþ "ðàíã-

ñòåïåíü".

Äëÿ äàëüíåéøåãî íàì ïîíàäîáèòñÿ âñïîìîãàòåëüíàÿ òåîðåìà.

Òåîðåìà 4.1.1. Ïóñòü w(t) � n-ìåðíûé âèíåðîâñêèé ïðîöåññ, P (t) �

äîñòàòî÷íî ãëàäêàÿ k × n-ìàòðèöà, t ∈ (0, T ). Òîãäà äëÿ ëþáîãî t èìååò

ìåñòî ôîðìóëà Dw
S

∫ t

0 P (s)dw(s) = P (t)w(t)2t .

Äîêàçûâàåòñÿ Òåîðåìà 4.1.1 ñ ïðèìåíåíèåì Îïðåäåëåíèÿ 1.1.1 ïðîèç-

âîäíûõ â ñðåäíåì, ñâîéñòâ èíòåãðàëà Èòî è Ñëåäñòâèÿ 2.1.1.
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Ïóñòü ó íàñ èìåþòñÿ âåùåñòâåííî-àíàëèòè÷åñêèå n× n-ìàòðèöû L(t)

è M(t), t ∈ [0, T ], ïðè÷åì L(t) âûðîæäåíà, à M(t) � íåâûðîæäåíà. Ïóñòü

ñòàðøèé êîýôôèöèåíò ìíîãî÷ëåíà ξ(t, λ) = det(λL(t)+M(t)) íå îáðàùàåò-

ñÿ â íóëü íà [0, T ]. Òîãäà, êàê èçâåñòíî (Òåîðåìà 1.2.6), ñóùåñòâóþò íåîñî-

áåíûå äëÿ ëþáîãî t ∈ [0, T ] âåùåñòâåííî-àíàëèòè÷åñêèå n×n-ìàòðèöû P (t)

è Q(t), òàêèå, ÷òî ïó÷îê P (t)(λL(t) +M(t))Q(t) èìååò âèä (1.2.3), ò.å.

P (t)(λL(t) +M(t))Q(t) = λ

 Ed 0

0 N(t)

+

 J(t) 0

0 En−d

 ,

ãäå N(t) � âåðõíåòðåóãîëüíàÿ ìàòðèöà ñ íóëåâîé äèàãîíàëüþ, à èìåííî

N(t) =



0 Nd+1
d+2 (t) Nd+1

d+3 (t) · · · Nd+1
n (t)

0 0 Nd+2
d+3 (t) · · · Nd+2

n (t)
...

...
... . . . ...

0 0 0 · · · Nn−1
n (t)

0 0 0 · · · 0


,

Nk(t) = 0 íà [0, T ], J(t) íåêîòîðûé d × d-áëîê. Â ñâÿçè ñ ýòèì ìû ðàñ-

ñìàòðèâàåì äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà ñî ñëó÷àé-

íûìè âîçìóùåíèÿìè â Rn ñ âåùåñòâåííî-àíàëèòè÷åñêèìè ìàòðèöàìè L(t)

è M(t), ïó÷îê êîòîðûõ óæå ïðèâåäåí ê êàíîíè÷åñêîìó âèäó (1.2.3).

Èòàê, ñ ó÷åòîì âûøå ñêàçàííîãî, ðàññìàòðèâàåòñÿ ñïåöèàëüíàÿ ñèñòå-

ìà â Rn âèäà

L(t)η(t) =

∫ t

0

M(s)η(s)ds+

∫ t

0

P (s)f(s)ds+

∫ t

0

P (s)dw(s), 0 ≤ t ≤ T,

ãäå w(t) � n-ìåðíûé âèíåðîâñêèé ïðîöåññ, f(t) � äîñòàòî÷íî ãëàäêàÿ ôóíê-

öèÿ. Ïîíÿòíî, ÷òî (äëÿ ïðîñòîòû) η(0) = 0. Â ìàòðè÷íûõ îáîçíà÷åíèÿõ
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ñèñòåìà èìååò âèä Ed 0

0 N(t)

 η(t) =

∫ t

0

 J(s) 0

0 En−d

 η(s)ds+

+

∫ t

0

P (s)f(s)ds+

∫ t

0

P (s)dw(s),

ãäå, êàê íåòðóäíî âèäåòü, ïó÷îê ìàòðèö êîýôôèöèåíòîâ èìååò âèä (1.2.3).

Âåðõíèì ïàðàì áëî÷íûõ ìàòðèö ñîîòâåòñòâóåò ñèñòåìà

η(t) =

∫ t

0

J(s)η(s)ds+

∫ t

0

P1(s)f(s)ds+

∫ t

0

P1(s)dw(s),

ãäå P1(t) � ìàòðèöà èç ïåðâûõ d ñòðîê ìàòðèöû P (t). Äëÿ ñèñòåì òàêîãî

âèäà èçâåñòíà àíàëèòè÷åñêàÿ ôîðìóëà äëÿ ðåøåíèé (ñì., íàïðèìåð, [33])

η(t) = Θ(t)

∫ t

0

Θ−1(τ)P1(τ)f(τ)dτ +Θ(t)

∫ t

0

Θ−1(τ)P1(τ)dw(τ),

ãäå ìàòðè÷íàÿ ôóíêöèÿ Θ(t) óäîâëåòâîðÿåò çàäà÷å Êîøè Θ̇(t) = J(t)Θ(t),

Θ(0) = Ed.

Äëÿ íèæíèõ ïàð áëî÷íûõ ìàòðèö ïîëó÷àåì ñèñòåìó âèäà

0 Nd+1
d+2 Nd+1

d+3 · · · Nd+1
n

0 0 Nd+2
d+3 · · · Nd+2

n

...
...

... . . . ...

0 0 0 · · · Nn−1
n

0 0 0 · · · 0





ηd+1

ηd+2

...

ηn−1

ηn


=

∫ t

0



ηd+1(s)

ηd+2(s)
...

ηn−1(s)

ηn(s)


ds+

+

∫ t

0


P d+1
1 (s) P d+1

2 (s) · · · P d+1
n (s)

P d+2
1 (s) P d+2

2 (s) · · · P d+2
n (s)

...
... . . . ...

P n
1 (s) P n

2 (s) · · · P n
n (s)




f 1(s)
...

fn−1(s)

fn(s)

 ds+
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+

∫ t

0


P d+1
1 (s) P d+1

2 (s) · · · P d+1
n (s)

P d+2
1 (s) P d+2

2 (s) · · · P d+2
n (s)

...
... . . . ...

P n
1 (s) P n

2 (s) · · · P n
n (s)

 d


w1(s)
...

wn−1(s)

wn(s)

 . (4.1.1)

Îñîáåííîñòü ïîäîáíûõ ñèñòåì óðàâíåíèé ïðåäïîëàãàåò ðàññìîòðåíèÿ ïðî-

èçâîäíûõ îò èõ ïðàâûõ ÷àñòåé äîñòàòî÷íî âûñîêèõ ïîðÿäêîâ (âêëþ÷àÿ âè-

íåðîâñêèé ïðîöåññ), êîòîðûå, êàê èçâåñòíî, ñóùåñòâóþò òîëüêî â òåðìèíàõ

îáîáùåííûõ ôóíêöèé. Ïîýòîìó, ÷òîáû èçáåæàòü èñïîëüçîâàíèÿ àïïàðàòà

îáîáùåííûõ ôóíêöèé, ìû äëÿ äèôôåðåíöèðîâàíèÿ óðàâíåíèé áóäåì ïðè-

ìåíÿòü ñèììåòðè÷åñêèå ïðîèçâîäíûå â ñðåäíåì Dw
S (òåêóùèå ñêîðîñòè), à

äëÿ âû÷èñëåíèÿ ñèììåòðè÷åñêèõ ïðîèçâîäíûõ â ñðåäíåì îò âèíåðîâñêîãî

ïðîöåññà áóäåì ïîëüçîâàòüñÿ Ëåììàìè 2.1.3 è 2.1.4. Èòàê, ïîëó÷èì ôîð-

ìóëû äëÿ ðåøåíèé 4.1.1 â òåðìèíàõ ïðîèçâîäíûõ â ñðåäíåì.

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû ïðîèçâîäíóþ

Dw
S , ïðè 0 < t < T ñ èñïîëüçîâàíèåì Òåîðåìû 4.1.1 ïîëó÷àåì:

ηn = −
n∑

j=1

P n
j f

j −
n∑

j=1

P n
j

wj

2t
,

îòêóäà

Dw
S ηn = − d

dt

n∑
j=1

P n
j f

j −
n∑

j=1

(
d

dt
P n
j

)
wj

2t
+

n∑
j=1

P n
j

wj

4t2
.

Òàêæå èç ïðåäïîñëåäíåãî óðàâíåíèÿ ñèñòåìû ïðè 0 < t < T ïîëó÷àåì(
d

dt
Nn−1

n

)
ηn +Nn−1

n Dw
S ηn = ηn−1 +

n∑
j=1

P n−1
j f j +

n−1∑
j=1

P n
j

wj

2t
,

òîãäà ïðè 0 < t < T

ηn−1 =

(
d

dt
Nn−1

n

)(
−

n∑
j=1

P n
j f

j −
n∑

j=1

P n
j

wj

2t

)
+
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+Nn−1
n

(
− d

dt

n∑
j=1

P n
j f

j −
n∑

j=1

(
d

dt
P n
j

)
wj

2t
+

n∑
j=1

P n
j

wj

4t2

)
−

−
n∑

j=1

P n−1
j f j −

n−1∑
j=1

P n
j

wj

2t
.

Àíàëîãè÷íî, äëÿ d + 1 ≤ i ≤ n − 1 ïðè 0 < t < T èìååò ìåñòî

ðåêóðåíòíàÿ ôîðìóëà

DS

n∑
j=i+1

N i
jη

j = ηi +
n∑

j=1

P i
jf

j +
n∑

j=1

P i
j

wj

2t
,

Dw
S

n∑
j=i+1

N i
jη

j =
n∑

j=i+1

((
d

dt
N i

j

)
ηj +N i

jD
w
S η

j

)
.

Âîïðîñ î íóëåâûõ íà÷àëüíûõ óñëîâèÿõ äëÿ ðåøåíèé ñèñòåìû (4.1.1) ðåøà-

åòñÿ ñ ïîìîùüþ ïðèåìà, îïèñàííîãî â ïàðàãðàôå �2.3 ñ ïðèìåíåíèåì t0(t).

Òàêèì îáðàçîì, èìååò ìåñòî

Òåîðåìà 4.1.2. Ïóñòü èìåþòñÿ âåùåñòâåííî-àíàëèòè÷åñêèå íåâû-

ðîæäåííàÿ d × d-ìàòðèöà J(t), âåðõíåòðåóãîëüíàÿ (n − d) × (n − d)-

ìàòðèöà N(t) ñ íóëÿìè ïî ãëàâíîé äèàãîíàëè (Nk(t) ≡ 0 íà [0, T ]), íåâû-

ðîæäåííàÿ n × n � ìàòðèöà P (t), ïóñòü P1(t) � ìàòðèöà èç ïåðâûõ d

ñòðîê ìàòðèöû P (t), E � åäèíè÷íàÿ ìàòðèöà è t ∈ [0, T ]. Òîãäà: 1) äëÿ

äîñòàòî÷íî ãëàäêîé âåêòîð ôóíêöèè f(t) óðàâíåíèå Ed 0

0 N(t)

 η(t) =

∫ t

0

 J(s) 0

0 En−d

 η(s)ds+

+

∫ t

0

P (s)f(s)ds+

∫ t

0

P (s)dw(s)

ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå ïîäñèñòåìû; 2) äëÿ ïîäñèñòåìû, ñîîò-

âåòñòâóþùåé ìàòðèöàì Ed è J , èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà

äëÿ ðåøåíèé

η(t) = Θ(t)

∫ t

0

Θ−1(τ)P1(τ)f(τ)dτ +Θ(t)

∫ t

0

Θ−1(τ)P1(τ)dw(τ),
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ãäå ìàòðè÷íàÿ ôóíêöèÿ Θ(t) óäîâëåòâîðÿåò çàäà÷å Êîøè Θ̇(t) =

J(t)Θ(t), Θ(0) = Ed; 3) äëÿ ïîäñèñòåìû, ñîîòâåòñòâóþùåé ìàòðèöàì

N(t) è En−d, ïðè 0 < t < T èìåþò ìåñòî ðåêóðåíòíûå ôîðìóëû äëÿ

âû÷èñëåíèÿ ðåøåíèé

ηn = −
n∑

j=1

P n
j f

j −
n∑

j=1

P n
j

wj

2t
,

DS

n∑
j=i+1

N i
jη

j = ηi +
n∑

j=1

P i
jf

j +
n∑

j=1

P i
j

wj

2t
;

4) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíà-

ìåíàòåëÿõ ïðîöåññîâ, óäîâëåòâîðÿþùèõ ïðèâåäåííûì â ïóíêòå 3) ðåêó-

ðåíòíûì ñîîòíîøåíèÿì, çàìåíÿåì t íà t0(t) ïî ôîðìóëå (2.3.9) è ïîëó-

÷àåì ïðîöåññû, óäîâëåòâîðÿþùèå íóëåâûì íà÷àëüíûì óñëîâèÿì, íî ÿâ-

ëÿþùèåñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

Ïåðåéäåì òåïåðü ê ñëó÷àþ ñ C∞-ãëàäêèìè ìàòðèöàìè. Ïóñòü ó íàñ

åñòü C∞-ãëàäêèå êâàäðàòíûå ìàòðèöû ìàòðèöû L(t) è M(t), ïðè÷åì L(t)

âûðîæäåíà, à M(t) � íåâûðîæäåíà. Ïóñòü ìíîãî÷ëåí ξ(t, λ) = det(λL(t) +

M(t)) óäîâëåòâîðÿåò êðèòåðèþ "ðàíã-ñòåïåíü" äëÿ ëþáîãî t ∈ [0, T ] è åãî

ñòàðøèé êîýôôèöèåíò íå èìååò íóëåé íà [0, T ]. Òîãäà, êàê èçâåñòíî (Òåî-

ðåìà 1.2.5), ñóùåñòâóþò íåîñîáåííûå äëÿ ëþáîãî t ∈ [0, T ] C∞-ãëàäêèå

(n×n)-ìàòðèöû P (t) è Q(t) òàêèå, ÷òî ïó÷îê P (t)(λL(t)+M(t))Q(t) èìå-

åò âèä (1.2.2), ò.å.

P (t)(λL(t) +M(t))Q(t) = λ

 Ed 0

0 0

+

 J(t) 0

0 En−d

 .

Â ñâÿçè ñ ýòèì ìû ðàññìàòðèâàåì äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâ-

ñêîãî òèïà ñî ñëó÷àéíûìè âîçìóùåíèÿìè â Rn ñ C∞-ãëàäêèìè ìàòðèöàìè

L(t) è M(t), ïó÷îê êîòîðûõ óæå ïðèâåäåí ê êàíîíè÷åñêîìó âèäó (1.2.2).

Èòàê, ðàññìîòðèì óðàâíåíèå ëåîíòüåâñêîãî òèïà â Rn, ïó÷îê ìàòðèö
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êîýôôèöèåíòîâ êîòîðîãî óæå ïðèâåäåí ê âèäó (1.2.2), ò.å. Ed 0

0 0

 η(t) =

∫ t

0

 J(s) 0

0 En−d

 η(s)ds+

+

∫ t

0

P (s)f(s)ds+

∫ t

0

P (s)dw(s), 0 ≤ t ≤ T.

Î÷åâèäíî, ÷òî âåðõíèì ïàðàì áëî÷íûõ ìàòðèö ñîîòâåòñòâóåò ñèñòåìà

òîãî æå âèäà, ÷òî è â ïåðâîì ñëó÷àå. Äëÿ íèæíèõ ïàð áëî÷íûõ ìàòðèö

ïîëó÷àåì ñèñòåìó âèäà

∫ t

0



ηd+1(s)

ηd+2(s)
...

ηn−1(s)

ηn(s)


ds = −

−
∫ t

0


P d+1
1 (s) P d+1

2 (s) · · · P d+1
n (s)

P d+2
1 (s) P d+2

2 (s) · · · P d+2
n (s)

...
... . . . ...

P n
1 (s) P n

2 (s) · · · P n
n (s)




f 1(s)
...

fn−1(s)

fn(s)

 ds−

−
∫ t

0


P d+1
1 (s) P d+1

2 (s) · · · P d+1
n (s)

P d+2
1 (s) P d+2

2 (s) · · · P d+2
n (s)

...
... . . . ...

P n
1 (s) P n

2 (s) · · · P n
n (s)

 d


w1(s)
...

wn−1(s)

wn(s)

 .

Âçÿâ ñèììåòðè÷åñêèå ïðîèçâîäíûå â ñðåäíåì (òåêóùèå ñêîðîñòè) Dw
S îò

îáåèõ ÷àñòåé ðàâåíñòâ ýòîé ñèñòåìû, ïðè 0 < t < T ñ èñïîëüçîâàíèåì

85



Òåîðåìû 4.1.1 ïîëó÷èì ñëåäóþùèå ôîðìóëû äëÿ åå ðåøåíèé:

ηd+1(s)

ηd+2(s)
...

ηn−1(s)

ηn(s)


= −


P d+1
1 P d+1

2 · · · P d+1
n

P d+2
1 P d+2

2 · · · P d+2
n

...
... . . . ...

P n
1 P n

2 · · · P n
n




f 1

...

fn−1

fn

−

−


P d+1
1 P d+1

2 · · · P d+1
n

P d+2
1 P d+2

2 · · · P d+2
n

...
... . . . ...

P n
1 P n

2 · · · P n
n




w1

2t
...

wn−1

2t

wn

2t

 ,

ãäå ïðîáëåìà âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé η(0) = 0 ðåøàåòñÿ òîæå êàê

è â ïàðàãðàôå �2.3 c èñïîëüçîâàíèåì ôóíêöèè t0(t) (ôîðìóëà (2.3.9)).

Èòàê, ñïðàâåäëèâà

Òåîðåìà 4.1.3. Ïóñòü èìåþòñÿ íåâûðîæäåííûå C∞-ãëàäêèå d× d-

ìàòðèöà J(t), n×n � ìàòðèöà P (t), n > d, t ∈ [0, T ], ïóñòü P1(t) � ìàò-

ðèöà èç ïåðâûõ d ñòðîê ìàòðèöû P (t), ïóñòü E � åäèíè÷íàÿ ìàòðèöà è

t ∈ [0, T ]. Òîãäà: 1) äëÿ íåïðåðûâíîé âåêòîð ôóíêöèè f(t) óðàâíåíèå Ed 0

0 0

 η(t) =

∫ t

0

 J(s) 0

0 En−d

 η(s)ds+

+

∫ t

0

P (s)f(s)ds+

∫ t

0

P (s)dw(s)

ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå ïîäñèñòåìû; 2) äëÿ ïîäñèñòåìû, ñîîò-

âåòñòâóþùåé ìàòðèöàì Ed è J èìååò ìåñòî àíàëèòè÷åñêàÿ ôîðìóëà

äëÿ ðåøåíèé

η(t) = Θ(t)

∫ t

0

Θ−1(τ)P1(τ)f(τ)dτ +Θ(t)

∫ t

0

Θ−1(τ)P1(τ)dw(τ),

ãäå ìàòðè÷íàÿ ôóíêöèÿ Θ(t) óäîâëåòâîðÿåò çàäà÷å Êîøè Θ̇(t) =

J(t)Θ(t), Θ(0) = Ed; 3) äëÿ ïîäñèñòåìû, ñîîòâåòñòâóþùåé íóëåâîé ìàò-
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ðèöå è ìàòðèöå En−d, ïðè 0 < t < T èìåþò ìåñòî ôîðìóëû äëÿ âû÷èñ-

ëåíèÿ ðåøåíèé âèäà

ηd+1(s)

ηd+2(s)
...

ηn−1(s)

ηn(s)


= −


P d+1
1 P d+1

2 · · · P d+1
n

P d+2
1 P d+2

2 · · · P d+2
n

...
... . . . ...

P n
1 P n

2 · · · P n
n




f 1

...

fn−1

fn

−

−


P d+1
1 P d+1

2 · · · P d+1
n

P d+2
1 P d+2

2 · · · P d+2
n

...
... . . . ...

P n
1 P n

2 · · · P n
n




w1

2t
...

wn−1

2t

wn

2t

 ;

4) çàôèêñèðîâàâ ñêîëü óãîäíî ìàëûé ìîìåíò âðåìåíè t0 > 0, ìû â çíàìå-

íàòåëÿõ ïîëó÷åííûõ â ïóíêòå 3) ïðîöåññîâ çàìåíÿåì t íà t0(t) ïî ôîðìó-

ëå (2.3.9) è ïîëó÷àåì ïðîöåññû, êîòîðûå ïðè t = 0 ïðèíèìàþò íóëåâûå

çíà÷åíèÿ, íî ñòàíîâÿòñÿ ðåøåíèÿìè òîëüêî ïðè t0 ≤ t < T .

4.2. Ñëó÷àé ñ íåïðåðûâíûìè ìàòðèöàìè

Â ýòîì ïàðàãðàôå ïðîâåäåì èññëåäîâàíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ëåîíòüåâñêîãî òèïà ñ ïðÿìîóãîëüíûìè ìàòðèöàìè êîýôôèöèåíòîâ, çàâèñÿ-

ùèìè îò âðåìåíè. Çäåñü ìû íå òðåáóåì àíàëèòè÷íîñòè èëè C∞-ãëàäêîñòè

ìàòðèö, íî çàäàåì ñëîæíûå äîïîëíèòåëüíûå óñëîâèÿ. Ïðåäïîëàãàåòñÿ, ÷òî

íà÷àëüíûå óñëîâèÿ äëÿ ðàññìàòðèâàåìîãî â ýòîì ïàðàãðàôå óðàâíåíèÿ ÿâ-

ëÿþòñÿ ðåøåíèÿìè íåêîòîðîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-

íèé, ìàòðèöà êîòîðîé ïîñòîÿííà è èìååò òàêîé æå ðàçìåð, êàê è ìàòðèöû

äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ìû ìîäèôèöèðóåì ïîäõîä, îïèñàííûé â

ðàáîòå Þ. Å. Áîÿðèíöåâà, Â. Ô. ×èñòÿêîâà [1] ïðè èçó÷åíèè ñîîòâåòñòâó-

þùèõ äèôôåðåöèàëüíûõ óðàâíåíèé áåç ñëó÷àéíûõ âîçìóùåíèé. Ðåçóëü-
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òàòîì ïàðàãðàôà ÿâëÿþòñÿ óòâåðæäåíèÿ, â êîòîðûõ äëÿ ðàññìàòðèâàåìîé

ñèñòåìû ñ äàííûìè íà÷àëüíûìè óñëîâèÿìè ïðèâåäåíû äîñòàòî÷íûå óñëî-

âèÿ ñóùåñòâîâàíèÿ ðåøåíèé, à òàê æå ïðèâåäåíû ôîðìóëû äëÿ íàõîæäåíèÿ

ýòèõ ðåøåíèé.

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ëåîíòüåâñêîãî òèïà

dL(t)ξ(t) = M(t)ξ(t)dt+ f(t)dt+N(t)dw(t), Sξ(0) = a, 0 ≤ t ≤ T, (4.2.1)

ãäå ξ(t) ∈ Rn � èñêîìûé ñëó÷àéíûé ïðîöåññ, L(t), M(t), N(t) � âåùåñòâåí-

íûå íåïðåðûâíûå m× n-ìàòðèöû, ïðè÷åì â ñëó÷àå ñ êâàäðàòíûìè ìàòðè-

öàìè (êîãäà m = n) L(t) âûðîæäåíà (detL(t) ≡ 0 íà [0, T ]), S � ïîñòîÿííàÿ

m × n-ìàòðèöà, f(t) ∈ Rm � èíòåãðèðóåìàÿ âåêòîð-ôóíêöèÿ, w(t) ∈ Rn �

âèíåðîâñêèé ïðîöåññ, çàäàííûé íà ïîëíîì ôèëüòðîâàííîì âåðîÿòíîñòíîì

ïðîñòðàíñòâå {Ω,F , (Ft)t∈[0,T ],P}, ïîä÷èíåííûé (Ft)t∈[0,T ], a ∈ Rm � ïîñòî-

ÿííûé âåêòîð.

Îïðåäåëåíèå 4.2.1. [4] Ðåøåíèåì çàäà÷è (4.2.1) íàçûâàåòñÿ ñëó-

÷àéíûé ïðîöåññ ξ(t) ∈ Rn, íåóïðåæäàþùèé îòíîñèòåëüíî ñåìåéñòâà

σ-àëãåáð (Ft)t∈[0,T , êîòîðûé ñ âåðîÿòíîñòüþ åäèíèöà óäîâëåòâîðÿåò

(4.2.1).

Êàê è â [1] ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ìàòðèöû:

P0 = E − L+L,

P1 = P0(MP0)
+MP0, Q1 = P0(SP0)

+SP0,

P2 = P0 − P1, Q2 = P0 −Q1,

P3 = P2(SP2)
+SP2, Q3 = Q2(MQ2)

+MQ2,

P4 = P2 − P3, Q4 = Q2 −Q3.

Áóäåì ïðåäïîëàãàòü, ÷òî ìàòðèöû L+, (MP0)
+, (SP0)

+, (SP2)
+, (MQ2)

+

íåïðåðûâíû. Òîãäà ñîãëàñíî Ëåììå 1.2.1 ìàòðèöà P0 ÿâëÿåòñÿ ïðîåêòîðîì

n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà âåêòîðîâ íà íóëü ïðîñòðàíñòâà ìàòðè-
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öû L, à P2 è P3 ÿâëÿþòñÿ ïðîåêòîðàìè íà ïåðåñå÷åíèå ÿäåð ìàòðèö L è M .

Ìàòðèöà P4 ÿâëÿåòñÿ ïðîåêòîðîì íà ïåðåñå÷åíèå kerL∩ kerM ∩ kerS. Òàê

æå ìàòðèöû Q1, Q2 = P0−Q1 è Q3 = Q2(MQ2)
+MQ2, Q4 = Q2−Q3 ÿâëÿ-

þòñÿ ïðîåêòîðàìè íà ìíîæåñòâà kerL, kerL ∩ kerS, kerL ∩ kerM ∩ kerS

ñîîòâåòñòâåííî.

Èñïîëüçóÿ ââåäåííûå ïðîåêòîðû è ñâîéñòâà ïñåâäîîáðàòíûõ ìàòðèö,

óñòàíàâëèâàåì (ñì. [1]), ÷òî ïðîöåññ ξ(t) ïðåäñòàâëÿåòñÿ â ñëåäóþùèõ äâóõ

âèäàõ:

ξ = L+η + u1 + v1 + h1, (4.2.2)

ξ = L+η + u2 + v2 + h2, (4.2.3)

ãäå

η = Lξ, (4.2.4)

u1 = P1ξ, v1 = P3ξ, h1 = P4ξ, (4.2.5)

u2 = Q1ξ, v2 = Q3ξ, h2 = Q4ξ (4.2.6)

è

u1 ∈ kerL, v1 ∈ kerL ∩ kerM, u2 ∈ kerL, v2 ∈ kerL ∩ kerS, (4.2.7)

h1 è h2 ïðèíàäëåæàò ìíîæåñòâó kerL ∩ kerM ∩ kerS.

Òàê êàê ïîäñòàíîâêè âåêòîðîâ (4.2.2) è (4.2.3) â çàäà÷ó (4.2.1) äîëæíû

äàòü îäèí ðåçóëüòàò, òî ïîòðåáóåì (êàê è â [1]) îäíîâðåìåííîãî âûïîëíåíèÿ

ðàâåíñòâ

Mv2 = M(u1 − u2), (4.2.8)

Sv1 = S(u2 − u1). (4.2.9)

Ïîäñòàâèì âåêòîð (4.2.2) â âûðàæåíèÿ äëÿ u1 è v1 èç (4.2.5), òîãäà

ïðèíèìàÿ âî âíèìàíèå (4.2.7) ñíà÷àëà ïîëó÷èì (ñì. [1])

[E − P0(MP0)
+M ]u1 = 0. (4.2.10)
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Ïîòîì ñ ó÷åòîì (4.2.9) è (4.2.10) áóäåì èìåòü

v1 = P2(SP2)
+S(u2 − u1). (4.2.11)

Òî÷íî òàêæå, ïîäñòàâëÿÿ âåêòîð (4.2.3) â (4.2.6), ïðèäåì ê ðàâåíñòâàì

[E − P0(SP0)
+S]u2 = 0, (4.2.12)

v2 = Q2(MQ2)
+M(u1 − u2). (4.2.13)

Ïîñêîëüêó äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà (4.2.8) è (4.2.9), èç (4.2.11)

è (4.2.13) ñëåäóåò (êàê è â [1]), ÷òî

[E − SP2(SP2)
+]S(u1 − u2) = 0, (4.2.14)

[E −MQ2(MQ2)
+]M(u1 − u2) = 0. (4.2.15)

Ïîäñòàíîâêà ëþáîãî èç ðàâåíñòâ (4.2.2) è (4.2.3) â ôîðìóëó (4.2.4) äàåò (ñì.

[1])

(E − LL+)η = 0. (4.2.16)

Ïîäñòàâëÿÿ âåêòîð (4.2.2) â óðàâíåíèå (4.2.1), à âåêòîð (4.2.3) � â íà-

÷àëüíîå óñëîâèå äëÿ (4.2.1), ïîëó÷èì

dη(t) = M(t)L+(t)η(t)dt+M(t)u1(t)dt+ f(t)dt+N(t)dw(t), (4.2.17)

L+(0)η(0) = a− Su2(0). (4.2.18)

Èòàê, ðåøåíèå çàäà÷è (4.2.1) ñâåëîñü ê ðåøåíèþ çàäà÷è (4.2.17) è (4.2.18)

ñ óñëîâèÿìè (4.2.10), (4.2.12), (4.2.14), (4.2.15), (4.2.16). Îòìåòèì, ÷òî åñëè

u1 ∈ kerM , òî ñîãëàñíî óðàâíåíèþ (4.2.10) âåðíî ðàâåíñòâî u1 = 0. Àíàëî-

ãè÷íûì îáðàçîì èç ðàâåíñòâà (4.2.12) ñëåäóåò, ÷òî â ñëó÷àå êîãäà u2 ∈ kerS

èìååì u2 = 0.

Ñèñòåìó óðàâíåíèé (4.2.10), (4.2.12), (4.2.14), (4.2.15) îòíîñèòåëüíî

âåêòîðîâ u1 è u2 ìîæíî ðàçðåøèòü ÿâíî. Äëÿ ýòîãî, ââîäÿ îáîçíà÷åíèå
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u =

u1

u2

, çàïèøåì åå â âèäå äâóõ ðàâíîñèëüíûõ ñèñòåì (ñì. [1])

 E − P0(MP0)
+M 0

0 E − P0(SP0)
+S

u = 0, (4.2.19)

 E − SP2(SP2)
+ 0

0 E −MQ2(MQ2)
+

 ·

 S −S

M −M

u = 0. (4.2.20)

Îáùåå ðåøåíèå ñèñòåìû (4.2.19) íàõîäèòñÿ ïî ôîðìóëå

u =

 P0(MP0)
+M 0

0 P0(SP0)
+S

 p, (4.2.21)

ãäå p =

p1

p2

 � ïðîèçâîëüíûé âåêòîð. Ýòà ôîðìóëà âûâîäèòñÿ ñ ïðèìåíå-

íèåì òîãî, ÷òî ìàòðèöû P0(MP0)
+M , P0(SP0)

+S ÿâëÿþòñÿ ïðîåêòîðàìè.

Ïîñêîëüêó ñèñòåìû (4.2.19) è (4.2.20) ýêâèâàëåíòíû, òî ïîäñòàâëÿÿ ðåøå-

íèå ïåðâîé (4.2.21) â (4.2.20), ïîëó÷àåì óñëîâèå, êîòîðîìó äîëæíî óäîâëå-

òâîðÿòü p

Ξp = 0, (4.2.22)

ãäå

Ξ =

 E − SP2(SP2)
+ 0

0 E −MQ2(MQ2)
+

 ·

 S −S

M −M

 ·

·

 P0(MP0)
+M 0

0 P0(SP0)
+S

 .

Ðàâåíñòâó (4.2.22) óäîâëåòâîðÿþò òàêèå p:

p = (E − Ξ+Ξ)r, (4.2.23)

ãäå r =

r1

r2

 � ïðîèçâîëüíûé âåêòîð.
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Íàêîíåö, ïîäñòàâèâ (4.2.23) â (4.2.21), ïîëó÷èì îáùóþ ôîðìóëó äëÿ

ðåøåíèÿ ñèñòåìû (4.2.19), (4.2.20) (ñì. [1]), à èìåííî: u = Φr, ãäå

Φ =

 P0(MP0)
+M 0

0 P0(SP0)
+S

 (E − Ξ+Ξ)

è r ÿâëÿåòñÿ ïðîèçâîëüíûì âåêòîðîì. Ïðè÷åì êîìïîíåíòû âåêòîðà u âû-

÷èñëÿþòñÿ ïî ôîðìóëàì:

u1 = Φ1r, u2 = Φ2r, (4.2.24)

ãäå

Φ1 =
(
P0(MP0)

+M 0
)
(E − Ξ+Ξ),

Φ2 =
(
0 P0(SP0)

+S
)
(E − Ξ+Ξ).

Ôîðìóëû (4.2.11) è (4.2.13) äëÿ âû÷èñëåíèÿ âåêòîðîâ v1 è v2 òåïåðü òàêîâû:

v1 = P2(SP2)
+S(Φ2 − Φ1)r, (4.2.25)

v2 = Q2(MQ2)
+M(Φ1 − Φ2)r. (4.2.26)

Ïîäñòàâèì âåêòîðû (4.2.24) â óðàâíåíèÿ (4.2.17), (4.2.18), òîãäà

dη(t) = M(t)L+(t)η(t)dt+M(t)Φ1(t)r(t)dt+ f(t)dt+N(t)dw(t), (4.2.27)

L+(0)η(0) = a− SΦ2(0)r(0). (4.2.28)

Òåïåðü áóäåì ïîëüçîâàòüñÿ òåì ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ (4.2.27)

óäîâëåòâîðÿåò ñîîòíîøåíèþ (ñì. [20], [33])

η(t) = X(t)η(0) + θ(t), (4.2.29)

ãäå ìàòðèöà X(t) è âåêòîð θ(t) ÿâëÿþòñÿ ðåøåíèÿìè ñîîòâåòñòâåííî ñëå-

äóþùèõ çàäà÷ Êîøè:

dX(t)

dt
= M(t)L+(t)X(t), X(0) = E,
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dθ(t) = M(t)L+(t)θ(t)dt+M(t)Φ1(t)r(t)dt+ f(t)dt+N(t)dw(t),

θ(0) = 0.

Äëÿ ðåøåíèÿ çàäà÷è îòíîñèòåëüíî θ(t) èìååò ìåñòî ôîðìóëà (ñì. [20],

[33])

θ(t) = X(t)χ(t),

ãäå

χ(t) =

∫ t

0

X−1(s)[M(s)Φ1(s)r(s) + f(s)]ds+

∫ t

0

X−1(s)N(s)dw(s)

ïîýòîìó ðàâåíñòâî (4.2.29) ïåðåïèñûâàåòñÿ òàê

η(t) = X(t)η(0) +X(t)χ(t). (4.2.30)

Ïîäñòàâèâ (4.2.30) â óñëîâèÿ (4.2.16), (4.2.28), áóäåì èìåòü

[E − L(t)L+(t)]X(t)η(0) = −[E − L(t)L+(t)]X(t)χ(t),

0 ≤ t ≤ T, (4.2.31)

Λη(0) = a− SΦ2(0)r(0), (4.2.32)

ãäå

Λ = SL+(0)X(0).

Âîñïîëüçóåìñÿ (êàê è â [1]) ñëåäóþùèìè ëåììàìè èç òåîðèè àëãåáðà-

è÷åñêèõ ñèñòåì.

Ëåììà 4.2.1. [2] Ïóñòü ìàòðèöà A(t) íåïðåðûâíà íà îòðåçêå [0, T ]

è

G =

∫ T

0

A∗(s)A(s)ds. (4.2.33)

Òîãäà ëþáîå ðåøåíèå c ñèñòåìû

Gc = 0 (4.2.34)
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åñòü ïîñòîÿííîå ðåøåíèå ñèñòåìû

A(t)c = 0, 0 ≤ t ≤ T (4.2.35)

ñ ìàòðèöåé A(t). Îáðàòíî, ëþáîå ïîñòîÿííîå ðåøåíèå ñèñòåìû (4.2.35)

ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (4.2.34).

Ëåììà 4.2.2. [3] Ïóñòü â ñèñòåìå óðàâíåíèé

A(t)y = B(t), 0 ≤ t ≤ T (4.2.36)

ìàòðèöû A(t) è B(t) íåïðåðûâíû. Òîãäà ñèñòåìà (4.2.36) èìååò ïîñòî-

ÿííîå (íå çàâèñÿùåå îò t ∈ [0, T ]) ðåøåíèå y òîãäà è òîëüêî òîãäà, êîãäà

ïðè âñåõ t ∈ [0, T ] èìååò ìåñòî ðàâåíñòâî

A(t)G+

∫ T

0

A∗(s)B(s)ds = B(t) (4.2.37)

(G ÿâëÿåòñÿ ìàòðèöåé (4.2.33)).

Ëåììà 4.2.3. [30] Åñëè âûïîëíåíû óñëîâèÿ ëåììû 4.2.2 è âåðíî ðà-

âåíñòâî (4.2.37), òî îáùåå ðåøåíèå ñèñòåìû (4.2.36) èìååò âèä

y = G+

∫ T

0

A∗(s)B(s)ds+ (E −G+G)c, (4.2.38)

ãäå c åñòü ïðîèçâîëüíûé âåêòîð.

Ñëåäñòâèå 4.2.1. [1] (èç ëåììû 4.2.2). Åñëè ñèñòåìà (4.2.36) èìååò

íå çàâèñÿùåå îò t ðåøåíèå y, òî âûïîëíåíÿåòñÿ ðàâåíñòâî

(E −GG+)

∫ T

0

A∗(s)B(s)ds = 0.

Áóäåì òåïåðü ïðèìåíÿòü ñôîðìóëèðîâàííûå ëåììû ê óðàâíåíèþ

(4.2.31). Ó íàñ

A(t) = [E − L(t)L+(t)]X(t),

B(t) = −A(t)χ(t)
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è, òàê êàê ìàòðèöà E−L(t)L+(t) ÿâëÿåòñÿ ñàìîñîïðÿæåííûì ïðîåêòîðîì,

èìååò ìåñòî ðàâåíñòâî

A∗(t)A(t) = X∗(t)[E − L(t)L+(t)]X(t).

Ñëåäîâàòåëüíî,

G =

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)ds,

∫ T

0

A∗(s)B(s) =

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)χ(s)ds,

òîãäà ïî ôîðìóëå (4.2.38) ïîëó÷àåì

η(0) = −G+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)χ(s)ds+ (E −G+G)c, (4.2.39)

ãäå c ÿâëÿåòñÿ ïðîèçâîëüíûì âåêòîðîì. Ïðè ýòîì ñîãëàñíî Ëåììå 4.2.2

äîëæíî âûïîëíÿòüñÿ óñëîâèå ðàçðåøèìîñòè (4.2.31) îòíîñèòåëüíî η(0)

[E − L(t)L+(t)]X(t)G+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)χ(s)ds =

= [E − LL+]X(t)χ(t), 0 ≤ t ≤ T. (4.2.40)

Ïîäñòàâèâ âåêòîð (4.2.39) â óðàâíåíèå (4.2.32), ïîëó÷èì óðàâíåíèå äëÿ íà-

õîæäåíèÿ âåêòîðà c:

(Λ− ΛG+G)c = a− SΦ2(0)r(0)+

+ΛG+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)χ(s)ds. (4.2.41)

Ðåøåíèå óðàâíåíèÿ (4.2.41) ñ èñïîëüçîâàíèåì Òåîðåìû 1.2.4 çàïèñû-

âàåòñÿ ñëåäóþùèì îáðàçîì:

c = (Λ− ΛG+G)+{a− SΦ2(0)r(0)+

+ΛG+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)χ(s)ds}+

+[E − (Λ− ΛG+G)+(Λ− ΛG+G)]β, (4.2.42)
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ãäå β � ïðîèçâîëüíûé âåêòîð. Ôîðìóëà (4.2.42) ñîãëàñíî Òåîðåìå 1.2.3 èìå-

åò ìåñòî ïðè âûïîëíåíèè óñëîâèÿ ñîâìåñòíîñòè íà ñèñòåìó (4.2.41)

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]{a− SΦ2(0)r(0)+

+ΛG+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)χ(s)ds} = 0. (4.2.43)

Ñîâåðøàÿ ïîäñòàíîâêó (4.2.42) â (4.2.39), ïðèõîäèì ê ïîñëåäíåìó âû-

ðàæåíèþ äëÿ âåêòîðà η(0), à èìåííî:

η(0) = −[E − (E −G+G)(Λ− ΛG+G)+Λ]G+

∫ T

0

X∗(s)[E−

−L(s)L+(s)]X(s)χ(s)ds+ (E −G+G)(Λ− ΛG+G)+·

·{a− SΦ2(0)r(0)}+

+(E −G+G)[E − (Λ− ΛG+G)+(Λ− ΛG+G)]β, (4.2.44)

ãäå β � ïðîèçâîëüíûé âåêòîð.

Êàê íåòðóäíî óâèäåòü, óñëîâèÿ ðàçðåøèìîñòè (4.2.40), (4.2.43) ïðåä-

ñòàâëÿþò ñîáîé ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî âåêòîðà

r(t), òàê êàê âåêòîð χ(t), âõîäÿùèé â ýòó ñèñòåìó, ñâÿçàí ñ r(t) èíòåãðàëü-

íîé ôîðìóëîé

χ(t) =

∫ t

0

X−1(s)[M(s)Φ1(s)r(s)+f(s)]ds+

∫ t

0

X−1(s)N(s)dw(s). (4.2.45)

Èòàê, óñòàíîâëåíî, ÷òî îáùåå ðåøåíèå çàäà÷è (4.2.1) âûïèñûâàåòñÿ â

äâóõ âèäàõ: (4.2.2) è (4.2.3), ãäå âåêòîðû u1, u2, v1, v2 âû÷èñëÿþòñÿ ïî

ôîðìóëàì (4.2.24), (4.2.25), (4.2.26). Âåêòîð r(t) åñòü ïðîèçâîëüíîå ðåøå-

íèå èíòåãðàëüíîé ñèñòåìû (4.2.40), (4.2.43), (4.2.45), âåêòîð η(t) ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ (4.2.27) ñ íà÷àëüíûì óñëîâèåì (4.2.44). Òàê êàê âåê-

òîðû h1(t) è h2(t) ïðèíàäëåæàò ïåðåñå÷åíèþ kerL ∩ kerM ∩ kerS, òî äëÿ

èõ âû÷èñëåíèÿ ñïðàâåäëèâû ôîðìóëû

h1(t) = P4γ(t), h2(t) = Q4γ(t),
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ãäå γ(t) ïðîèçâîëüíûé íåïðåðûâíûé âåêòîð, îïðåäåëåííûé íà îòðåçêå

[0, T ].

Â ðàáîòàõ [3, 30] óñòàíîâëåíî, ÷òî ìàòðèöà, êîòîðàÿ äåéñòâóåò íà âåê-

òîð β â ôîðìóëå (4.2.44), ÿâëÿåòñÿ ïðîåêòîðîì íà ìíîæåñòâî kerG∩ kerΛ.

Òîãäà òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè ðàâåíñòâà (4.2.44) (êîòîðîå îáîçíà-

÷èì ÷åðåç α) åñòü ïðîèçâîëüíîå ðåøåíèå ñèñòåìû

Λα = 0, Gα = 0. (4.2.46)

Îñíîâíàÿ ïðîáëåìà ïðè ðåøåíèè çàäà÷è (4.2.1) ñîñòîèò â ðåøåíèè èí-

òåãðàëüíîé ñèñòåìû (4.2.40), (4.2.43), (4.2.45), êîòîðîé óäîâëåòâîðÿåò âåê-

òîð r(t).

Ïîëó÷èì óñëîâèÿ ðàçðåøèìîñòè è ôîðìóëû äëÿ ðåøåíèÿ çàäà÷è

(4.2.1).

Çàäà÷ó (4.2.1) áóäåì ðàññìàòðèâàòü (êàê è â [1]) äëÿ òàêèõ ìàòðèö

L(t), M(t) è S, äëÿ êîòîðûõ âûïîëíÿþòñÿ òîæäåñòâà

[E − L(t)L+(t)]X(t)X−1(s)M(s)Φ1(s) = 0,

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]SΦ2(t) = 0,

t, s ∈ [0, T ].

Òîãäà äëÿ çàäà÷è (4.2.1) âûïîëíÿþòñÿ óñëîâèÿ ñîâìåñòíîñòè

[E − L(t)L+(t)]X(t)G+{
∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(t)L+(t)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds} =

= [E − L(t)L+(t)]{z(t) +X(t)

∫ t

0

X−1(s)N(s)dw(s)},

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]{a+

+ΛG+[

∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+
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+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds]} = 0,

ãäå z(s) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè:

dz(t) = M(t)L+(t)z(t)dt+ f(t)dt,

z(0) = 0.

Òàêèì îáðàçîì, ññûëàÿñü íà âûøå ñêàçàííîå, ïîëó÷àåì ñëåäóþùèå

òåîðåìû.

Òåîðåìà 4.2.1. Ïóñòü â çàäà÷å (4.2.1) äëÿ ìàòðèö L(t), M(t), S

âûïîëíÿþòñÿ òîæäåñòâà

[E − L(t)L+(t)]X(t)X−1(s)M(s)Φ1(s) = 0, (4.2.47)

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]SΦ2(t) = 0, t, s ∈ [0, T ]. (4.2.48)

Òîãäà äëÿ òîãî, ÷òîáû çàäà÷à èìåëà ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî

âûïîëíåíèÿ óñëîâèé

[E − L(t)L+(t)]X(t)G+{
∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(t)L+(t)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds} =

= [E − L(t)L+(t)]{z(t) +X(t)

∫ t

0

X−1(s)N(s)dw(s)}, (4.2.49)

[E − (Λ− ΛG+G)(Λ− ΛG+G)+]{a+

+ΛG+[

∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds]} =

= 0, (4.2.50)

ãäå z(s) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè:

dz(t) = M(t)L+(t)z(t)dt+ f(t)dt, z(0) = 0.
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Òåîðåìà 4.2.2. Åñëè ìàòðèöû L(t), M(t), S â çàäà÷å (4.2.1) óäî-

âëåòâîðÿþò ðàâåíñòâàì (4.2.47), (4.2.48) è çàäà÷à èìååò ðåøåíèå, òî åå

îáùåå ðåøåíèå çàïèñûâàåòñÿ äâóìÿ ñïîñîáàìè:

ξ(t) = L+(t)η(t) +H1(t)r(t) + P4(t)r0(t),

ξ(t) = L+(t)η(t) +H2(t)r(t) +Q4(t)r0(t),

ãäå ìàòðèöû H1(t), H2(t) âû÷èñëÿþòñÿ ïî ôîðìóëàì

H1 = [E − P2(SP2)
+S]Φ1 + P2(SP2)

+SΦ2,

H2 = [E −Q2(MQ2)
+M ]Φ2 +Q2(MQ2)

+MΦ1,

r(t), r0(t) � ïðîèçâîëüíûå íåïðåðûâíûå âåêòîðû, à η(t) ÿâëÿåòñÿ ðåøåíè-

åì óðàâíåíèÿ Èòî

dη(t) = M(t)L+(t)η(t)dt+M(t)Φ1(t)r(t)dt+ f(t)dt+N(t)dw(t)

ñ íà÷àëüíûì óñëîâèåì

η(0) = −[E − (E −G+G)(Λ− ΛG+G)+Λ]·

·G+{
∫ T

0

X∗(s)[E − L(s)L+(s)]θ(s)ds+

+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds}+

+(E −G+G)(Λ− ΛG+G)+ · {a− SΦ2(0)r(0)}+ α,

ãäå α ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû Λα = 0, Gα = 0, à âåêòîð θ(t) óäîâëå-

òâîðÿåò óðàâíåíèþ

dθ(t) = M(t)L+(t)θ(t)dt+M(t)Φ1(t)r(t)dt+ f(t)dt, θ(0) = 0.

99



Òåîðåìà 4.2.3. Ðåøåíèå çàäà÷è (4.2.1) (åñëè îíî ñóùåñòâóåò) åäèí-

ñòâåííî òîãäà è òîëüêî òîãäà, êîãäà ñèñòåìà Λα = 0, Gα = 0 èìååò

ëèøü íóëåâîå ðåøåíèå α = 0 è âåðíû ðàâåíñòâà

P4(t) = Q4(t) = 0, 0 ≤ t ≤ T,

Φ1(t) = Φ2(t) = 0, 0 ≤ t ≤ T. (4.2.51)

Òåîðåìà 4.2.4. Ïóñòü â çàäà÷å (4.2.1), âûïîëíÿþòñÿ óñëîâèÿ ñîâ-

ìåñòíîñòè (4.2.49), (4.2.50) è èìåþò ìåñòî ðàâåíñòâà (4.2.51). Òîãäà ñó-

ùåñòâóþò ðåøåíèÿ çàäà÷è (4.2.1), à îáùåå ðåøåíèå èìååò âèä

ξ(t) = L+(t)η(t) + h(t), 0 ≤ t ≤ T,

ãäå h(t) � ïðîèçâîëüíûé íåïðåðûâíûé âåêòîð, óäîâëåòâîðÿþùèé ñèñòåìå

L(t)h(t) = 0, M(t)h(t) = 0, Sh(t) = 0, (4.2.52)

à âåêòîð η(t) ïîëó÷àåòñÿ èç ñèñòåìû ñëåäóþùèõ äâóõ óðàâíåíèé:

dz(t) = M(t)L+(t)z(t)dt+ f(t)dt, z(0) = 0,

dη(t) = M(t)L+(t)η(t)dt+ f(t)dt+N(t)dw(t),

η(0) = −[E − (E −G+G)(Λ− ΛG+G)+Λ]·

·G+{
∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds}+

+(E −G+G)(Λ− ΛG+G)+a+ α, (4.2.53)

ãäå α � ïðîèçâîëüíîå ðåøåíèå ñèñòåìû

Λα = 0, Gα = 0. (4.2.54)
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Çàìå÷àíèå 4.2.1. Åñëè ñèñòåìû (4.2.52), (4.2.54) èìåþò òîëüêî

íóëåâîå ðåøåíèå, òî ïðè äàííûõ óñëîâèÿõ òåîðåìû 4.2.4 ðåøåíèå çàäà÷è

(4.2.1) åäèíñòâåííî è îíî âûïèñûâàåòñÿ ôîðìóëîé

ξ(t) = L+(t)η(t).

Ïðè ýòîì â ðàâåíñòâå (4.2.53) íóæíî ïîëîæèòü α = 0.

Èìååò ìåñòî ñëåäñòâèå èç Òåîðåìû 4.2.4:

Ñëåäñòâèå 4.2.2. Ïóñòü â çàäà÷å (4.2.1), S = 0, a = 0, à ìàòðè-

öû L(t), M(t) è âåêòîð f(t) óäîâëåòâîðÿþò óñëîâèþ (4.2.49). Òîãäà åñëè

ñòîëáöû ìàòðèöû L(t) ëèíåéíî-íåçàâèñèìû, òî çàäà÷à (4.2.1) ðàçðåøè-

ìà, à åå îáùåå ðåøåíèå èìååò âèä

ξ(t) = L+(t)η(t), 0 ≤ t ≤ T,

à âåêòîð η(t) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè:

dη(t) = M(t)L+(t)η(t)dt+ f(t)dt+N(t)dw(t),

η(0) = −G+ · {
∫ T

0

X∗(s)[E − L(s)L+(s)]z(s)ds+

+

∫ T

0

X∗(s)[E − L(s)L+(s)]X(s)[

∫ s

0

X−1(u)N(u)dw(u)]ds}+ α.

Çäåñü α � ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ Gα = 0.

Åñëè â çàäà÷å (4.2.1), ìàòðèöû L, M è N � ïîñòîÿííûå, à S = 0

è a = 0, òî ïðèìåíÿÿ ê íåé (êàê è â ðàáîòå [25]) òåîðåìû 1.2.3 è 1.2.4,

ïîëó÷èì ñëåäóþùóþ òåîðåìó î ðàçðåøèìîñòè:

Òåîðåìà 4.2.5. Ïóñòü â çàäà÷å (4.2.1) ìàòðèöû L, M è N � ïîñòî-

ÿííûå, S = 0 è a = 0 è âûïîëíÿþòñÿ óñëîâèÿ

(E − LL+)M, (E − LL+)f(t), (E − LL+)N.

Òîãäà (4.2.1) èìååò ðåøåíèå âèäà

ξ(t) = Y (t)ξ(0) + Y (t)

∫ t

0

Y −1(s)L+f(s)ds++Y (t)

∫ t

0

Y −1(s)L+Ndw(s),

101



ãäå Y (t) � íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

dY (t) = L+MY (t)dt, Y (0) = E.
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Ãëàâà V.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ

ëåîíòüåâñêîãî òèïà â òåðìèíàõ

òåêóùèõ ñêîðîñòåé ðåøåíèÿ

5.1. Îñíîâíàÿ êîíñòðóêöèÿ

Êàê ñêàçàíî âûøå, òåêóùàÿ ñêîðîñòü ÿâëÿåòñÿ äëÿ ñëó÷àéíûõ ïðîöåñ-

ñîâ ïðÿìûì àíàëîãîì îáû÷íîé ôèçè÷åñêîé ñêîðîñòè äåòåðìèèíèðîâàííûõ

ïðîöåññîâ. Ýòî îçíà÷àåò, ÷òî óðàâíåíèÿ ñ òåêóùèìè ñêîðîñòÿìè, ïî âèäè-

ìîìó, ÿâëÿþòñÿ íàèáîëåå åñòåñòâåííûìè ñ ôèçè÷åñêîé òî÷êè çðåíèÿ.

Ïóñòü çàäàíû èçìåðèìûå ïî Áîðåëþ îòîáðàæåíèÿ v(t, x) è α(t, x) èç

[0, T ]×Rn â Rn è â S̄+(n), ñîîòâåòñòâåííî, ãäå S̄+(n) � ìíîæåñòâî ñèììåò-

ðè÷åñêèõ íåîòðèöàòåëüíî-îïðåäåëåííàÿ ìàòðè÷íûõ ôóíêöèé íà [0, T ]×Rn.

Cèñòåìà âèäà DSξ(t) = v(t, ξ(t)),

D2ξ(t) = α(t, ξ(t))
(5.1.1)

íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà ñ òåêóùèìè

ñêîðîñòÿìè (ñì., íàïðèìåð, [34]).

Îïðåäåëåíèå 5.1.1. [34] Ãîâîðÿò, ÷òî (5.1.1) èìååò ðåøåíèå íà
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îòðåçêå [0, T ] ñ íà÷àëüíûì óñëîâèåì ξ(0) = ξ0, åñëè ñóùåñòâóåò âåðî-

ÿòíîñòíîå ïðîñòðàíñòâî (Ω,F ,P) è ïðîöåññ ξ(t), çàäàííûé íà (Ω,F ,P),

ñóùåñòâóþùèé ïðè t ∈ [0, T ] è ïðèíèìàþùèé çíà÷åíèÿ â Rn òàêèå, ÷òî

äëÿ ξ(t) P -ï. í. (5.1.1) âûïîëíÿåòñÿ ïðè âñåõ t ∈ [0, T ].

Ïóñòü L̃ è M̃ � âûðîæäåííàÿ è íåâûðîæäåííàÿ ñîîòâåòñòâåííî n× n-

ìàòðèöû, òàêèå, ÷òî ïó÷îê λL̃ + M̃ ÿâëÿåòñÿ ðåãóëÿðíûì. Âñþäó íèæå

ìû ïðåäïîëàãàåì, ÷òî ýòîò ïó÷îê óäîâëåòâîðÿåò êðèòåðèþ "ðàíã-ñòåïåíü" ,

ò.å. rankL̃ = deg[det(λL̃ + M̃)]. Òîãäà ñîãëàñíî Òåîðåìå 1.2.1 ñóùåñòâóþò

íåâûðîæäåííûå ìàòðèöû P è Q òàêèå, ÷òî L = PL̃Q =

 Ed 0

0 0

 è

M = PM̃Q =

 J 0

0 En−d

. Îòìåòèì, ÷òî ïîñêîëüêó M íåâûðîæäåíà, òî

è J òàêæå íåâûðîæäåíà.

Ââåäåì ìàòðèöó L̄ = QLQ∗. Äëÿ C∞-ãëàäêîé n-ìåðíîé âåêòîð-

ôóíêöèè f̃(t) ðàññìîòðèì ñèñòåìó â RnL̃DSξ(t) = M̃ξ(t) + f̃(t),

D2ξ(t) = L̄,
(5.1.2)

êîòîðóþ áóäåì íàçûâàòü äèôôåðåíöèàëüíûì óðàâíåíèåì ëåîíòüåâñêîãî

òèïà â òåêóùèõ ñêîðîñòÿõ. Àäåêâàòíûå íà÷àëüíûå óñëîâèÿ äëÿ ðåøå-

íèé óðàâíåíèÿ (5.1.2) áóäóò îïèñàíû íèæå. Îòìåòèì, ÷òî è ìàòðèöà L,

è ìàòðèöà L̄ ïî ïîñòðîåíèþ ñèììåòðè÷íû è íåîòðèöàòåëüíî îïðåäåëåíû.

Ïîýòîìó âòîðàÿ ñòðîêà â (5.1.2) êîððåêòíà.

Îáîçíà÷èì η(t) = Q−1ξ(t), f(t) = P f̃(t). Òîãäà ñîãëàñíî ïðåîáðàçîâà-

íèþ, îïèñàííîìó â Òåîðåìå 1.2.1, ïåðâîå ðàâåíñòâî èç (5.1.2) ïðèìåò âèä

LDSη(t) = Mη(t) + f(t). Ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâî η(t) = Q−1ξ(t)

è îïðåäåëåíèå D2 ïî ôîðìóëå (1.1.) ïîëó÷àåì, ÷òî âòîðîå ðàâåíñòâî äëÿ

η(t) èç (5.1.2) ïðèíèìàåò âèä D2η(t) = L. Òàêèì îáðàçîì, óðàâíåíèå (5.1.2)
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ïðåîáðàçóåòñÿ â óðàâíåíèå äëÿ η(t) è ïðèíèìàåò ñëåäóþùèé êàíîíè÷åñêèé

âèä: LDSη(t) = Mη(t) + f(t),

D2η(t) = L
(5.1.3)

Òàêèì îáðàçîì, Rn ðàçëàãàåòñÿ â ïðÿìóþ ñóììó äâóõ ïîäïðîñòðàíñòâ Rd è

Rn−d òàê, ÷òî óðàâíåíèå (5.1.3) ðàçëàãàåòñÿ íà äâà íåçàâèñèìûõ óðàâíåíèÿ

â ýòèõ ïîäïðîñòðàíñòâàõ:DSη
(1)(t) = Jη(1)(t) + f (1)(t),

D2η
(1) = Id

(5.1.4)

â ïîäïðîñòðàíñòâå Rd è η(2)(t) + f (2)(t) = 0,

D2η
(2) = 0

(5.1.5)

â ïîäïðîñòðàíñòâå Rn−d.

Èç âòîðîãî ðàâåíñòâà (5.1.5) ñëåäóåò, ÷òî ðåøåíèå óðàâíåíèÿ (5.1.5) íå

ÿâëÿåòñÿ ñòîõàñòè÷åñêèì, òîãäà èç ïåðâîãî ðàâåíñòâà ñëåäóåò, ÷òî ðåøåíèå

óðàâíåíèÿ (5.1.5) èìååò âèä η(2)(t) = −f (2)(t). Î÷åâèäíî, ÷òî íà÷àëüíûå

óñëîâèÿ â ýòîì ñëó÷àå ïðåäïîëàãàþòñÿ âèäà η(2)(0) = −f (2)(0).

Äëÿ ïðîñòîòû îáîçíà÷èì C∞-ãëàäêîå âåêòîðíîå ïîëå Jx + f (1)(t) â

Rd ñèìâîëîì v(t, x) è îáîçíà÷èì ÷åðåç gt ïîòîê ýòîãî âåêòîðíîãî ïîëÿ.

Èç âòîðîãî ðàâåíñòâà (5.1.4) ñëåäóåò, ÷òî ðåøåíèå, åñëè îíî ñóùåñòâó-

åò, äîëæíî ïðåäñòàâëÿòüñÿ â âèäå (1.1.1). Ââåäåì âåðîÿòíîñòíóþ ïëîò-

íîñòü ρ0 â Rd òàêóþ, ÷òî îíà íèãäå íå ðàâíà íóëþ. Â ýòîì ñëó÷àå èç

Òåîðåìû 8.50 èç ìîíîãðàôèè [34] ñëåäóåò, ÷òî ïëîòíîñòü ρ(t) ðåøåíèÿ

(5.1.4) ñ íà÷àëüíîé ïëîòíîñòüþ ρ0 èìååò âèä ρ(t) = ep(t), ãäå p(t, x) =

p0(g−t(x))−
∫ t

0 (div v)(s, gs(g−t(x))ds, p0 = ln ρ0. Ñëåäîâàòåëüíî, ïëîòíîñòü

105



ρ(t) íàõîäèòñÿ âî âçàèìíî-îäíîçíà÷íîì ñîîòâåòñòâèè ñ âåêòîðíûì ïîëåì

v(t, x).

Ïîä÷åðêíåì, ÷òî ρ(t, x) êîððåêòíî îïðåäåëåíî äëÿ âñåõ t ∈ [0, T ]. Îáî-

çíà÷èì ÷åðåç η
(1)
0 ñëó÷àéíóþ âåëè÷èíó â Rd ñ ïëîòíîñòüþ ρ0.

Ïî ïîñòðîåíèþ DSη
(1)(t) = v(t, η(1)(t)). Ïî Ëåììå 1.1.1 îñìîòè÷åñêàÿ

ñêîðîñòü ðåøåíèÿ ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1.1) ñ

åäèíè÷íîé äèôôóçèåé èìååò âèä u = 1
2grad p = grad ln

√
ρ. Îòìåòèì, ÷òî

u îäíîçíà÷íî îïðåäåëÿåòñÿ ïëîòíîñòüþ ρ è, ñëåäîâàòåëüíî, ïðîèçâîäíàÿ

â ñðåäíåì ñïðàâà äëÿ ðåøåíèÿ òàêæå îäíîçíà÷íî îïðåäåëÿåòñÿ ôîðìóëîé

a(t, x) = v(t, x)+u(t, x). Òîãäà èç îáùåé òåîðèè óðàâíåíèé ñ ïðîèçâîäíûìè

â ñðåäíåì ñïðàâà (ñì. Òåîðåìû (1.1.1) è (1.1.2), à òàêæå [34]) ñëåäóåò, ÷òî

η(1)(t) äîëæíî óäîâëåòâîðÿòü ñòîõàñòè÷åñêîìó äèôôåðåíöèàëüíîìó óðàâ-

íåíèþ

η(1)(t) = η
(1)
0 +

∫ t

0

a(s, η(1)(s))ds+ w(t), (5.1.6)

êîòîðîå èìååò ñèëüíîå è ñèëüíî åäèíñòâåííîå ðåøåíèå η(1)(t) ñ íà÷àëüíîé

ïëîòíîñòüþ ρ0, êîòîðîå êîððåêòíî îïðåäåëåíî äëÿ t ∈ [0, T ] (ñì. [33]). Ýòî

è åñòü ðåøåíèå óðàâíåíèÿ (5.1.4) â âèäå (1.1.1), êîòîðîå ìû èùåì.

Òàêèì îáðàçîì, ìû äîêàçàëè ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 5.1.1. Ïóñòü L̃ è M̃ � âûðîæäåííàÿ (d = rankL̃) è

íåâûðîæäåííàÿ ñîîòâåòñòâåííî n × n-ìàòðèöû, îáðàçóþùèå ðåãóëÿð-

íûé ïó÷îê λL̃ + M̃ è âûïîëíÿåòñÿ êðèòåðèé "ðàíã-ñòåïåíü" rankL̃ =

deg[det(λL̃+M̃)]; ïóñòü P è Q � n×n-ìàòðèöû, ïðèâîäÿùèå ïó÷îê λL̃+M̃

ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà-Âåéåðøòðàññà, L = PL̃Q è M = PM̃Q;

ïóñòü L̄ = QLQ∗ è t ∈ [0, T ]. Òîãäà äëÿ C∞-ãëàäêîé n-ìåðíîé âåêòîð-

ôóíêöèè f̃(t) óðàâíåíèå

L̃DSξ(t) = M̃ξ(t) + f̃(t),

D2ξ(t) = L̄,
ïðåîáðàçîâàííîå ê
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LDSη(t) = Mη(t) + f(t),

D2η(t) = L,
ãäå η(t) = Q−1ξ(t), f(t) = P f̃(t), ñ íà÷àëü-

íûìè óñëîâèÿìè η(2)(0) = −f (2)(0) â Rn−d è ñëó÷àéíîé âåëè÷èíîé ñ ïëîò-

íîñòüþ ρ0 íèãäå íå ðàâíîé íóëþ â Rd, èìååò ðåøåíèå.

5.2. Îäíî îáîáùåíèå

Ðàññìîòðèì íåêîòîðóþ ñèììåòðè÷åñêóþ ïîëîæèòåëüíî îïðåäåëåííóþ ìàò-

ðèöó Ξ â Rd. Äëÿ ìàòðèöû Ξ ñóùåñòâóåò (ñì. Ëåììó (1.1.3)) íåâûðîæäåí-

íàÿ ìàòðèöà A â Rd, òàêàÿ, ÷òî Ξ = AA∗, ãäå ìàòðèöà A∗ ÿâëÿåòñÿ ñîïðÿ-

æåííîé ê A. Ââåäåì â Rn ìàòðèöû Θ =

 Ξ 0

0 0

 è Θ̄ = QΘQ∗. Òîãäà ìû

áóäåì èìåòü äåëî ñ óðàâíåíèåìL̃DSξ(t) = M̃ξ(t) + f̃(t),

D2ξ(t) = Θ̄,
(5.2.1)

â êîòîðîì L̃ è M̃ òàêèå êàê è â óðàâíåíèè (5.1.2). Òàêèì æå îáðàçîì, êàê

(5.1.2) ïðåîáðàçóåòñÿ â (5.1.3), ñ ïðèìåíåíèåì P è Q ïðåîáðàçóåì (5.2.1) â

óðàâíåíèå LDSη(t) = Mη(t) + f(t),

D2η(t) = Θ.
(5.2.2)

Îòìåòèì, ÷òî ïîñêîëüêó ïî ïîñòðîåíèþ ìàòðèöû Θ̄ è Θ ñèììåòðè÷íû

è ïîëîæèòåëüíî îïðåäåëåíû, óðàâíåíèÿ (5.2.1) è (5.2.2) êîððåêòíû.

Òàê æå êàê è âûøå, (5.2.2) ðàñïàäàåòñÿ íà äâà íåçàâèñèìûõ óðàâíåíèÿDSη
(1)(t) = Jη(1)(t) + f (1)(t),

D2η
(1) = Ξ

(5.2.3)
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â ïîäïðîñòðàíñòâå Rd è η(2)(t) + f (2)(t) = 0,

D2η
(2) = 0

(5.2.4)

â ïîäïðîñòðàíñòâå Rn−d. Çàìåòèì, ÷òî (5.2.4) ñîâïàäàåò ñ (5.1.5), ïîýòîìó

åãî èçó÷åíèå ïðîâîäèòñÿ òîæå êàê è (5.1.5).

Îòìåòèì, ÷òî åñëè ðåøåíèå (5.2.3) ñóùåñòâóåò, òî îíî äîëæíî ïðåä-

ñòàâëÿòüñÿ â âèäå (1.1.4).

Äëÿ èññëåäîâàíèÿ (5.2.3) ââåäåì â Rd íîâîå ñêàëÿðíîå ïðîèçâåäåíèå

⟨·, ·⟩, êîòîðîå äëÿ ïðîèçâîëüíûõ âåêòîðîâ X è Y èç Rd ïðèíèìàåò âèä

⟨X, Y ⟩ = (Ξ−1X, Y ). Ââåäåì íà÷àëüíîå âåðîÿòíîñòíîå ðàñïðåäåëåíèå ρ0 â

Rd òàêîå, ÷òî îíî íèãäå íå ðàâíî íóëþ, ÷åðåç η
(1)
0 îáîçíà÷èì ñëó÷àéíóþ

âåëè÷èíó â Rd ñ ïëîòíîñòüþ ρ0. Ðàññìîòðèì âåêòîðíîå ïîëå v(t, x) = Jx+

f (1)(t) è îáîçíà÷èì ÷åðåç gt åãî ïîòîê. Òîãäà èç Òåîðåìû 8.50 èç [34] ñëåäó-

åò, ÷òî ïëîòíîñòü ρ(t) ðåøåíèÿ (5.2.3) ñ íà÷àëüíîé ïëîòíîñòüþ ρ0 èìååò âèä

ρ(t) = ep(t), ãäå p(t, x) = p0(g−t(x)) −
∫ t

0 (Div v)(s, gs(g−t(x))ds, p0 = ln ρ0

è Div îáîçíà÷àåò äèâåðãåíöèþ â Rd ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨·, ·⟩.

Îòñþäà, äëÿ çàäàííîé ìàòðèöû Ξ è íà÷àëüíîé ïëîòíîñòè ρ0 ïîñòðîåííàÿ

ïëîòíîñòü ρ(t) íàõîäèòñÿ âî âçàèìíî-îäíîçíà÷íîì ñîîòâåòñòâèè ñ ãëàäêèì

âåêòîðíûì ïîëåì v(t, x). Òîãäà ïîñëå íàõîæäåíèÿ ïëîòíîñòè ρ(t) äëÿ ðå-

øåíèÿ óðàâíåíèÿ (5.2.3) ìû ìîæåì âû÷èñëèòü òàêæå îñìîòè÷åñêóþ ñêî-

ðîñòü u(t, x) ïî ôîðìóëå u = 1
2Grad p, ãäå Grad � ãðàäèåíò îòíîñèòåëü-

íî íîâîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ [31], [34]. Çàìåòèì, ÷òî u îäíîçíà÷íî

îïðåäåëÿåòñÿ ïëîòíîñòüþ ρ è ìàòðèöåé Ξ è, ñòàëî áûòü, ïðîèçâîäíàÿ â

ñðåäíåì ñïðàâà äëÿ ðåøåíèÿ òàêæå îäíîçíà÷íî âû÷èñëÿåòñÿ ïî ôîðìóëå

a(t, x) = v(t, x)+ 1
2Grad p. Ñëåäîâàòåëüíî, ïî òåîðèè óðàâíåíèé ñ ïðîèçâîä-

íûìè â ñðåäíåì ñïðàâà (ñì. Òåîðåìû (1.1.1) è (1.1.2), à òàêæå [34]) η(1)(t),

êàê è âûøå, äîëæíî óäîâëåòâîðÿòü ñòîõàñòè÷åñêîìó äèôôåðåíöèàëüíîìó
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óðàâíåíèþ η(1)(t) = η
(1)
0 +

∫ t

0 a(s, η
(1)(s))ds+Aw(t) (àíàëîã (5.1.6)), êîòîðîå

èìååò ñèëüíîå è ñèëüíî åäèíñòâåííîå ðåøåíèå η(1)(t) ñ íà÷àëüíîé ïëîò-

íîñòüþ ρ0, êîððåêòíî îïðåäåëåííîå äëÿ t ∈ [0, T ] (ñì. [33]). À ýòî è åñòü

ðåøåíèå óðàâíåíèÿ (5.2.3) â âèäå (1.1.4), êîòîðîå ìû èùåì.

Òàêèì îáðàçîì, ìû äîêàçàëè

Òåîðåìà 5.2.1. Ïóñòü L̃ è M̃ � âûðîæäåííàÿ (d = rankL̃) è

íåâûðîæäåííàÿ ñîîòâåòñòâåííî n × n-ìàòðèöû, îáðàçóþùèå ðåãóëÿð-

íûé ïó÷îê λL̃ + M̃ è âûïîëíÿåòñÿ êðèòåðèé "ðàíã-ñòåïåíü" rankL̃ =

deg[det(λL̃ + M̃)]; ïóñòü P è Q � n × n-ìàòðèöû, ïðåîáðàçóþùèå ïó÷îê

λL̃+M̃ ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà-Âåéåðøòðàññà, L = PL̃Q è M =

PM̃Q; ïóñòü Ξ � ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà

â Rd, Θ =

 Ξ 0

0 0

, Θ̄ = QΘQ∗ è t ∈ [0, T ]. Òîãäà äëÿ C∞-ãëàäêîé n-

ìåðíîé âåêòîð-ôóíêöèè f̃(t) óðàâíåíèå

L̃DSξ(t) = M̃ξ(t) + f̃(t),

D2ξ(t) = Θ̄,
ïðå-

îáðàçîâàííîå ê

LDSη(t) = Mη(t) + f(t),

D2η(t) = Θ,
ãäå η(t) = Q−1ξ(t), f(t) =

P f̃(t), ñ íà÷àëüíûìè óñëîâèÿìè η(2)(0) = −f (2)(0) â Rn−d è ñëó÷àéíîé

âåëè÷èíîé ñ ïëîòíîñòüþ ρ0 íèãäå íå ðàâíîé íóëþ â Rd, èìååò ðåøåíèå.
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