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Ââåäåíèå

Àêòóàëüíîñòü òåìû. Îäíèì èç âàæíåéøèõ íàïðàâëåíèé èññëåäîâà-

íèé â ñîâðåìåííîì êîìïëåêñíîì àíàëèçå ÿâëÿåòñÿ ïîñòðîåíèå �àêòîðèçà-

öèîííûõ ïðåäñòàâëåíèé âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ �óíêöèé. Ïîìèìî

òîãî, ÷òî ðåçóëüòàòû ýòèõ èññëåäîâàíèé èìåþò ñàìîñòîÿòåëüíûé èíòåðåñ,

îíè òàêæå øèðîêî ïðèìåíÿþòñÿ ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ êîìïëåêñ-

íîãî è �óíêöèîíàëüíîãî àíàëèçà: ïðè èçó÷åíèè ãðàíè÷íûõ ñâîéñòâ êëàññîâ

àíàëèòè÷åñêèõ �óíêöèé, â âîïðîñàõ òåîðèè èíòåðïîëÿöèè, â çàäà÷àõ àïïðîê-

ñèìàöèè, â òåîðèè îïåðàòîðîâ è ò.ä. Èñòîêè òåîðèè �àêòîðèçàöèè ëåæàò â

êëàññè÷åñêèõ ðàáîòàõ Ê. Âåéðøòðàññà, Æ. Àäàìàðà, Ô. Áîðåëÿ, Â.Â. �îëóáå-

âà, ïîñâÿùåííûõ �àêòîðèçàöèè öåëûõ �óíêöèé, è â ðàáîòàõ �. Íåâàíëèííû,

Â.È. Ñìèðíîâà î ïðåäñòàâëåíèè �óíêöèé îãðàíè÷åííîãî âèäà è êëàññîâ Õàð-

äè. Èíòåðåñ ê ýòèì ïðîáëåìàì íå èññÿêàåò è â íàñòîÿùåå âðåìÿ. Â ïîñëåäíèå

äåñÿòèëåòèÿ áûëè íàïèñàíû íåñêîëüêî ìîíîãðà�èé ïî ýòîé òåìàòèêå: Ì.Ì.

Äæðáàøÿíîì (1966 ã.), À.Å. Äæðáàøÿíîì è Ô.À. Øàìîÿíîì (1988 ã.), �. Õå-

äåíìàëüìîì, Á. Êîðåíáëþìîì è Ê. Æó (2000 ã.), Ê. Ñåéïîì (2004 ã.), Ô.À.

Øàìîÿíîì è Å.Í. Øóáàáêî (2009 ã.). Ïðè ïîñòðîåíèè �àêòîðèçàöèîííûõ

ïðåäñòàâëåíèé ñóùåñòâåííîå çíà÷åíèå èìååò õàðàêòåðèçàöèÿ êîðíåâûõ ìíî-

æåñòâ ñîîòâåòñòâóþùèõ êëàññîâ àíàëèòè÷åñêèõ �óíêöèé. Ïî ýòîé ïðîáëåìå

îïóáëèêîâàíû ìíîãî÷èñëåííûå ðàáîòû îòå÷åñòâåííûõ è çàðóáåæíûõ ó÷åíûõ:

Ó. Õåéìàíà, Ñ. Ëèíäåíà, Ì. Öóäçè, Ô.À. Øàìîÿíà, Í.À. Øèðîêîâà, Á.Í. Õà-

áèáóëëèíà, Á.È. Êîðåíáëþìà, Ê. Ñåéïà, �. Õåäåíìàëüìà, À. Áîðè÷åâà, è äð.

Íà îñíîâàíèè âûøåèçëîæåíîãî ìîæíî çàêëþ÷èòü, ÷òî âûáðàííàÿ òåìà äèñ-

ñåðòàöèîííîãî èññëåäîâàíèÿ âåñüìà àêòóàëüíà.

Ïðèâåä¼ì îáçîð íåêîòîðûõ ðåçóëüòàòîâ, òåñíî ñâÿçàííûõ ñ òåìàòèêîé

äèññåðòàöèîííîé ðàáîòû. Äëÿ ýòîãî ââåä¼ì íåîáõîäèìûå îáîçíà÷åíèÿ.

Ïóñòü D � åäèíè÷íûé êðóã íà êîìïëåêñíîé ïëîñêîñòè C, H(D) � ìíî-

æåñòâî âñåõ àíàëèòè÷åñêèõ â D �óíêöèé, h(D) � ìíîæåñòâî âñåõ ãàðìîíè-

÷åñêèõ â D �óíêöèé. Ñèìâîëîì Zf áóäåì îáîçíà÷àòü ìíîæåñòâî âñåõ êîðíåé

íåíóëåâîé �óíêöèè f , n(t) � êîëè÷åñòâî íóëåé �óíêöèè f â êðóãå |z| < t,

a+ = max(a, 0), a ∈ R.

Â 20-å ãîäû ïðîøëîãî ñòîëåòèÿ â ðàáîòàõ îäíîãî èç êëàññèêîâ êîì-

ïëåêñíîãî àíàëèçà �. Íåâàíëèííû áûëî ââåäåíî ïîíÿòèå õàðàêòåðèñòè÷å-
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ñêîé �óíêöèè, ÿâèâøååñÿ îñíîâîïîëîãàþùèì äëÿ âñåé òåîðèè àíàëèòè÷å-

ñêèõ �óíêöèé: Ïóñòü f ∈ H(D), õàðàêòåðèñòèêîé �. Íåâàíëèííû íàçûâàåòñÿ

�óíêöèÿ

T (r, f) =
1

2π

π∫

−π

ln+ |f(reiϕ)|dϕ,

ãäå 0 < r < 1 (ñì. [17℄).

Êëàññîì �. Íåâàíëèííû èëè êëàññîì �óíêöèé îãðàíè÷åííîãî âèäà íà-

çûâàåòñÿ ìíîæåñòâî N �óíêöèé f ∈ H(D), äëÿ êîòîðûõ

sup
0<r<1

T (r, f) < +∞.

�. Íåâàíëèííà ïîñòðîèë �àêòîðèçàöèîííîå ïðåäñòàâëåíèå êëàññà N :

Êëàññ N ñîâïàäàåò ñ ìíîæåñòâîì �óíêöèé f ∈ H(D), äîïóñêàþùèõ ïðåä-

ñòàâëåíèå âèäà

f(z) = eiγzλB(z, zk) exp





1

2π

2π∫

0

eiθ + z

eiθ − z
dψ(θ)




,

ãäå B(z, zk) =
+∞∏
k=1

z̄k
|zk|

zk−z
1−z̄kz � ïðîèçâåäåíèå Áëÿøêå,{zk} � ïîñëåäîâàòåëü-

íîñòü òî÷åê èç D, óäîâëåòâîðÿþùàÿ óñëîâèþ Áëÿøêå:

+∞∑

k=1

(1− |zk|) < +∞, (0.1)

ψ � âåùåñòâåííàÿ �óíêöèÿ îãðàíè÷åííîé âàðèàöèè íà [0, 2π], γ ∈ R, λ ∈ Z.

Ýòîò ðåçóëüòàò íàøåë ìíîãî÷èñëåííûå ïðèëîæåíèÿ â ðÿäå ðàçäåëîâ

êîìïëåêñíîãî, ãàðìîíè÷åñêîãî è �óíêöèîíàëüíîãî àíàëèçà.

Â ñâîåé ìîíîãðà�èè �. Íåâàíëèííà ââåë òàêæå áîëåå øèðîêèé êëàññ

Sα :=




f ∈ H(D) :

1∫

0

(1− r)αT (r, f)dr <∞




 , α > −1.

è ïîëó÷èë íåîáõîäèìîå óñëîâèå íà íóëè �óíêöèé èç ýòîãî êëàññà (ñì. [17℄):
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+∞∑

k=1

(1− |zk|)α+2 < +∞.

Êàíîíè÷åñêîå ïðåäñòàâëåíèå êëàññà Sα ïîëó÷åíî Ì.Ì. Äæðáàøÿíîì â [7℄.

Äîñòàòî÷íîñòü íàéäåííîãî �. Íåâàíëèííîé óñëîâèÿ áûëà äîêàçàíà ëèøü â

1978 ã. Ô.À. Øàìîÿíîì â ðàáîòå [34℄.

Â 1999 ã. â ðàáîòå [37℄ Ô.À. Øàìîÿí îáîáùèë êëàññû Íåâàíëèííû-

Äæðáàøÿíà â ñëåäóþùåì íàïðàâëåíèè: îí ââåë â ðàññìîòðåíèå êëàññû

Spα :=



f ∈ H(D) :

1∫

0

(1− r)αT p(r, f)dr < +∞



 , α > −1

ïîëó÷èë ïîëíîå îïèñàíèå êîðíåâûõ ìíîæåñòâ è ïîñòðîèë �àêòîðèçàöèîííîå

ïðåäñòàâëåíèå ýòèõ êëàññîâ �óíêöèé ïðè âñåõ 0 < p < +∞.

Â 1964 ã. Ì.Ì. Äæðáàøÿí ïîñòàâèë çàäà÷ó îáîáùèòü òåîðèþ �. Íåâàí-

ëèííû. Â ðàáîòå [8℄ èì áûëà ââåäåíà íîâàÿ õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ

Tα(r, f). Ñëåäóÿ Ì.Ì. Äæðáàøÿíó, íàçîâåì åå α-õàðàêòåðèñòèêîé: äëÿ ëþ-

áîé f ∈ H(D), α > −2

Tα(r, f) =
r−(α+1)

2π · Γ(α+ 1)

∫ π

−π

(∫ r

0

(r − t)α ln |f(teiϕ)|dt
)+

dϕ, (0.2)

ãäå Γ � �óíêöèÿ Ýéëåðà.

Â ýòîé æå ðàáîòå Ì. Äæðáàøÿíîì ââåäåí êëàññ Nα àíàëèòè÷åñêèõ â D

�óíêöèé ñ îãðàíè÷åííîé α-õàðàêòåðèñòèêîé, îõàðàêòåðèçîâàíû íóëåâûå ìíî-

æåñòâà è ïîëó÷åíî ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå óêàçàííîãî êëàññà �óíê-

öèé. Ýòè ðåçóëüòàòû ñòàëè îñíîâîïîëàãàþùèìè äëÿ ïîñòðîåíèÿ íîâîé òåîðèè

êëàññîâ ìåðîìîð�íûõ �óíêöèé (ñì. [10℄). Îòìåòèì, ÷òî Sα ⊂ Nα, ïðè÷åì

óêàçàííîå âêëþ÷åíèå � ñòðîãîå (ñì. [8, 36℄).

Íà îñíîâàíèè âûøåèçëîæåííîãî, åñòåñòâåííî îïðåäåëèòü êëàññ

Np
α,γ :=




f ∈ H(D) :

1∫

0

(1− r)γT pα(r, f)dr < +∞




 , α > −1, γ > −1.

Âîçíèêàåò íåîáõîäèìîñòü õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ è ïîñòðîåíèÿ
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�àêòîðèçàöèîííîãî ïðåäñòàâëåíèÿ ýòîãî êëàññà.

Â ïîñëåäíèå ãîäû âíèìàíèå ðÿäà ñïåöèàëèñòîâ â îáëàñòè êîìïëåêñíîãî

àíàëèçà ïðèêîâàíî ê ïðîáëåìå îïèñàíèÿ êîðíåâûõ ìíîæåñòâ âåñîâûõ êëàñ-

ñîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, ðàñòóùèõ âáëèçè ÷àñòè åãî

ãðàíèöû. Èíòåðåñ ê ýòîé ïðîáëåìå îáúÿñíÿåòñÿ â òîì ÷èñëå è âàæíîñòüþ

ïðèëîæåíèé ýòèõ ðåçóëüòàòîâ â ñïåêòðàëüíîé òåîðèè ëèíåéíûõ îïåðàòîðîâ,

òåîðèè âîçìóùåíèé è äð. (ñì. [45, 52, 53, 54℄)

Ïóñòü E � êîíå÷íîå ìíîæåñòâî òî÷åê íà åäèíè÷íîé îêðóæíîñòè T,

ρ(z, E) = dist(z, E) � ðàññòîÿíèå îò ïðîèçâîëüíîé òî÷êè z ∈ D äî ìíîæåñòâà

E. Ââåäåì â ðàññìîòðåíèå êëàññ

Hϕ(E) =

{
f ∈ H(D) : ln |f(z)| ≤ cfϕ

(
1

ρ(z, E)

)
, z ∈ D

}
,

ãäå ϕ - ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ íà R+.

Â òîì ñëó÷àå, êîãäà E ñîñòîèò èç îäíîé òî÷êè, ϕ(t) = tq, 0 < q < 1,

õàðàêòåðèçàöèÿ êîðíåâûõ ìíîæåñòâ êëàññà Hϕ(E) áûëà ïîëó÷åíà â ðàáîòàõ

Ì.Ì. Äæðáàøÿíà [7℄, Õ. Øàïèðî è À. Øèëäñà [59℄. Äëÿ ñëó÷àÿ E = T,

ϕ(t) = ln t ðåçóëüòàò îêîí÷àòåëüíîãî õàðàêòåðà áûë ïîëó÷åí Ê. Ñåéïîì (ñì.

[55℄). Ïîëíîå îïèñàíèå êîðíåâûõ ìíîæåñòâ è �àêòîðèçàöèîííîå ïðåäñòàâëå-

íèå êëàññà Hϕ(E), E = T, â ñëó÷àå áîëåå îáùèõ âåñîâ ïîëó÷åíî åùå â 80-õ

ãã. Ô.À. Øàìîÿíîì (ñì. [34, 35, 48℄). Îòìåòèì òàêæå ðàáîòû [14℄, [26℄, [27℄

Á.Í. Õàáèáóëëèíà è åãî ñîàâòîðîâ â ýòîì íàïðàâëåíèè.

Â 2009 ã. äëÿ ñëó÷àÿ, êîãäà E ⊂ T � êîíå÷íîå ìíîæåñòâî òî÷åê íà åäè-

íè÷íîé îêðóæíîñòè, â ðàáîòå [45℄ áûëî óñòàíîâëåíî ñëåäóþùåå óòâåðæäåíèå:

Åñëè f ∈ Hϕ(E), ϕ(t) = tq, q ≥ 0, {zk}+∞
k=1 � ïîñëåäîâàòåëüíîñòü íóëåé �óíê-

öèè f , òî ñõîäèòñÿ ðÿä:

+∞∑

k=1

(ρ(zk, E))(q−1+ε)+(1− |zk|) < +∞,

ãäå ε � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî.

Â íåäàâíèõ ðàáîòàõ Ë. �îëèíñêîãî, Ñ. Êóïèíà, Ñ. Ôàâîðîâà, Ë. �àä÷åíêî ïî-

ñëåäíèé ðåçóëüòàò áûë îáîáùåí â ðàçëè÷íûõ íàïðàâëåíèÿõ (ñì. [52, 53, 54℄).

Îäíàêî ïîëíîãî îïèñàíèÿ êîðíåâûõ ìíîæåñòâ êëàññà Hϕ(E) äî ñèõ ïîð íå

áûëî ïîëó÷åíî. Åñòåñòâåííî âîçíèêàåò íåîáõîäèìîñòü îêîí÷àòåëüíîãî ðåøå-
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íèÿ ýòîé çàäà÷è.

Â íà÷àëå 40-õ ãîäîâ ïðîøëîãî âåêà îäíèì èç êëàññèêîâ êîìïëåêñíî-

ãî àíàëèçà È. È. Ïðèâàëîâûì (ñì. [21℄) áûë ââåäåí â ðàññìîòðåíèå êëàññ

Πp (0 < p < +∞) àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, äëÿ êîòîðûõ:

sup
0<r<1

1

2π

∫ π

−π

(
ln+ |f(reiθ)|

)p
dθ < +∞.

Ïðè 1 ≤ p < +∞ ñïðàâåäëèâî âêëþ÷åíèå Πp ⊆ N , è èç ñâîéñòâ ïðîèç-

âåäåíèÿ Áëÿøêå ñëåäóåò, ÷òî êîðíåâûå ìíîæåñòâà õàðàêòåðèçóþòñÿ óñëîâèåì

Áëÿøêå (0.1). Îäíàêî ïðè 0 < p < 1 óñëîâèå Áëÿøêå óæå íå ÿâëÿåòñÿ íåîáõî-

äèìûì, áîëåå òîãî � íóëåâûå ìíîæåñòâà êëàññîâ Πp (0 < p < 1) ñóùåñòâåííî

çàâèñÿò îò çíà÷åíèÿ ïàðàìåòðà p, êàê óñòàíîâëåíî â ðàáîòå Ô. À. Øàìîÿíà è

åãî ñîàâòîðîâ [39℄. Âîïðîñ ïîëó÷åíèÿ ïîëíîãî îïèñàíèÿ êîðíåâûõ ìíîæåñòâ

óêàçàííîãî êëàññà �óíêöèé äî ñèõ ïîð îñòàåòñÿ îòêðûòûì.

Èññëåäîâàíèþ êîðíåâûõ ìíîæåñòâ è ïîñòðîåíèþ �àêòîðèçàöèîííûõ

ïðåäñòàâëåíèé àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè �óíêöèé êîíå÷íîãî ïîðÿäêà,

à òàêæå ïðèëîæåíèþ ýòèõ ðåçóëüòàòîâ â òåîðèè êðàåâûõ çàäà÷ ïîñâÿùåíà

ìîíîãðà�èÿ Í.Â. �îâîðîâà [6℄. Â 1971 ã. À.È. Õåé�èö â 1971 ã. â ðàáîòå [31℄

ïîëó÷èë ïðåäñòàâëåíèå äëÿ àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè �óíêöèé ñ ìàæî-

ðàíòîé áåñêîíå÷íîãî ïîðÿäêà. Îäíèì èç âàæíûõ ñâîéñòâ �àêòîðèçàöèîííûõ

ïðåäñòàâëåíèé ÿâëÿåòñÿ ïðèíàäëåæíîñòü êàæäîãî ñîìíîæèòåëÿ ðàññìàòðè-

âàåìîìó êëàññó. Îäíàêî â ðàáîòå [31℄ óêàçàííîå ñâîéñòâî íå áûëî óñòàíîâëå-

íî. Íåðåøåííûì òàêæå îñòàâàëñÿ âîïðîñ õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ

àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè �óíêöèé ñ ìàæîðàíòîé áåñêîíå÷íîãî ïîðÿä-

êà. Åñòåñòâåííî âîçíèêàåò âîïðîñ îêîí÷àòåëüíîãî ðåøåíèÿ ýòèõ çàäà÷.

Êàê áûëî îòìå÷åíî âûøå, �àêòîðèçàöèîííûå ïðåäñòàâëåíèÿ íàõîäÿò

ìíîãî÷èñëåííûå ïðèëîæåíèÿ â ðåøåíèè ðàçëè÷íûõ ïðîáëåì êîìïëåêñíîãî

àíàëèçà. Îäíîé èç íèõ ÿâëÿåòñÿ çàäà÷à èíòåðïîëÿöèè. Òåîðèÿ èíòåðïîëÿöèè

â ðàçëè÷íûõ êëàññàõ ãîëîìîð�íûõ �óíêöèé ñòàëà èíòåíñèâíî ðàçâèâàòüñÿ

ïîñëå îñíîâîïîëàãàþùåé ðàáîòû Ë. Êàðëåñîíà [46℄ î ñâîáîäíîé èíòåðïîëÿöèè

â êëàññå îãðàíè÷åííûõ àíàëèòè÷åñêèõ �óíêöèé â êðóãå. Òåðìèí ¾ñâîáîäíàÿ

èíòåðïîëÿöèÿ¿ âïåðâûå áûë ââåäåí â ðàáîòå Ñ.À. Âèíîãðàäîâà è Â.Ï. Õàâèíà

[4℄ ïðè ðåøåíèè èíòåðïîëÿöèîííîé çàäà÷è â ïîäêëàññàõ êëàññîâ N �óíêöèé

îãðàíè÷åííîãî âèäà. Çàäà÷à èíòåðïîëÿöèè â êëàññàõ �. Íåâàíëèííû è Â.È.
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Ñìèðíîâà áûëà ðåøåíà â ðàáîòàõ [16, 50℄, â êëàññàõ Õàðäè è Áåðãìàíà -

â ðàáîòàõ [58, 55℄. Îòìåòèì, ÷òî èçìåíåíèå êëàññà �óíêöèé, â êîòîðîì ðå-

øàåòñÿ çàäà÷à èíòåðïîëÿöèè, âëå÷åò ñóùåñòâåííûå èçìåíåíèÿ â ìåòîäàõ åå

ðåøåíèÿ. Ââèäó áîëüøîé ïðèêëàäíîé çíà÷èìîñòè ðåçóëüòàòîâ â ýòîé îáëàñòè

èññëåäîâàíèé, ïðîáëåìà îïèñàíèÿ ñëåäîâ ðàçëè÷íûõ êëàññîâ àíàëèòè÷åñêèõ

�óíêöèé îñòàåòñÿ âåñüìà àêòóàëüíîé.

Ïðè èññëåäîâàíèè âîïðîñîâ èíòåðïîëÿöèè ÷àñòî ïîÿâëÿåòñÿ íåîáõîäè-

ìîñòü â äîêàçàòåëüñòâå òåîðåì âëîæåíèÿ. Âïåðâûå òåîðåìû âëîæåíèÿ â êëàñ-

ñàõ Õàðäè áûëè óñòàíîâëåíû Ë. Êàðëåñîíîì è ïðèìåíÿëèñü èì â ðåøåíèè

èíòåðïîëÿöèîííîé çàäà÷è â êëàññåH∞
(ñì. [46℄). Äîêàçàòåëüñòâó òåîðåì âëî-

æåíèÿ â ïðîñòðàíñòâàõ Áåðãìàíà ïîñâÿùåíû ðàáîòû îòå÷åñòâåííûõ ìàòåìà-

òèêîâ Â.Ë. Îëåéíèêà è Á.Ñ. Ïàâëîâà (ñì. [19, 20℄). Ïîÿâëåíèå íîâûõ êëàññîâ

�óíêöèé âëå÷åò çà ñîáîé íåîáõîäèìîñòü â äîêàçàòåëüñòâå äëÿ íèõ òåîðåì

âûøåóêàçàííîãî òèïà.

Îäíîé èç êëàññè÷åñêèõ çàäà÷ â êîìïëåêñíîì àíàëèçå ÿâëÿåòñÿ îöåí-

êà ñêîðîñòè ðîñòà �óíêöèè è êîý��èöèåíòîâ åå ðàçëîæåíèÿ â ðÿä Òåéëî-

ðà. Îíà èìååò ñóùåñòâåííûå ïðèëîæåíèÿ â âîïðîñàõ îïèñàíèÿ ñîïðÿæåííûõ

ïðîñòðàíñòâ ê ïðîñòðàíñòâàì àíàëèòè÷åñêèõ �óíêöèé, â òåîðèè òåïëèöåâûõ

îïåðàòîðîâ, ïðè îïèñàíèè ìóëüòèïëèêàòîðîâ è ò.ä. Â ñåðåäèíå ïðîøëîãî ñòî-

ëåòèÿ óêàçàííàÿ çàäà÷à â êëàññå �óíêöèé îãðàíè÷åííîãî âèäà áûëà ðåøåíà

Ñ.Í. Ìåðãåëÿíîì (ñì.[22℄). Àíàëîã ýòîãî ðåçóëüòàòà â êëàññå Íåâàíëèííû-

Äæðáàøÿíà Sα ïîëó÷èë Ñ. Â. Øâåäåíêî (ñì. [44℄). Òî÷íûõ îöåíîê ìîäóëÿ è

êîý��èöèåíòîâ ðàçëîæåíèÿ �óíêöèè èç êëàññà Spα, ââåäåííîãî Ô.À. Øàìî-

ÿíîì â [37℄, äî ñèõ ïîð íå áûëî ïîëó÷åíî.

Öåëü ðàáîòû:

1. Õàðàêòåðèçàöèÿ êîðíåâûõ ìíîæåñòâ è ïîñòðîåíèå �àêòîðèçàöèîííûõ

ïðåäñòàâëåíèé âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ â êðóãå è â ïîëóïëîñêîñòè

�óíêöèé.

2. �åøåíèå èíòåðïîëÿöèîííîé çàäà÷è, äîêàçàòåëüñòâî òåîðåì âëîæåíèÿ â

âåñîâûõ êëàññàõ àíàëèòè÷åñêèõ â êðóãå �óíêöèé ñ îãðàíè÷åíèÿìè íà

õàðàêòåðèñòèêó �. Íåâàíëèííû è îïèñàíèå êîý��èöèåíòíûõ ìóëüòè-

ïëèêàòîðîâ èç êëàññîâ àíàëèòè÷åñêèõ â êðóãå �óíêöèé, õàðàêòåðèñòè-

êà �. Íåâàíëèííû êîòîðûõ ïðèíàäëåæèò Lp-âåñîâûì ïðîñòðàíñòâàì, â

êëàññû Õàðäè.
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Ìåòîäû èññëåäîâàíèÿ: Â ðàáîòå ïðèìåíÿþòñÿ îáùèå ìåòîäû êîì-

ïëåêñíîãî è �óíêöèîíàëüíîãî àíàëèçà, à òàêæå ñïåöèàëüíûå ìåòîäû, îñíî-

âàííûå íà �àêòîðèçàöèîííûõ è èíòåãðàëüíûõ ïðåäñòàâëåíèÿõ èññëåäóåìûõ

êëàññîâ.

Íàó÷íàÿ íîâèçíà:

Â äèññåðòàöèîííîé ðàáîòå ïîëó÷åíû ñëåäóþùèå íîâûå ðåçóëüòàòû:

1. Îõàðàêòåðèçîâàíû êîðíåâûå ìíîæåñòâà è ïîñòðîåíî �àêòîðèçàöèîííîå

ïðåäñòàâëåíèå âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ â êðóãå �óíêöèé, α - õà-

ðàêòåðèñòèêà êîòîðûõ ïðèíàäëåæèò Lp - âåñîâûì ïðîñòðàíñòâàì.

2. Ïîëó÷åíî ïîëíîå îïèñàíèå êîðíåâûõ ìíîæåñòâ âåñîâûõ êëàññîâ àíàëèòè-

÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, äîïóñêàþùèõ ðîñò âáëèçè êîíå÷íîãî

ìíîæåñòâà òî÷åê íà ãðàíè÷íîé îêðóæíîñòè.

3. Ïîëó÷åíî íåîáõîäèìîå óñëîâèå íà íóëè �óíêöèé èç êëàññà È.È. Ïðèâà-

ëîâà Πp (0 < p < 1), áëèçêîå ê äîñòàòî÷íîìó.

4. Îõàðàêòåðèçîâàíû êîðíåâûå ìíîæåñòâà è ïîñòðîåíî �àêòîðèçàöèîííîå

ïðåäñòàâëåíèå âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè �óíêöèé

ñ ìàæîðàíòîé áåñêîíå÷íîãî ïîðÿäêà.

5. Â ÿâíîì âèäå ïîëó÷åíî ðåøåíèå èíòåðïîëÿöèîííîé çàäà÷è â êëàññå àíà-

ëèòè÷åñêèõ â êðóãå �óíêöèé ñî ñòåïåííûì ðîñòîì õàðàêòåðèñòèêè �.

Íåâàíëèííû.

6. Äîêàçàíû òåîðåìû âëîæåíèÿ äëÿ âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ â åäè-

íè÷íîì êðóãå �óíêöèé, õàðàêòåðèñòèêà �. Íåâàíëèííû êîòîðûõ ïðèíàä-

ëåæèò Lp - âåñîâûì ïðîñòðàíñòâàì.

7. Îïèñàíû êîý��èöèåíòíûå ìóëüòèïëèêàòîðû èç âåñîâûõ êëàññîâ àíàëè-

òè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, õàðàêòåðèñòèêà �. Íåâàíëèííû

êîòîðûõ ïðèíàäëåæèò Lp - âåñîâûì ïðîñòðàíñòâàì, â êëàññû Õàðäè.

Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ çíà÷èìîñòü:

Äèññåðòàöèîííàÿ ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. �åçóëüòàòû èññëå-

äîâàíèÿ ìîãóò áûòü èñïîëüçîâàíû â îáùåé òåîðèè àíàëèòè÷åñêèõ �óíêöèé,

â òåîðèè îïåðàòîðîâ è �óíêöèîíàëüíûõ ïðîñòðàíñòâ, à òàêæå ìîãóò áûòü
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èñïîëüçîâàíû ïðè ÷òåíèè ñïåöêóðñîâ äëÿ ñòóäåíòîâ ìàòåìàòè÷åñêèõ ñïåöè-

àëüíîñòåé óíèâåðñèòåòîâ.

Àïðîáàöèÿ ðåçóëüòàòîâ äèññåðòàöèè:

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ìåæäóíàðîäíûõ íàó÷-

íûõ êîí�åðåíöèÿõ ¾Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè è èõ ïðèëîæåíèÿ¿

(Ñìîëåíñê, 2011 ã.), ¾Êîìïëåêñíûé àíàëèç è ïðèëîæåíèÿ¿ (Ïåòðîçàâîäñê,

2012 ã.), ¾Òåîðèÿ �óíêöèé, åå ïðèëîæåíèÿ è ñìåæíûå âîïðîñû¿ (Êàçàíü, 2013

ã.), íà Âîðîíåæñêîé çèìíåé ìàòåìàòè÷åñêîé øêîëå (2013 ã.), íà Ñàðàòîâñêîé

çèìíåé ìàòåìàòè÷åñêîé øêîëå (Ñàðàòîâ, 2012 ã., 2014 ã.), íà Âîðîíåæñêîé âå-

ñåííåé ìàòåìàòè÷åñêîé øêîëå (2014 ã.), à òàêæå íåîäíîêðàòíî íà ñåìèíàðàõ

ïî êîìïëåêñíîìó àíàëèçó Áðÿíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èìåíè

àêàäåìèêà È.�. Ïåòðîâñêîãî. ×àñòü èññëåäîâàíèé, ðåçóëüòàòû êîòîðûõ ïðåä-

ñòàâëåíû â äèññåðòàöèè, ïîääåðæàíà ãðàíòîì �ÔÔÈ (ïðîåêò �13-01-97508).

Ïóáëèêàöèè.

�åçóëüòàòû èññëåäîâàíèé íàøëè îòðàæåíèå â 14 ðàáîòàõ: [61℄�[74℄. �àáîòû

[61℄�[65℄ âõîäÿò â ïåðå÷åíü âåäóùèõ ðåöåíçèðóåìûõ íàó÷íûõ æóðíàëîâ è

èçäàíèé, ðåêîìåíäîâàííûõ ÂÀÊ Ìèíîáðíàóêè �Ô. Â ñîâìåñòíûõ ðàáîòàõ

[63, 65, 68, 70, 73℄ íàó÷íîìó ðóêîâîäèòåëþ ïðèíàäëåæàò ïîñòàíîâêà çàäà÷è è

èäåÿ äîêàçàòåëüñòâà.

Ñòðóêòóðà è îáúåì äèññåðòàöèè.

�àáîòà ñîñòîèò èç ââåäåíèÿ, äâóõ ãëàâ, ðàçáèòûõ â îáùåé ñëîæíîñòè íà 8 ïà-

ðàãðà�îâ, è ñïèñêà èñïîëüçîâàííîé ëèòåðàòóðû. �àáîòà çàíèìàåò 121 ñòðà-

íèöó. Áèáëèîãðà�èÿ ñîäåðæèò 60 íàèìåíîâàíèé.

Ñîäåðæàíèå äèññåðòàöèè.

Ïåðâàÿ ãëàâà äèññåðòàöèîííîé ðàáîòû ïîñâÿùåíà âîïðîñàì �àêòîðè-

çàöèè è õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ

�óíêöèé.

Äëÿ �îðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ ââåäåì äîïîëíèòåëüíûå îáî-

çíà÷åíèÿ. Çäåñü è â äàëüíåéøåì, åñëè íå îãîâîðåíî èíîå, ìû áóäåì îáîçíà÷àòü

÷åðåç C, c, c1, ..., cn(α, β, ...) ïîëîæèòåëüíûå êîíñòàíòû, çàâèñÿùèå îò α, β, ...

Ñëåäóÿ Ì.Ì. Äæðáàøÿíó (ñì. [7℄), ââåäåì áåñêîíå÷íîå ïðîèçâåäåíèå

πβ(z, αk), β > −1, ñ íóëÿìè â òî÷êàõ ïîñëåäîâàòåëüíîñòè {αk}+∞
k=1:
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πβ(z, αk) =

+∞∏

k=1

(
1− z

αk

)
exp(−Uβ(z, αk)), (0.3)

ãäå

Uβ(z, αk) =
2(β + 1)

π

1∫

0

π∫

−π

(1− ρ2)β ln |1− ρeiθ

αk
|

(1− zρe−iθ)β+2
dθρdρ. (0.4)

Êàê óñòàíîâëåíî â [7℄, ïðîèçâåäåíèå πβ(z, αk) ñõîäèòñÿ àáñîëþòíî è ðàâ-

íîìåðíî â D òîãäà è òîëüêî òîãäà, êîãäà ñõîäèòñÿ ðÿä

+∞∑

k=1

(1− |αk|)β+2 < +∞. (0.5)

Ââåäåì òàêæå â ðàññìîòðåíèå êëàññ Î. Áåñîâà íà åäèíè÷íîé îêðóæíî-

ñòè (ñì. [24, . 179℄). Ôóíêöèÿ ψ ∈ L1(−π, π) ïðèíàäëåæèò êëàññó Î. Áåñîâà
Bs

1,p, åñëè

‖ψ‖Bs
1,p

=




1∫

0

‖∆2
t (ψ)‖pL1

tsp+1
dt




1/p

< +∞, (0.6)

ãäå 0 < p < +∞, 0 < s < 2, ∆2
t (ψ)(e

iθ) = ψ(ei(θ+t)) − 2ψ(eiθ) + ψ(ei(θ−t)),

θ ∈ [−π, π].
Åñëè æå s ≥ 2, òî ψ(n) ∈ Bs′

1,p, s
′ = s− [s], [s] � öåëàÿ ÷àñòü ÷èñëà s.

Â òîì ñëó÷àå, åñëè p = ∞, 0 < s < 2, ñóììèðóåìàÿ íà åäèíè÷íîé

îêðóæíîñòè �óíêöèÿ ψ ïðèíàäëåæèò êëàññóBs
1,∞ òîãäà è òîëüêî òîãäà, êîãäà

sup
0<t<1





π∫

−π

|ψ(ei(θ+t))− 2ψ(eiθ) + ψ(ei(θ−t))|
|t|s dθ



 < +∞. (0.7)

Ñëåäóÿ Ì.Ì. Äæðáàøÿíó (ñì. [9, . 606℄), îïðåäåëèì òàêæå �óíêöèþ

Nα

(
r,
1

f

)
=

r−(α+1)

Γ(α + 2)

∫ r

0

(r−t)α+1 ·n(t)− n(0)

t
dt+

n(0)

Γ(α + 2)
(ln r−kα), (0.8)

ãäå n(0) � êðàòíîñòü íóëÿ â òî÷êå z = 0, kα = α
+∞∑
n=1

1
n(n+1), α > −2.

Â ïåðâîì ïàðàãðà�å ïåðâîé ãëàâû ïîëó÷åíî ïîëíîå îïèñàíèå êîðíåâûõ
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ìíîæåñòâ êëàññà Np
α,γ(α > −1, γ > −1) ïðè âñåõ 0 < p < +∞ è ïîñòðîåíî

�àêòîðèçàöèîííîå ïðåäñòàâëåíèå óêàçàííîãî êëàññà �óíêöèé.

Òåîðåìà 1.1 Äëÿ òîãî ÷òîáû ïîñëåäîâàòåëüíîñòü òî÷åê {zk}+∞
k=1 åäè-

íè÷íîãî êðóãà ÿâëÿëàñü êîðíåâûì ìíîæåñòâîì íåêîòîðîé òîæäåñòâåííî

îòëè÷íîé îò íóëÿ �óíêöèè f ∈ Np
α,γ (0 < p < +∞), íåîáõîäèìî è äîñòà-

òî÷íî, ÷òîáû ñõîäèëñÿ ðÿä

+∞∑

k=1

npα, k
2k(γ+1)

< +∞, (0.9)

ãäå nα, k = Nα

(
1− 1

2k ,
1
f

)
(ñì. (0.8)).

Òåîðåìà 1.2 Ïóñòü 0 < p < +∞, α > −1, γ > −1, β > α + 1 + γ+1
p
.

Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. f ∈ Np
α,γ;

2. f(z) ìîæåò áûòü ïðåäñòàâëåíà â âèäå:

f(z) = cλz
λπβ(z, zk) exp


 1

2π

π∫

−π

ψ(eiθ)dθ

(1− e−iθz)β+1


 , z ∈ D,

ãäå {zk}+∞
k=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç D, óäîâëåòâî-

ðÿþùàÿ óñëîâèþ (0.9), πβ(z, zk) - ïðîèçâåäåíèå Ì. Äæðáàøÿíà ñ íóëÿìè

â òî÷êàõ ïîñëåäîâàòåëüíîñòè {zk}+∞
k=1, ψ ∈ Bs

1,p, s = β − (α + 1)− γ+1
p ,

λ ∈ Z, cλ ∈ C.

Âî âòîðîì ïàðàãðà�å ïåðâîé ãëàâû ïîëó÷åíî ïîëíîå îïèñàíèå êîðíåâûõ

ìíîæåñòâ âåñîâûõ êëàññîâ Hϕ(E) àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíê-

öèé, äîïóñêàþùèõ ðîñò âáëèçè êîíå÷íîãî ìíîæåñòâà òî÷åê E = {eiτk}m−1
k=0 íà

åãî ãðàíèöå. Óñòàíîâëåíû ñëåäóþùèå ðåçóëüòàòû:

Òåîðåìà 1.3 Ïóñòü ϕ � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ

�óíêöèÿ, ϕ ∈ C(1)(1,+∞), òàêàÿ ÷òî

lim
x→+∞

ϕ′(x)x

ϕ(x)
= αϕ.
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Åñëè f ∈ Hϕ(E) è Zf = {zn}+∞
n=1, òî äëÿ ëþáîãî R > 1 ñïðàâåäëèâà îöåíêà

∑

1
R
≤ρ(zn,E)≤2

(1− |zn|2) ≤ cF


ϕ(R)

R
+

R∫

1

ϕ(x)

x2
dx


 . (0.10)

Îáðàòíî,

à) åñëè αϕ /∈ Z+, {zn}+∞
n=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç D,

óäîâëåòâîðÿþùàÿ óñëîâèþ (0.10),

á) åñëè αϕ ∈ Z+ \{1}, {zn}+∞
n=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç

D, óäîâëåòâîðÿþùàÿ, íàðÿäó ñ óñëîâèåì (0.10), óñëîâèþ

sup
0≤k≤m−1

∣∣∣
∑

1
R
≤ρ(zn,E)≤2

(
i
eiτk + zn
eiτk − zn

)−αϕ∣∣∣ ≤ M, M > 0,

ïðè÷åì

sup
x>1

xαϕ

ϕ(x)
< +∞,

òîãäà ìîæíî ïîñòðîèòü �óíêöèþ g ∈ Hϕ(E), íóëè êîòîðîé ñîâïàäàþò ñ

òî÷êàìè ïîñëåäîâàòåëüíîñòè {zn}+∞
n=1.

Â òåîðåìå 1.4 ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå íà ìàæî-

ðàíòó ϕ, ïðè êîòîðîì êîðíåâîå ìíîæåñòâî �óíêöèè èç êëàññà Hϕ(E) óäîâëå-

òâîðÿåò óñëîâèþ Áëÿøêå.

Òåîðåìà 1.4 Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {zn}+∞
n=1 = Zf , f ∈ Hϕ(E), âûïîëíÿåòñÿ

óñëîâèå Áëÿøêå, ò.å.

+∞∑

n=1

(1− |zn|) < +∞,

2.

+∞∫

1

ϕ(x)

x2
dx < +∞,

ãäå ϕ � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ,

ϕ ∈ C(1)(1,+∞).

Â òåîðåìå 1.5 ïîëó÷åí àíàëîã ðåçóëüòàòà ðàáîòû [35℄ äëÿ êëàññà Hϕ(E).



14

Â òðåòüåì ïàðàãðà�å ïåðâîé ãëàâû èññëåäóþòñÿ íóëåâûå ìíîæåñòâà

�óíêöèé èç êëàññà È. È. Ïðèâàëîâà. Â ÷àñòíîñòè, äîêàçàíî ñëåäóþùåå óòâåð-

æäåíèå:

Òåîðåìà 1.6 Åñëè f � òîæäåñòâåííî îòëè÷íàÿ îò íóëÿ �óíêöèÿ èç

êëàññà Πp (0 < p < 1), f(zk) = 0, k = 1, 2, ..., òî

+∞∑

k=1

(1− |zk|)
1
p ln−

1+ε
p

(
1

1− |zk|

)
< +∞,

ïðè ëþáîì ïîëîæèòåëüíîì ε > 0.

Êàê ñëåäóåò èç óïîìÿíóòûõ ðàíåå ðåçóëüòàòîâ ðàáîòû [39℄, ïîëó÷åííîå

óñëîâèå áëèçêî ê òî÷íîìó. Áîëåå òîãî, ñïðàâåäëèâà

Òåîðåìà 1.7 Åñëè f � òîæäåñòâåííî îòëè÷íàÿ îò íóëÿ �óíêöèÿ èç

êëàññà Πp (0 < p < 1), f(zk) = 0, k = 1, 2, ..., f(0) = 1, òî

+∞∑

k=1

ω(1− |zk|)(1− |zk|)2 < +∞,

ãäå ω ∈ C(1)(0, 1]
⋂
Ω óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1∫

0

ωp(u)

u2(1−p)
du < +∞, αω = lim

t→0

ω′(t) · t
ω(t)

> −1.

Çäåñü Ω � ìíîæåñòâî âñåõ èçìåðèìûõ ïîëîæèòåëüíûõ �óíêöèé íà (0, 1], äëÿ

êîòîðûõ ñóùåñòâóþò ÷èñëà mω, qω èç (0, 1], Mω òàêèå ÷òî (ñì. [41, . 10℄)

mω ≤ ω(λr)

ω(r)
≤Mω, r ∈ (0, 1], λ ∈ [qω, 1]. (0.11)

Ïîñëåäóþùèå ïàðàãðà�û ïåðâîé ãëàâû ïîñâÿùåíû îïèñàíèþ êîðíåâûõ

ìíîæåñòâ è ïîñòðîåíèþ �àêòîðèçàöèîííîãî ïðåäñòàâëåíèÿ àíàëèòè÷åñêèõ â

ïîëóïëîñêîñòè �óíêöèé ñ ìàæîðàíòîé áåñêîíå÷íîãî ïîðÿäêà.

Ïóñòü C+ -� âåðõíÿÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè, ϕ � ìî-

íîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ íà R+, ϕ ∈ C1(R+).

Ââåäåì â ðàñìîòðåíèå êëàññ X∞
ϕ (C+) àíàëèòè÷åñêèõ â âåðõíåé ïîëó-
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ïëîñêîñòè �óíêöèé, äëÿ êîòîðûõ

ln |f(z)| ≤ Afϕ(Bf |z|), z ∈ C+,

ãäå Af , Bf - ïîëîæèòåëüíûå ïîñòîÿííûå, çíà÷åíèÿ êîòîðûõ çàâèñÿò òîëüêî

îò �óíêöèè f . Îáîçíà÷èì Zf � ìíîæåñòâî íóëåé �óíêöèè f ∈ X∞
ϕ (C+)

Áóäåì íàçûâàòü âåñîâîé ìîíîòîííî âîçðàñòàþùóþ ïîëîæèòåëüíóþ

�óíêöèþ ϕ ∈ C1(R+) ñ óñëîâèåì

lim
x→+∞

ϕ′(x)x

ϕ(x)
= +∞.

Â ÷åòâåðòîì ïàðàãðà�å ïåðâîé ãëàâû óñòàíîâëåíà ñïðàâåäëèâîñòü ñëå-

äóþùèõ óòâåðæäåíèé:

Òåîðåìà 1.8 Ïóñòü ϕ � âåñîâàÿ �óíêöèÿ, lnϕ âûïóêëà âíèç. Ñëåäó-

þùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. {rneiθn}+∞
n=1 = Zf , f ∈ X∞

ϕ (C+) ;

2. ∃ c1 > 0 : ∀ 0 < R < 1 ñïðàâåäëèâî

∑

ρ<rn≤R

sin θn
rn

< c1
ϕ(c2R)

R
,

ãäå êîíñòàíòà c1 çàâèñèò òîëüêî îò ïîñëåäîâàòåëüíîñòè {zn}.
Îáîçíà÷èì ÷åðåç Npn(z, zn) ïåðâè÷íûé ìíîæèòåëü �. Íåâàíëèííû (ñì.

[6℄). Ïóñòü äàëåå

E(z, zn) =
+∞∏

n=1

Npn(z, zn),

Ñïðàâåäëèâà

Òåîðåìà 1.9Ïóñòü ϕ � âåñîâàÿ �óíêöèÿ, lnϕ âûïóêëà âíèç. Êàæäóþ

�óíêöèþ f ∈ X∞
ϕ (C+), àíàëèòè÷åñêóþ â çàìêíóòîé ïîëóïëîñêîñòè C+,

ìîæíî ïðåäñòàâèòü â âèäå

f(z) = exp(G(z))× E(z, zn),

ãäå Zf = {zn}+∞
n=1, pn =

[
lnϕ(C0|zn|)

ln 2

]
− 1 ïðè íåêîòîðîì C0 > 0, ïðè÷åì �óíê-

öèè E(z, zn) è exp(G(z)) ïðèíàäëåæàò êëàññó X∞
ϕ (C+).
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Âòîðàÿ ãëàâà äèññåðòàöèîííîé ðàáîòû ïîñâÿùåíà ïðèëîæåíèþ �àê-

òîðèçàöèîííûõ ïðåäñòàâëåíèé ê ðåøåíèþ çàäà÷è ñâîáîäíîé èíòåðïîëÿöèè â

âåñîâûõ êëàññàõ àíàëèòè÷åñêèõ â êðóãå �óíêöèé ñî ñòåïåííûì ðîñòîì õà-

ðàêòåðèñòèêè �. Íåâàíëèííû.

Ââåäåì â ðàññìîòðåíèå êëàññ S∞
α , α > 0 (ñì. [41, . 126℄):

S∞
α :=

{
f ∈ H(D) : T (r, f) ≤ Cf

(1− r)α

}
,

ãäå Cf > 0 � ïîëîæèòåëüíàÿ êîíñòàíòà, çíà÷åíèÿ êîòîðîé çàâèñÿò ðàçâå ÷òî

îò �óíêöèè f , r ∈ [0, 1).

Õîðîøî èçâåñòíî, åñëè f ∈ S∞
α , òî

M(r, f) = max
|z|≤r

|f(z)| ≤ exp

{
cf

(1− r)α+1

}

ïðè âñåõ α > 0, cf > 0 (ñì. [41, . 144℄).

ßñíî, ÷òî åñëè f ∈ S∞
α è {αk}+∞

k=1 � ïîñëåäîâàòåëüíîñòü òî÷åê èç åäè-

íè÷íîãî êðóãà, òî îïåðàòîð R(f) = (f(α1), ..., f(αk), ...) îòîáðàæàåò êëàññ S
∞
α

â êëàññ âåñîâûõ ïîñëåäîâàòåëüíîñòåé

lα =

{
γ = {γk}+∞

k=1 : |γk| ≤ exp
λ

(1− |αk|)α+1
, λ > 0

}
.

Îïðåäåëåíèå 0.1. Ïîñëåäîâàòåëüíîñòü {αk}+∞
k=1 íàçîâåì èíòåðïîëÿöèîí-

íîé ïîñëåäîâàòåëüíîñòüþ â êëàññå S∞
α , åñëè R(S

∞
α ) = lα.

Îáîçíà÷èì Γδ(θ) � óãîë Øòîëüöà ñ âåðøèíîé â òî÷êå eiθ ðàñòâîðà πδ,

0 < δ < 1.

Â ïåðâîì ïàðàãðà�å âòîðîé ãëàâû óñòàíîâëåí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 2.1 Ïóñòü {αk}+∞
k=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü

êîìïëåêñíûõ ÷èñåë èç D, ðàñïîëîæåííûõ â êîíå÷íîì ÷èñëå óãëîâ Øòîëü-

öà: {αk} ⊂
n⋃
s=1

Γδ(θs) ïðè íåêîòîðîì 0 < δ < 1
α+1. Ñëåäóþùèå óòâåðæäåíèÿ

ýêâèâàëåíòíû:

1. {αk}+∞
k=1 - èíòåðïîëÿöèîííàÿ ïîñëåäîâàòåëüíîñòü â êëàññå S∞

α , α > 0;

2.

n(r) = {card αk : |αk| < r} ≤ c

(1− r)α+1
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äëÿ íåêîòîðîãî c > 0;

|π′β(αn, αk)| ≥ exp
−M

(1− |αn|)α+1
,

äëÿ íåêîòîðîãî M > 0 è ïðè âñåõ β > α− 1.

Âî âòîðîì ïàðàãðà�å âòîðîé ãëàâû èññëåäîâàí âîïðîñ î âëîæåíèè êëàñ-

ñîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, õàðàêòåðèñòèêà �. Íåâàí-

ëèííû êîòîðûõ ïðèíàäëåæèò Lp - âåñîâûì ïðîñòðàíñòâàì, â ïðîñòðàíñòâî

Ëåáåãà.

Äëÿ âñåõ 0 < p < +∞ è ω ∈ Ω (ñì. (0.11)) ââåäåì â ðàññìîòðåíèå êëàññ

�óíêöèé (ñì. [37℄):

Spω =



f ∈ H(D) :

1∫

0

ω(1− r)T p(r, f)dr < +∞



 .

Äëÿ �îðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ ââåäåì òàêæå ñëåäóþùèå

îáîçíà÷åíèÿ. Ïóñòü l ∈ [0, 1), θ ∈ [−π, π], ïîëîæèì

∆l(θ) =

{
z ∈ D : 1− l < |z| < 1, | arg z − θ| ≤ l

2

}
, (0.12)

òî åñòü ∆l(θ) � ïðÿìîóãîëüíèê Ë. Êàðëåñîíà. Ñïðàâåäëèâà

Òåîðåìà 2.2 Ïóñòü µ � êîíå÷íàÿ íåîòðèöàòåëüíàÿ áîðåëåâñêàÿ ìåðà

â åäèíè÷íîì êðóãå D, 1 ≤ p < +∞. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíî-

ñèëüíû:

1.

∫
D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤ C

1∫
0

ω(1− r)T p(r, f)dr < +∞, f ∈ Spω,

2. µ(∆l(θ)) ≤ C1 · ω(l) · lp+1, ïðè âñåõ θ ∈ [−π, π], l ∈ (0, 1).

Ïðè 0 < p < 1 õàðàêòåðèçàöèÿ ìåð èìååò äðóãîé âèä. Çàäàäèì äèà-

äè÷åñêîå ðàçáèåíèå ∆k,s åäèíè÷íîãî êðóãà. Ïóñòü k ∈ Z+, s ∈ Z, ïðè÷åì

−2k ≤ s ≤ 2k − 1,

∆k,s =

{
z ∈ D : 1− 1

2k
< |z| < 1− 1

2k+1
,
πs

2k
≤ arg z <

π(s+ 1)

2k

}
. (0.13)
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Òåîðåìà 2.3 Ïóñòü µ � êîíå÷íàÿ íåîòðèöàòåëüíàÿ áîðåëåâñêàÿ ìåðà

â åäèíè÷íîì êðóãå D, 0 < p < 1, rk = 1 − 1
2k
, k = 0, 1, 2... Òîãäà ñëåäóþùèå

óòâåðæäåíèÿ ðàâíîñèëüíû:

1.

∫
D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤ C

1∫
0

ω(1− r)T p(r, f)dr < +∞, f ∈ Spω,

2.

2k−1∑
s=−2k

(µ(∆k,s))
1

1−p ≤ c(1− rk)
1+p
1−p (ω(1− rk))

1
1−p .

Â òðåòüåì ïàðàãðà�å âòîðîé ãëàâû ïîëó÷åíû òî÷íûå îöåíêè ìàêñèìó-

ìà ìîäóëÿ è êîý��èöèåíòîâ Òåéëîðà �óíêöèè èç êëàññà Spα. Íà îñíîâå ýòèõ

îöåíîê ìû äàåì ïîëíóþ õàðàêòåðèçàöèþ êîý��èöèåíòíûõ ìóëüòèïëèêàòî-

ðîâ èç ýòîãî êëàññà:

ÏóñòüX � íåêîòîðûé êëàññ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãåD �óíê-

öèé.

Îïðåäåëåíèå 0.2. Ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë Λ = {λk}+∞
k=1

íàçîâåì êîý��èöèåíòíûì ìóëüòèïëèêàòîðîì èç êëàññà Spα â êëàññ X,

åñëè äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ Spα, f(z) =
+∞∑
k=0

akz
k
, �óíêöèÿ

Λ(f)(z) =
+∞∑
k=0

λkakz
k ∈ X.

Îïèñàíèþ ìóëüòèïëèêàòîðîâ â ðàçëè÷íûõ êëàññàõ ãîëîìîð�íûõ �óíê-

öèé ïîñâÿùåíû ðàáîòû îòå÷åñòâåííûõ è çàðóáåæíûõ ó÷åíûõ (ñì. [11, 38, 43,

60℄). Íàìè óñòàíîâëåíî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 2.6 Ïóñòü X ñîâïàäàåò ñ îäíèì èç ñëåäóþùèõ êëàññîâ:

Spβ (−1 < β < α) èëè Hp (0 < p ≤ ∞). Òîãäà äëÿ òîãî ÷òîáû ïîñëåäîâàòåëü-

íîñòü êîìïëåêñíûõ ÷èñåë Λ = {λk}+∞
k=1 ÿâëÿëàñü êîý��èöèåíòíûì ìóëüòè-

ïëèêàòîðîì èç êëàññà Spα â êëàññ X, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

|λk| = O
(
exp

(
−c · k

α+p+1
α+2p+1

))
, c > 0, k → +∞.

Àâòîð âûðàæàåò èñêðåííþþ áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâî-

äèòåëþ ïðî�åññîðó Ô.À. Øàìîÿíó çà ïîñòàíîâêó çàäà÷ è ïîñòîÿííîå âíè-

ìàíèå ê ðàáîòå.
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1 Ôàêòîðèçàöèîííûå ïðåäñòàâëåíèÿ

è îïèñàíèå êîðíåâûõ ìíîæåñòâ

âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ �óíêöèé

Ïåðâàÿ ãëàâà ïîñâÿùåíà âîïðîñàì �àêòîðèçàöèè è õàðàêòåðèçàöèè

êîðíåâûõ ìíîæåñòâ âåñîâûõ êëàññîâ àíàëèòè÷åñêèõ �óíêöèé. Â ïåðâîì ïà-

ðàãðà�å ýòîé ãëàâû ìû ñòðîèì �àêòîðèçàöèîííîå ïðåäñòàâëåíèå êëàññà Np
α,γ

àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé ñ α - õàðàêòåðèñòèêîé èç Lp - âå-

ñîâûõ ïðîñòðàíñòâ ïðè âñåõ 0 < p < +∞, α > −1, γ > −1. Âî âòîðîì ïàðà-

ãðà�å ïîëó÷åíî ïîëíîå îïèñàíèå êîðíåâûõ ìíîæåñòâ àíàëèòè÷åñêèõ â êðóãå

�óíêöèé, èìåþùèõ çàäàííûé ðîñò ïðè ïðèáëèæåíèè ê êîíå÷íîìó ìíîæåñòâó

òî÷åê íà ãðàíè÷íîé îêðóæíîñòè. Â òðåòüåì ïàðàãðà�å ïîëó÷åíî íåîáõîäèìîå

óñëîâèå íà íóëè �óíêöèé èç êëàññà È.È. Ïðèâàëîâà Πp(0 < p < 1), áëèç-

êîå ê äîñòàòî÷íîìó. Ïîñëåäóþùèå ïàðàãðà�û ãëàâû ïîñâÿùåíû îïèñàíèþ

êîðíåâûõ ìíîæåñòâ àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè �óíêöèé ñ ìàæîðàíòîé

áåñêîíå÷íîãî ïîðÿäêà è ïîñòðîåíèþ �àêòîðèçàöèîííîãî ïðåäñòàâëåíèÿ àíà-

ëèòè÷åñêèõ â çàìêíóòîé ïîëóïëîñêîñòè �óíêöèé èç ýòèõ êëàññîâ.

1.1 Ôàêòîðèçàöèîííîå ïðåäñòàâëåíèå è îïèñàíèå

êîðíåâûõ ìíîæåñòâ êëàññà àíàëèòè÷åñêèõ â êðóãå

�óíêöèé ñ α - õàðàêòåðèñòèêîé èç Lp - âåñîâûõ

ïðîñòðàíñòâ

Äëÿ âñåõ 0 < p < +∞, α > −1, γ > −1 îïðåäåëèì êëàññ Np
α,γ àíàëèòè-

÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, äëÿ êîòîðûõ

1∫

0

(1− r)γT pα(r, f)dr < +∞.

Îñíîâíûì ðåçóëüòàòîì ýòîãî ïàðàãðà�à ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëå-

äóþùèõ äâóõ óòâåðæäåíèé:



20

Òåîðåìà 1.1. Äëÿ òîãî ÷òîáû ïîñëåäîâàòåëüíîñòü òî÷åê {zk}+∞
k=1

åäèíè÷íîãî êðóãà ÿâëÿëàñü êîðíåâûì ìíîæåñòâîì íåêîòîðîé òîæäåñòâåí-

íî îòëè÷íîé îò íóëÿ �óíêöèè f ∈ Np
α,γ ïðè âñåõ 0 < p < +∞, íåîáõîäèìî

è äîñòàòî÷íî, ÷òîáû ñõîäèëñÿ ðÿä

+∞∑

k=1

npα, k
2k(γ+1)

< +∞, (1.1)

ãäå nα, k = Nα

(
1− 1

2k ,
1
f

)
(ñì. (0.8)).

Íàïîìíèì, ÷òî åñëè n(0) = 0, òî

nα(r, f) =
r−(α+1)

Γ(α+ 2)

∫ r

0

(r − t)α+1 · n(t)
t
dt.

Òåîðåìà 1.2. Ïóñòü 0 < p < +∞, α > −1, γ > −1, β > α + 1 + γ+1
p .

Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. f ∈ Np
α,γ;

2. f(z) ìîæåò áûòü ïðåäñòàâëåíà â âèäå:

f(z) = cλz
λπβ(z, zk) exp


 1

2π

π∫

−π

ψ(eiθ)dθ

(1− e−iθz)β+1


 , z ∈ D, (1.2)

ãäå {zk}+∞
k=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç D, óäîâëåòâî-

ðÿþùàÿ óñëîâèþ (1.1), πβ(z, zk) - ïðîèçâåäåíèå Ì. Äæðáàøÿíà ñ íóëÿìè

â òî÷êàõ ïîñëåäîâàòåëüíîñòè {zk}+∞
k=1, ψ ∈ Bs

1,p, s = β − (α + 1)− γ+1
p ,

λ ∈ Z, cλ ∈ C.

Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ ðàáîòû îñíîâûâàåòñÿ íà âñïîìî-

ãàòåëüíûõ óòâåðæäåíèÿõ.

Ëåììà 1.1. (ñì. [41℄) Ïóñòü β > 1. Ïðè âñåõ r, ρ ∈ [0, 1) ñïðàâåäëèâû

îöåíêè:

π∫

−π

dθ

|1− reiθ|β ≤ c

(1− r)β−1
, (1.3)
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1∫

0

dρ

|1− ρreiθ|β ≤ c

|1− reiθ|β−1
. (1.4)

Ëåììà 1.2. Ñõîäèìîñòü ðÿäà (1.1) ýêâèâàëåíòíà ñõîäèìîñòè èíòå-

ãðàëà

1∫

0

npα(r)(1− r)γdr < +∞, (1.5)

ãäå nα(r) = Nα(r,
1
f ).

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà èìïëèêàöèþ (1.5) → (1.1). Ïóñòü

èíòåãðàë (1.5) ñõîäèòñÿ. �àçîáüåì åãî íà ÷àñòè:

1∫

0

npα(r)(1− r)γdr =
+∞∑

k=0

rk+1∫

rk

npα(r)(1− r)γdr,

ãäå rk = 1− 1
2k
, k = 1, 2, ...

Îöåíèì ñíèçó ïîëó÷èâøóþñÿ ñóììó ñ ó÷åòîì âîçðàñòàíèÿ �óíêöèè

nα(r):

c ≥
1∫

0

npα(r)(1− r)γdr ≥
+∞∑

k=0

npα(rk)

rk+1∫

rk

(1− r)γdr,

îòêóäà

+∞∑

k=0

npα, k
1

2k(γ+1)

(
1− 1

2γ+1

)
≤ const.

Çíà÷èò, (1.5) → (1.1).

Äîêàæåì îáðàòíîå. Ïðåäïîëîæèì, ÷òî (1.1) ñõîäèòñÿ. Ñíîâà ðàçîáüåì

èíòåãðàë (1.5) íà ÷àñòè è îöåíèì åãî ñâåðõó:

1∫

0

npα(r)(1− r)γdr =
+∞∑

k=0

rk+1∫

rk

npα(r)(1− r)γdr ≤

≤
+∞∑

k=0

npα(rk+1)

rk+1∫

rk

(1− r)γdr ≤ cα

+∞∑

k=0

npα, k+1

(
1

2k+1

)γ+1

≤
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≤
+∞∑

m=1

npα,m

(
1

2m

)γ+1

≤ const.

Çíà÷èò, (1.1) → (1.5). Òàêèì îáðàçîì, ëåììà 1.2 äîêàçàíà.

Ëåììà 1.3. Åñëè ðÿä (1.1) ñõîäèòñÿ, òî ñõîäèòñÿ è ðÿä

+∞∑

k=1

(1− |zk|)β+2
(1.6)

ïðè âñåõ β > α + γ+1
p , ãäå 0 < p < +∞.

Äîêàçàòåëüñòâî. Ïî ëåììå 1.2 èíòåãðàë (1.5) ñõîäèòñÿ. Ïîêàæåì, ÷òî

1∫

0

npα(r)(1− r)γdr ≥ cα

1∫

0

np(r)(1− r)(α+2)p+γdr, (1.7)

ãäå n(r) = {card zk : |zk| < r}, k = 1, 2, ... Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì

ñ÷èòàòü, ÷òî n(0) = 0. Èìååì:

1∫

0

npα(r)(1−r)γdr =
(

1

Γ(α + 2)

)p 1∫

0

(1−r)γr−(α+1)p




r∫

0

(r − t)α+1n(t)

t
dt




p

dr.

Äàëåå,

1∫

0

(1− r)γr−(α+1)p




r∫

0

(r − t)α+1n(t)

t
dt



p

dr ≥

≥
1∫

1/3

(1− r)γ




r∫

r− 1−r
2

(r − t)α+1n(t)dt




p

dr ≥

≥ c̃α

1∫

1/3

np
(
3r − 1

2

)
(1− r)γ+(α+2)pdr = cα

1∫

0

np(ρ)(1− ρ)(α+2)p+γdρ.

Òàêèì îáðàçîì, íåðàâåíñòâî (1.7) äîêàçàíî.
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Ïîñêîëüêó èíòåãðàë (1.5) ñõîäèòñÿ, òî

c ≥
1∫

r

np(ρ)(1− ρ)(α+2)p+γdρ,

ãäå 0 < r < 1, îòêóäà

n(r) ≤ c

(1− r)(α+2)+ γ+1
p

, 0 < r < 1. (1.8)

�àçîáüåì ñóììó (1.6) íà ÷àñòè:

+∞∑

k=1

(1− |zk|)β+2 =

+∞∑

k=1

∑

∆k

(1− |zk|)β+2nk,

ãäå ∆k = [1− 1
2k−1 , 1− 1

2k
), nk = n

(
1− 1

2k

)
, k = 1, 2, ....

Âîñïîëüçóåìñÿ â ïîñëåäíåé ñóììå îöåíêîé (1.8):

+∞∑

k=1

(1− |zk|)β+2 ≤
+∞∑

k=1

∑

∆k

(1− |zk|)β+2−(α+2)− γ+1
p ,

îòêóäà

+∞∑

m=0

(1− |zm|)β+2 ≤
+∞∑

m=0

(
1

2

)m(β−(α+ γ+1
p

))

.

Ïîñêîëüêó ïî óñëîâèþ β > α+ γ+1
p , òî ñõîäèòñÿ ðÿä â ïðàâîé ÷àñòè ïîñëåäíåãî

íåðàâåíñòâà, îòêóäà ñëåäóåò ñõîäèìîñòü ðÿäà (1.6) . Ëåììà 1.3 äîêàçàíà.

Ñëåäóþùàÿ ëåììà ñîäåðæèò ïîëåçíóþ îöåíêó ïðîèçâåäåíèÿ Ì. Äæð-

áàøÿíà πβ(z, zk) (ñì., íàïðèìåð, [34℄):

Ëåììà 1.4. Ïóñòü ïîñëåäîâàòåëüíîñòü {zk}+∞
k=1 ⊂ D óäîâëåòâîðÿåò

óñëîâèþ

+∞∑
k=0

(1− |zk|)β+2 < +∞, β > −1, òîãäà äëÿ ïðîèçâåäåíèÿ πβ(z, zk) ñ

íóëÿìè â òî÷êàõ {zk}+∞
k=1 ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

ln |πβ(z, zk)| ≤ cβ

+∞∑

k=1

(
1− |zk|
|1− zkz|

)β+2

. (1.9)

Ïåðåéäåì òåïåðü ê äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïàðàãðà�à.
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Äîêàçàòåëüñòâî òåîðåìû 1.1.

Íåîáõîäèìîñòü. Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ïðåäïîëàãàòü, ÷òî

f(0) = 1. Òîãäà ïî �îðìóëå Èåíñåíà èìååì:

t∫

0

n(s)

s
ds =

1

2π

π∫

−π

ln |f(teiϕ)|dϕ.

Óìíîæèì îáå ÷àñòè ðàâåíñòâà íà (r − t)α è ïðîèíòåãðèðóåì ïî t ∈ [0, r),

0 < r < 1:

r∫

0

(r − t)α
t∫

0

n(s)

s
dsdt =

1

2π

r∫

0

(r − t)α
π∫

−π

ln |f(teiϕ)|dϕdt. (1.10)

�àññìîòðèì èíòåãðàë â ëåâîé ÷àñòè ðàâåíñòâà. Ïðîèíòåãðèðóåì ïî ÷àñòÿì:

r∫

0

(r − t)α
t∫

0

n(s)

s
dsdt =

1

(α+ 1)

r∫

0

(r − t)α+1n(t)

t
dt.

Óìíîæèì òåïåðü îáå ÷àñòè ðàâåíñòâà (1.10) íà

r−(α+1)

Γ(α+1) . Ìåíÿÿ ïîðÿäîê èíòå-

ãðèðîâàíèÿ â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà, ïîëó÷èì:

r−(α+1)

Γ(α+ 2)

r∫

0

(r − t)α+1n(t)

t
dt ≤

≤ r−(α+1)

2πΓ(α + 1)

π∫

−π




r∫

0

(r − t)α ln |f(teiϕ)|dt




+

dϕ = Tα(r, f).

Âîçâåäåì îáå ÷àñòè íåðâåíñòâà â ñòåïåíü p, 0 < p < +∞, äàëåå óìíî-

æèì íà (1− r)γ è ïðîèíòåãðèðóåì ïî r ∈ [0, 1):

1∫

0

npα(r)(1− r)γdr ≤
1∫

0

(1− r)γT pα(r, f)dr.
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Ïî óñëîâèþ èíòåãðàë â ïðàâîé ÷àñòè íåðàâåíñòâà ñõîäèòñÿ, ïîýòîìó

1∫

0

npα(r)(1− r)γdr < +∞.

Â ñèëó ëåììû 1.2, ñõîäèòñÿ è ðÿä (1.1).

Äîñòàòî÷íîñòü. Ïðåäïîëîæèì, ÷òî ðÿä (1.1) ñõîäèòñÿ. Ïîêàæåì, ÷òî

ïðîèçâåäåíèå πβ(z, zk) ïðèíàäëåæèò êëàññó Np
α,γ ïðè âñåõ β > α + 1 + γ+1

p ,

α > −1, γ > −1, 0 < p < +∞, òî åñòü íóæíî äîêàçàòü ñõîäèìîñòü èíòåãðàëà

I =

1∫

0

(1− r)γT pα(πβ, r)dr.

Âîñïîëüçóåìñÿ îöåíêîé (1.9). Îáîçíà÷èì ÷åðåç cp =
(

1
2πΓ(α+1)

)p
. Áóäåì èìåòü:

I ≤ cp

1∫

0

(1− r)γ




π∫

−π



r−(α+1)

r∫

0

(r − t)α
+∞∑

k=1

(
1− |zk|

|1− zkteiϕ|

)β+2

dt




+

dϕ




p

dr

= cp

1∫

0

(1− r)γr−(α+1)p




π∫

−π




+∞∑

k=1

(1− |zk|)β+2

r∫

0

(r − t)α

|1− zkteiϕ|β+2
dt




+

dϕ



p

dr

= cp

1∫

0

(1− r)γ




π∫

−π




+∞∑

k=1

(1− |zk|)β+2

1∫

0

(1− u)α

|1− zkureiϕ|β+2
du




+

dϕ




p

dr.

Èñïîëüçóÿ îöåíêó (1.4), ïîëó÷èì:

1∫

0

(1− u)α

|1− zkureiϕ|β+2
du ≤ c

|1− zkreiϕ|β−α+1
.

Ïîýòîìó

I ≤ c̃p

1∫

0

(1− r)γ




+∞∑

k=1

π∫

−π

(1− |zk|)β+2

|1− zkreiϕ|β−α+1
dϕ



p

dr.
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Èñïîëüçóÿ òåïåðü îöåíêó (1.3) äëÿ âíóòðåííåãî èíòåãðàëà, ïîëó÷àåì:

I ≤ c̃p

1∫

0

(1− r)γ

(
+∞∑

k=1

(1− |zk|)β+2

(1− r|zk|)β−α

)p

dr. (1.11)

Îöåíêà (1.11) ðàâíîñèëüíà

I ≤ c̃p

1∫

0

(1− r)γ




1∫

0

(1− t)β+2

(1− rt)β−α
dn(t)




p

dr.

Èíòåãðèðóÿ ïî ÷àñòÿì âî âíóòðåííåì èíòåãðàëå, áóäåì èìåòü:

I ≤ c̃p

1∫

0

(1− r)γ




1∫

0

n(t)
(1− t)β+1

(1− rt)β−α
dt



p

dr.

�àçáèâàÿ âíóòðåííèé èíòåãðàë íà ÷àñòè, ïîëó÷àåì:

I ≤ c̃p

1∫

0

(1− r)γ




+∞∑

k=1

rk∫

rk−1

n(t)
(1− t)β+1

(1− rt)β−α
dt



p

dr ≤

≤ c̃p

1∫

0

(1− r)γ




+∞∑

k=1

nk

rk∫

rk−1

(1− t)β+1

(1− rt)β−α
dt



p

dr,

ãäå nk = n(rk), rk = 1− 1
2k
, k = 1, 2, ...

Ïðîäîëæèì îöåíèâàòü I ñâåðõó.

I ≤ c̃p

1∫

0

(1− r)γ




+∞∑

k=1

nk
(1− rrk)β−α

rk∫

rk−1

(1− t)β+1dt




p

dr ≤

≤ c̃β,p

1∫

0

(1− r)γ

(
+∞∑

k=1

nk
(1− rrk)β−α

1

2k(β+2)

)p

dr.

Ïóñòü 0 < p ≤ 1. Òîãäà, èñïîëüçóÿ îöåíêó (a+b)p ≤ (ap+bp), ∀a, b ∈ R+,
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ñïðàâåäëèâóþ ïðè âñåõ 0 < p ≤ 1, è îöåíêó (1.4), áóäåì èìåòü:

I ≤ c̃β,p

+∞∑

k=1

npk
2(β+2)kp

1∫

0

(1− r)γdr

(1− rrk)(β−α)p
≤ c̃β,p

+∞∑

k=1

npk
2(β+2)kp

1

(1− rk)(β−α)p−γ−1
.

Íî rk = 1− 1
2k , k = 1, 2, ..., ïîýòîìó

I ≤ c̃β,p

+∞∑

k=1

npk
2k((β−α)p−γ−1)

2(β+2)kp
≤ c̃β,p

+∞∑

k=1

npk
2k((α+2)p+γ+1)

.

Àíàëîãè÷íûì îáðàçîì, êàê â ëåììå 1.2, ìîæíî ïîêàçàòü, ÷òî ñõîäèìîñòü ðÿäà

+∞∑
k=1

np
k

2k((α+2)p+γ+1) ýêâèâàëåíòíà ñõîäèìîñòè èíòåãðàëà

1∫
0

np(r)(1 − r)(α+2)p+γdr.

Çíà÷èò,

I ≤ cα

1∫

0

np(r)(1− r)(α+2)p+γdr.

Èñîëüçóÿ òåïåðü îöåíêó (1.7) è ëåììó 1.2, ïîëó÷àåì:

I ≤ cα

1∫

0

npα(r)(1− r)γdr ≤ cα

+∞∑

k=1

npα, k
2k(γ+1)

< +∞.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ïðè 0 < p ≤ 1 åñëè (1.1) ñõîäèòñÿ, òî

ïðîèçâåäåíèå πβ(z, zk) ∈ Np
α,γ.

Äîêàæåì àíàëîãè÷íîå óòâåðæäåíèå ïðè p > 1. Ïóñòü

J =

1∫

0

(1− r)γT pα(r, f)dr =

=

(
1

2πΓ(α + 1)

)p 1∫

0

(1−r)γ
(∫ π

−π
r−(α+1)

(∫ r

0

(r − t)α ln |f(teiϕ)|dt
)+

dϕ

)p

dr.

Òåïåðü çàìåòèì, ÷òî

(∫ r

0

(r − t)α ln |f(teiϕ)|dt
)+

≤
∫ r

0

(r − t)α ln+ |f(teiϕ)|dt,
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ïîýòîìó, ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, ïîëó÷èì:

J ≤ (Γ(α+ 1))−p
1∫

0

(1− r)γ




1∫

0

(1− u)αT (ru, f)du



p

dr,

ãäå T (ru, f) - õàðàêòåðèñòèêà �. Íåâàíëèííû �óíêöèè f . Äàëåå, ðàçáèâàÿ

âíóòðåííèé èíòåãðàë íà ÷àñòè è èñïîëüçóÿ íåðàâåíñòâî (a+ b)p ≤ 2p(ap+ bp),

∀a, b ∈ R+, 0 < p < +∞, ïîëó÷àåì:

J ≤ 2p(Γ(α+ 1))−p(J1 + J2), (1.12)

ãäå

J1 =

1∫

0

(1− r)γ




r∫

0

(1− u)αT (ru, f)du



p

dr,

J2 =

1∫

0

(1− r)γ




1∫

r

(1− u)αT (ru, f)du



p

dr.

�àññìîòðèì èíòåãðàë J2. Òàê êàê T (r, f) � ìîíîòîííî ðàñòóùàÿ �óíêöèÿ íà

èíòåðâàëå (0, 1), òî

J2 =

1∫

0

(1− r)γ




1∫

r

(1− u)αT (ru, f)du



p

dr ≤

≤
1∫

0

(1− r)γT p(r, f)




1∫

r

(1− u)αdu



p

dr,

îòêóäà

J2 ≤
1∫

0

T p(r, f)(1− r)(α+1)p+γdr. (1.13)

Ïóñòü òåïåðü g(r) - ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ �óíêöèÿ èç Lq(0, 1),

òàêàÿ ÷òî ‖g‖Lq
= 1 è
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J̃1 = (J1)
1
p =

1∫

0

g(r)(1− r)
γ
p

r∫

0

(1− u)αT (ru, f)dudr ≤

≤
1∫

0

g(r)(1− r)
γ
p

r∫

0

(1− u)αT (u, f)dudr.

Ïîìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ â ïîñëåäíåì èíòåãðàëå:

J̃1 ≤
1∫

0

(1− u)αT (u, f)

1∫

u

g(r)(1− r)
γ
pdrdu ≤

≤
1∫

0

(1− u)α+
γ
pT (u, f)




1∫

u

g(r)dr


 du =

=

1∫

0

(1− u)α+
γ
p
+1T (u, f)

1

1− u




1∫

u

g(r)dr



 du.

Â ïîñëåäíåì èíòåãðàëå ïðèìåíèì íåðàâåíñòâî �¼ëüäåðà:

J̃1 ≤




1∫

0

(1− u)(α+1)p+γT p(u, f)du




1
p



1∫

0

1

(1− u)q




1∫

u

g(r)dr



q

du




1
q

.

Ïðèìåíÿÿ òåïåðü íåðàâåíñòâî Õàðäè (ñì. [28, . 296℄), ïîëó÷àåì:

J̃1 ≤




1∫

0

(1− u)(α+1)p+γT p(u, f)du




1
p

× cq‖g‖Lq
.

Òàêèì îáðàçîì,

J1 ≤
1∫

0

T p(r, f)(1− r)(α+1)p+γdr. (1.14)

Â êà÷åñòâå �óíêöèè f ðàññìîòðèì ïðîèçâåäåíèå Ì. Äæðáàøÿíà πβ(z, zk),

ãäå β > α + 1 + γ+1
p
. Èç ïàðàìåòðè÷åñêîãî ïðåäñòàâëåíèÿ êëàññà Sp(α+1)p+γ
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ñëåäóåò, ÷òî ïðîèçâåäåíèå πβ(z, zk) ∈ Sp(α+1)p+γ ïðè óêàçàííîì âûáîðå β (ñì.

[37℄). Ïîýòîìó èç îöåíîê (1.13), (1.14) ñëåäóåò, ÷òî èíòåãðàëû J1, J2 ñõîäÿòñÿ.

Èç íåðàâåíñòâà (1.12) çàêëþ÷àåì, ÷òî J ñõîäèòñÿ, òî åñòü πβ(z, zk) ∈ Np
α,γ ïðè

âñåõ β > α + 1 + γ+1
p . Òåîðåìà 1.1 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 1.2.

Ñíà÷àëà äîêàæåì èìïëèêàöèþ 1) ⇒ 2). Èç òåîðåìû 1.1 ñëåäóåò, ÷òî

âñÿêàÿ �óíêöèÿ f ∈ Np
α,γ ïðåäñòàâèìà â âèäå:

f(z) = cλz
λπβ(z, zk) exp(h(z)),

ãäå exp(h(z)) - �óíêöèÿ èç êëàññà Np
α,γ, íå èìåþùàÿ íóëåé. Äåéñòâèòåëüíî,

íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî êðàòíîñòü íóëÿ â òî÷êå z = 0

ðàâíà íóëþ. Òàê êàê exp(h(z)) = f(z)
πβ(z,zk)

, òî exp(h(z)) ∈ Np
α,γ òîãäà è òîëüêî

òîãäà, êîãäà

1
πβ(z,zk)

∈ Np
α,γ. Ïîñëåäíåå âêëþ÷åíèå íåïîñðåäñòâåííî ñëåäóåò èç

ñîîòíîøåíèÿ α-ðàâíîâåñèÿ (ñì. [9, . 609℄):

Tα(r, f) = Tα

(
r,
1

f

)
+ cα.

Äîêàæåì òåïåðü, ÷òî h(z) = 1
2π

π∫
−π

ψ(eiθ)dθ
(1−e−iθz)β+1 , ãäå ψ ∈ Bs

1,p, ãäå

s = β − (α + 1) − γ+1
p . Îáîçíà÷èì u(z) = ℜh(z), u ∈ h(D). Òàê êàê

exp(h(z)) ∈ Np
α,γ, òî

1∫

0

(1− r)γ




π∫

−π

u+α (re
iϕ)dϕ



p

dr < +∞, (1.15)

ãäå

uα(re
iϕ) =

r−(α+1)

Γ(α+ 1)

r∫

0

(r − t)αu(teiϕ)dt.

Êàê óñòàíîâëåíî â [9, ñ. 596℄, uα(re
iϕ) ∈ h(D).

Òàê êàê uα = u+α − u−α , ãäå u
+
α = max(uα, 0), u

−
α = max(−uα, 0), òî ïî

òåîðåìå î ñðåäíåì
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1

2π

π∫

−π

uα(re
iϕ)dϕ =

1

2π

π∫

−π

u+α (re
iϕ)dϕ− 1

2π

π∫

−π

u−α (re
iϕ)dϕ = uα(0),

îòêóäà ââèäó íåðàâåíñòâà

(a+ b)p ≤ 2p(ap + bp), ∀a, b ∈ R+, 0 < p < +∞, (1.16)

ïîëó÷èì:




π∫

−π

u−α (re
iϕ)dϕ



p

dr ≤ 2p






π∫

−π

u+α (re
iϕ)dϕ



p

dr + |uα(0)|p

 .

Ïîýòîìó

1∫

0

(1− r)γ




π∫

−π

u−α (re
iϕ)dϕ




p

dr < +∞. (1.17)

Äàëåå, |uα| = u+α + u−α , ïîýòîìó ñ ó÷åòîì (1.15), (1.17), à òàêæå íåðàâåíñòâà

(1.16), ïîëó÷èì:

1∫

0

(1− r)γ




π∫

−π

|uα(reiϕ)|dϕ



p

dr < +∞.

Ó÷èòûâàÿ îãðàíè÷åííîñòü îïåðàòîðà ãàðìîíè÷åñêîãî ñîïðÿæåíèÿ â ïðî-

ñòðàíñòâå Lpγ ïðè âñåõ 0 < p < +∞, (ì. [37℄), ïîëó÷àåì:

1∫

0

(1− r)γ




π∫

−π

|hα(reiϕ)|dϕ



p

dr < +∞, (1.18)

ãäå hα ∈ H(D), uα = ℜhα.
Ïóñòü β ′ = β − (α+ 1). Îáîçíà÷èì

ψ(z) = D−β′

hα(z) = β ′
1∫

0

(1− s)β
′−1hα(sz)ds, z ∈ D, (1.19)

ãäå D−β′

� îïåðàòîð èíòåãðî-äè��åðåíöèðîâàíèÿ (ñì. [41, . 41℄, [9, ñ. 567℄).



32

Ñ ó÷åòîì ââåäåííîãî îáîçíà÷åíèÿ hα(z) = D−(α+1)h(z). Î÷åâèäíî, ÷òî

ψ ∈ H(D). Äîêàæåì, ÷òî ψ ∈ H1
, ãäå H1

� êëàññ Õàðäè.

π∫

−π

|ψ(reiϕ)|dϕ ≤ β ′
1∫

0

(1− s)β
′−1

π∫

−π

|hα(sreiϕ)|dϕds.

Èç (1.18) ïîëó÷àåì:

1∫

R

(1− r)γ




π∫

−π

|hα(reiϕ)|dϕ




p

dr → 0, R→ 1− 0.

Ïîýòîìó

π∫
−π

|hα(Reiϕ)|dϕ ≤ cα

(1−R)
γ+1
p
. À çíà÷èò,

π∫

−π

|ψ(reiϕ)|dϕ ≤ cα

1∫

0

(1− s)β
′−1

(1− sr)
γ+1
p

ds ≤ c

β ′ − γ+1
p

.

Ïî óñëîâèþ òåîðåìû β > (α + 1) + γ+1
p , òî åñòü β ′ > γ+1

p , ïîýòîìó ψ ∈ H1
.

Òàê êàê ψ ∈ H1
, òî ψ ïðåäñòàâèìà â âèäå èíòåãðàëà Êîøè:

ψ(z) =
1

2π

π∫

−π

ψ(eiθ)

(1− e−iθz)
dθ. (1.20)

Ñ äðóãîé ñòîðîíû, ñ ó÷åòîì ïðåäñòàâëåíèÿ (1.19), ψ(z) = D−β′

(D−(α+1)h(z)),

îòêóäà, ñîãëàñíî ñâîéñòâó èíòåãðî-äè��åðåíöèàëüíûõ îïåðàòîðîâ, ïîëó÷àåì

ψ(z) = D−(α+β′+1)h(z) = D−βh(z). Ïðèìåíÿÿ îáðàòíûé îïåðàòîð ê �óíêöèè

ψ(z), áóäåì èìåòü:

h(z) = Dβψ(z) =
1

2π

π∫

−π

ψ(eiθ)dθ

(1− e−iθz)β+1
, z ∈ D,

ãäå ψ ∈ H1
, β > (α+ 1) + γ+1

p
.

Äîêàæåì òåïåðü, ÷òî ψ ∈ Bs
1,p, ãäå s = β−(α+1)− γ+1

p . Íå îãðàíè÷èâàÿ

îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî 0 < s < 2.

Íåðàâåíñòâî (1.18) ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé â (1.19) ìîæíî ïå-
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ðåïèñàòü â âèäå:

1∫

0

(1− r)γ




π∫

−π

|Dβ′

ψ(reiϕ)|dϕ



p

dr < +∞.

Ïðèíèìàÿ âî âíèìàíèå òåïåðü ïðåäñòàâëåíèå (1.20), áóäåì èìåòü:

1∫

0

(1− r)γ




π∫

−π

∣∣∣∣∣∣
1

2π

π∫

−π

ψ(eiθ)dθ

(1− e−iθreiϕ)β′+1

∣∣∣∣∣∣
dϕ




p

dr < +∞,

ãäå ψ ∈ H1
, β ′ > γ+1

p .

Êàê óñòàíîâëåíî â [37, ñ. 1437℄, â ýòîì ñëó÷àå �óíêöèÿ ψ ∈ Bs
1,p, ãäå

s = β ′ − γ+1
p

= β − (α+ 1)− γ+1
p
. Èòàê, èìïëèêàöèÿ 1) ⇒ 2) óñòàíîâëåíà.

Ïåðåéäåì ê äîêàçàòåëüñòâó èìïëèêàöèè 2) ⇒ 1).

Ó÷èòûâàÿ òåîðåìó 1.1, äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî �óíêöèÿ

h(z) = exp

(
1
2π

π∫
−π

ψ(eiθ)dθ
(1−e−iθz)β+1

)
∈ Np

α,γ, ãäå ψ ∈ Bs
1,p, s = β − (α + 1) − γ+1

p .

Äîêàçàòåëüñòâî ïðèíàäëåæíîñòè �óíêöèè h(z) ðàññìàòðèâàåìîìó êëàññó ñ

ó÷åòîì âûøåèçëîæåííûõ çàìå÷àíèé ñâîäèòñÿ ê äîêàçàòåëüñòâó ñõîäèìîñòè

èíòåãðàëà

1∫

0

(1− r)γ




π∫

−π

|hα(reiϕ)|dϕ




p

dr < +∞, (1.21)

ãäå hα(z) = D−(α+1)h(z) = Dβ′

ψ(z) = 1
2π

π∫
−π

ψ(eiθ)dθ

(1−e−iθz)β′+1 , β
′ = β − (α + 1). Íå

îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî 0 < β ′ − γ+1
p
< 2.

Îöåíêà (1.21) ïðè âûáðàííûõ îãðàíè÷åíèÿõ íà β ′
è s óñòàíîâëåíà â

ðàáîòå Ô.À. Øàìîÿíà (ñì. [37, . 1440℄). Òåîðåìà 1.2 äîêàçàíà ïîëíîñòüþ.

Çàìå÷àíèå 1.1. Ïðè äîêàçàòåëüñòâå òåîðåì ýòîãî ïàðàãðà�à ïðèìåíÿ-

ëèñü ìåòîäû, ðàçðàáîòàííûå Ô.À. Øàìîÿíîì â ðàáîòå [37℄.
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1.2 Î íóëÿõ àíàëèòè÷åñêèõ â êðóãå �óíêöèé, ðàñòóùèõ

âáëèçè êîíå÷íîãî ìíîæåñòâà òî÷åê íà ãðàíèöå

Ïóñòü E = {eiτk}m−1
k=0 �m òî÷åê íà åäèíè÷íîé îêðóæíîñòè T. Îáîçíà÷èì

ρ(z, E) = dist(z, E) � ðàññòîÿíèå îò ïðîèçâîëüíîé òî÷êè z ∈ D äî ìíîæåñòâà

E. �àññìîòðèì êëàññ

Hϕ(E) =

{
f ∈ H(D) : ln |f(z)| ≤ cfϕ

(
1

ρ(z, E)

)
, z ∈ D

}
,

ãäå ϕ - ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ íà R+.

Êàê óæå áûëî îòìå÷åíî âî ââåäåíèè, â òîì ñëó÷àå, êîãäà E ñîñòîèò

èç îäíîé òî÷êè, ϕ(t) = tq, 0 < q < 1, ïîëíîå îïèñàíèå êîðíåâûõ ìíîæåñòâ

êëàññà Hϕ(E) áûëî ïîëó÷åíî â ðàáîòàõ Ì.Ì. Äæðáàøÿíà [7℄, Õ. Øàïèðî

è À. Øèëäñà [59℄. Äëÿ ñëó÷àÿ E = T, ϕ(t) = ln t ðåçóëüòàò îêîí÷àòåëüíî-

ãî õàðàêòåðà áûë ïîëó÷åí Ê. Ñåéïîì (ñì. [55℄). Ïîëíîå îïèñàíèå êîðíåâûõ

ìíîæåñòâ è �àêòîðèçàöèîííîå ïðåäñòàâëåíèå êëàññà Hϕ(E), E = T, â ñëó÷àå

áîëåå îáùèõ âåñîâ ïîëó÷åíî åùå â 80-õ ãã. Ô.À. Øàìîÿíîì (ñì. [34℄, [35℄, [48℄).

Ïðèâåäåì íåêîòîðûå ðåçóëüòàòû èç ýòèõ ðàáîò.

Ïóñòü ϕ(x) � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ,

ϕ ∈ C(1)(1,+∞), òàêàÿ ÷òî

lim
x→+∞

ϕ′(x)x

ϕ(x)
= βϕ, lim

x→+∞
ϕ′(x)x

ϕ(x)
= αϕ, (1.22)

è 1 < βϕ ≤ αϕ < +∞.

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

Òåîðåìà A. Ïóñòü ∆k,l =
{
1− 1

2k
≤ |z| < 1− 1

2k+1 ,
πl
2k

≤ argz < π(l+1)
2k

}

- ðàçáèåíèå Óèòíè åäèíè÷íîãî êðóãà, k = 0, 1, 2, ..., l = −2k, ..., 2k − 1,

Z = {zk}+∞
k=1 - ïîñëåäîâàòåëüíîñòü òî÷åê èç D, nk,l - ÷èñëî òî÷åê {zk} â

ïðÿìîóãîëüíèêå ∆k,l. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1. Z = Zf äëÿ f ∈ Hϕ(T),

2. nk,l ≤ cϕ(2k), k = 1, 2, ..., l = −2k, ..., 2k − 1.

Òåîðåìà Á. Ïóñòü ψ(x) - ìîíîòîííî óáûâàþùàÿ �óíêöèÿ íà ïîëóîñè

(0,+∞), òàêàÿ ÷òî lim
x→+∞

ψ(x) = 0, ϕ(x) � ìîíîòîííî âîçðàñòàþùàÿ ïîëî-
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æèòåëüíàÿ �óíêöèÿ, ϕ ∈ C(1)(1,+∞), óäîâëåòâîðÿþùàÿ óñëîâèÿì (1.22).

Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1. Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè {zk}+∞
k=1 = Zf , f ∈ Hϕ(T), ñõî-

äèòñÿ ðÿä

+∞∑
k=1

ψ
(

1
1−|zk|

)
< +∞;

2.

+∞∫
1

ψ(x)ϕ(x)dx < +∞.

Â äàëüíåéøåì äëÿ ñëó÷àÿ, êîãäà E ⊂ T - êîíå÷íîå ìíîæåñòâî òî÷åê

íà åäèíè÷íîé îêðóæíîñòè, â ðàáîòå [45℄ áûëî óñòàíîâëåíî ñëåäóþùåå óòâåð-

æäåíèå:

Òåîðåìà Â. Åñëè f ∈ Hϕ(E), ϕ(t) = tq, q ≥ 0, {zk}+∞
k=1 � ïîñëåäîâàòåëüíîñòü

íóëåé �óíêöèè f , òî ñõîäèòñÿ ðÿä:

+∞∑

k=1

(ρ(zk, E))(q−1+ε)+(1− |zk|) < +∞,

ãäå ε � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî.

Â íåäàâíèõ ðàáîòàõ Ë. �îëèíñêîãî, Ñ. Êóïèíà, Ñ. Ôàâîðîâà, Ë. �àä-

÷åíêî ïîñëåäíèé ðåçóëüòàò áûë îáîáùåí â ðàçëè÷íûõ íàïðàâëåíèÿõ â (ñì.

[52℄-[54℄). Â ÷àñòíîñòè, â ðàáîòå [54℄, àâòîðû ïîëó÷èëè àíàëîã íåîáõîäèìîãî

óñëîâèÿ â òåîðåìå Á äëÿ êëàññà Hϕ(E). Îäíàêî ïîëíîãî îïèñàíèÿ êîðíåâûõ

ìíîæåñòâ êëàññà Hϕ(E) äî ñèõ ïîð íå áûëî ïîëó÷åíî.

Íàìè äëÿ ñëó÷àÿ êîíå÷íîãî ìíîæåñòâà E = {eiτk}m−1
k=0 ⊂ T óñòàíîâëåíû

ñëåäóþùèå ðåçóëüòàòû:

Òåîðåìà 1.3. Ïóñòü ϕ � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ

�óíêöèÿ, ϕ ∈ C(1)(1,+∞), òàêàÿ ÷òî

lim
x→+∞

ϕ′(x)x

ϕ(x)
= αϕ. (1.23)

Åñëè f ∈ Hϕ(E) è Zf = {zn}+∞
n=1, òî äëÿ ëþáîãî R > 1 ñïðàâåäëèâà îöåíêà

∑

1
R
≤ρ(zn,E)≤2

(1− |zn|2) ≤ cF



ϕ(R)
R

+

R∫

1

ϕ(x)

x2
dx



 . (1.24)
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Îáðàòíî,

à) åñëè αϕ /∈ Z+, {zn}+∞
n=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç D,

óäîâëåòâîðÿþùàÿ óñëîâèþ (1.24),

á) åñëè αϕ ∈ Z+ \{1}, {zn}+∞
n=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç

D, óäîâëåòâîðÿþùàÿ íàðÿäó ñ óñëîâèåì (1.24) óñëîâèþ

sup
0≤k≤m−1

∣∣∣
∑

1
R
≤ρ(zn,E)≤2

(
i
eiτk + zn
eiτk − zn

)−αϕ∣∣∣ ≤ M, M > 0,

ïðè÷åì

sup
x>1

xαϕ

ϕ(x)
< +∞,

òîãäà ìîæíî ïîñòðîèòü �óíêöèþ g ∈ Hϕ(E), íóëè êîòîðîé ñîâïàäàþò ñ

òî÷êàìè ïîñëåäîâàòåëüíîñòè {zn}+∞
n=1.

Â òåîðåìå 1.4 ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå íà ìàæî-

ðàíòó ϕ, ïðè êîòîðîì êîðíåâûå ìíîæåñòâà �óíêöèé èç êëàññà Hϕ(E) óäî-

âëåòâîðÿþò óñëîâèþ Áëÿøêå:

Òåîðåìà 1.4. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {zn}+∞
n=1 = Zf , f ∈ Hϕ(E), âûïîëíÿåòñÿ

óñëîâèå Áëÿøêå, ò.å.

+∞∑

n=1

(1− |zn|) < +∞,

2.

+∞∫

1

ϕ(x)

x2
dx < +∞, (1.25)

ãäå ϕ(x) � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ,

ϕ ∈ C(1)(1,+∞).

Â ñëåäóþùåé òåîðåìå äîêàçàí àíàëîã òåîðåìû Á äëÿ êëàññà Hϕ(E):

Òåîðåìà 1.5. Ïóñòü ϕ � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ

�óíêöèÿ, ϕ ∈ C(1)(1,+∞), òàêàÿ ÷òî αϕ ≥ 1, f ∈ Hϕ(E), {zn}+∞
n=1 = Zf ,

ψ(x) ↓ 0, x→ 0+, ψ ∈ C(1)(0,+∞), è ïðè ýòîì

lim
R→+∞

ψ

(
1

R

)
ϕ(R)

R
< +∞.
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Òîãäà åñëè

+∞∫
1

ψ′ ( 1
x

) ϕ(x)
x3 dx < +∞, òî ðÿä

+∞∑

k=1

ψ(ρ(zk, E))(1− |zk|) < +∞. (1.26)

Îáðàòíî, åñëè

+∞∫
1

ψ′ ( 1
x

) ϕ(x)
x3 dx = +∞, òî ñóùåñòâóåò îòëè÷íàÿ îò òîæ-

äåñòâåííîãî íóëÿ �óíêöèÿ g ∈ Hϕ(E), òàêàÿ ÷òî g(zk) = 0, k = 1, 2, ..., äëÿ

êîòîðîé ðÿä (1.26) ðàñõîäèòñÿ.

Çàìå÷àíèå 1.2. Åñëè â �îðìóëèðîâêå òåîðåìû 1.5 ïîëîæèòü 0 < αϕ < 1,

òî ðÿä (1.26) áóäåò ñõîäèòüñÿ äàæå â òîì ñëó÷àå, êîãäà ψ(x) > δ > 0, x ∈ R+

(ñì., íàïðèìåð, [48℄). Îòìåòèì òàêæå, ÷òî ìåòîä äîêàçàòåëüñòâà òåîðåì 1.3-

1.5 ñóùåñòâåííî îòëè÷àåòñÿ îò ìåòîäîâ, èñïîëüçóåìûõ â ñòàòüÿõ [45℄, [52℄-[54℄,

è âïåðâûå áûë ïðèìåíåí Ô.À. Øàìîÿíîì â ðàáîòàõ [56℄, [40℄.

Çàìå÷àíèå 1.3. Èíòåðåñíî ñðàâíèòü ðåçóëüòàò òåîðåìû 1.4 äëÿ ñëó÷àÿ

íóëåé, ðàñïîëîæåííûõ íà ðàäèóñå (0,1) åäèíè÷íîãî êðóãà, ñî ñëåäóþùåé òåî-

ðåìîé Õåéìàíà-Êîðåíáëþìà (ñì. [51℄):

Òåîðåìà �. Ïóñòü ϕ � ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ

�óíêöèÿ íà R+. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {rn}+∞
n=1 = Zf , f ∈ Hϕ(T), rn > 0, n ∈ N

âûïîëíÿåòñÿ óñëîâèå Áëÿøêå:

+∞∑

n=1

(1− rn) < +∞,

2.

+∞∫

1

(
ϕ(x)

x3

) 1
2

dx < +∞. (1.27)

Èç ñõîäèìîñòè èíòåãðàëà (1.27) ñëåäóåò ñõîäèìîñòü èíòåãðàëà (1.25), íî

îáðàòíîå íåâåðíî. Íà ýòî óêàçûâàåò ïðèìåð �óíêöèè ϕ(x) = x
(ln 2x)2 , x ≥ 1.

Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ îïèðàåòñÿ íà ñëåäóþùèå âñïîìîãà-

òåëüíûå óòâåðæäåíèÿ.
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Ëåììà 1.5. Ïóñòü w = ρeiθ = ie
iτ0+z
eiτ0−z � êîí�îðìíîå îòîáðàæåíèå

åäèíè÷íîãî êðóãà íà âåðõíþþ ïîëóïëîñêîñòü C+, ãäå 0 ≤ τ0 ≤ 2π. Òîãäà ïðè

âñåõ 0 < θ < π, 1 ≤ ρ < +∞ ñïðàâåäëèâû îöåíêè:

sin θ

ρ
≤ 1− |z|2 ≤ 4 sin θ

ρ
, (1.28)

1

ρ
≤ |eiτ0 − z| ≤ 2

ρ
. (1.29)

Äîêàçàòåëüñòâî.

Ïîñêîëüêó w = ρeiθ = ie
iτ0+z
eiτ0−z , òî z = eiτ0 1+iw1−iw , îòêóäà

1− |z|2 = 4ρ sin θ

1 + 2ρ sin θ + ρ2
=

4 sin θ

ρ
· 1(

1
ρ2 +

2 sin θ
ρ + 1

).

Ó÷èòûâàÿ, ÷òî 1 ≤ ρ < +∞ è sin θ > 0, ïîëó÷àåì:

1 ≤ 1

ρ2
+

2 sin θ

ρ
+ 1 ≤ 1 + 2 sin θ + 1 ≤ 4,

îòêóäà íåïîñðåäñòâåííî ñëåäóåò íåðàâåíñòâî (1.28). Ïîñêîëüêó

w = ρeiθ = ie
iτ0+z
eiτ0−z , òî e

iτ0 − z = 2
1−iw . Äàëåå,

|1− z| = 2

|1 + ρ sin θ − iρ cos θ| =
2

ρ
· 1√

1
ρ2 +

2 sin θ
ρ + 1

,

îòêóäà, ñíîâà ó÷èòûâàÿ, ÷òî 1 ≤ ρ < +∞ è sin θ > 0, ïîëó÷èì íåðàâåíñòâî

(1.29). Ëåììà 1.5 äîêàçàíà.

Ñëåäóþùåå óòâåðæäåíèå íåïîñðåäñòâåííî ñëåäóåò èç îïðåäåëåíèÿ êëàñ-

ñà Hϕ(E):

Ëåììà 1.6. Êëàññ Hϕ(E) ñîâïàäàåò ñ êëàññîì �óíêöèé

H∗
ϕ(E) =

{
f ∈ H(D) : ln |f(z)| ≤ cf

(
m−1∑

k=0

ϕ

(
1

|z − eiτk|

))
, z ∈ D

}
,

ãäå ϕ � âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ, ϕ ∈ C(1)(1,+∞).

Áóäåì èññëåäîâàòü ñòðóêòóðó êîðíåâûõ ìíîæåñòâ êëàññà H∗
ϕ.
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Ïðè äîêàçàòåëüñòâå îñíîâíûõ òåîðåì ýòîãî ïàðàãðà�à ñóùåñòâåííóþ

ðîëü èãðàåò ñëåäóþùåå óòâåðæäåíèå, íåîáõîäèìàÿ ÷àñòü êîòîðîãî óñòàíîâ-

ëåíà â ðàáîòå [40℄, à äîñòàòî÷íàÿ ÷àñòü � â ðàáîòå [3℄:

Òåîðåìà Ä. Ïóñòü ϕ(t) - ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ

�óíêöèÿ íà R+, ϕ ∈ C(1)(R+), αϕ > 1.

Åñëè ïîñëåäîâàòåëüíîñòü {ρneiθn}, ρn ≥ ρ0 > 0, òî÷åê èç âåðõíåé

ïîëóïëîñêîñòè C+ ÿâëÿåòñÿ êîðíåâûì ìíîæåñòâîì íåêîòîðîé íåíóëåâîé

�óíêöèè èç êëàññà H∞
ϕ (C+) = {f ∈ H(C+) : ln |f(w)| ≤ cϕ(|w|)}, òî

∑

0<ρ0<ρn≤R

sin θn
ρn

≤ C
ϕ(R)

R
, (1.30)

ãäå C > 0.

Îáðàòíî, åñëè {ρneiθn}, ρn ≥ ρ0 > 0 - ïðîèçâîëüíàÿ ïîñëåäîâàòåëü-

íîñòü òî÷åê èç âåðõíåé ïîëóïëîñêîñòè C+, óäîâëåòâîðÿþùàÿ óñëîâèþ

(1.30) è ïðè αϕ ∈ Z+ óñëîâèÿì:

∣∣∣
∑

0<ρ0<ρn≤R

1

ρ
αϕ
n eiαϕθn

∣∣∣ ≤M, 0 < R < +∞,

sup
x>1

xαϕ

ϕ(x)
< +∞,

òî ìîæíî ïîñòðîèòü �óíêöèþ g ∈ H∞
ϕ (C+), íóëè êîòîðîé ñîâïàäàþò ñ

ïîñëåäîâàòåëüíîñòüþ {ρneiθn}.
Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïàðàãðà�à.

Äîêàçàòåëüñòâî òåîðåìû 1.3.

Ôèêñèðóåì eiτ0 ∈ E. Ââåäåì îáîçíà÷åíèå: lE = min
0≤k,j≤m−1

|eiτk − eiτj |,
k 6= j. Î÷åâèäíî, ÷òî lE > 0. Îòîáðàçèì åäèíè÷íûé êðóã D íà âåðõíþþ

ïîëóïëîñêîñòü C+ ñ ïîìîùüþ �óíêöèè w = ie
iτ0+z
eiτ0−z .

Îáîçíà÷èì ÷åðåç xk = ie
iτ0+eiτk
eiτ0−eiτk , ò.å. e

iτk = eiτ0 xk−ixk+i
, xk ∈ R.

Âûÿñíèì, êàêèå óñëîâèÿ íàêëàäûâàþòñÿ íà xk.

|xk| = 2

∣∣∣∣
xk + i− i

2

∣∣∣∣ ≤ 2
|xk + i|

2
+ 1 =

2

|eiτ0 − eiτk| + 1 ≤ 2

lE
+ 1.
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Òàêèì îáðàçîì, âñå òî÷êè xk íàõîäÿòñÿ âíóòðè ïîëóêðóãà

C+
E :=

{
w ∈ C+ : |w| ≤ 2

lE
+ 1
}
. Ïóñòü rE = 2

(
1
lE
+ 1
)
.

Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ìíîæåñòâî E ñîñòîèò èç

îäíîé òî÷êè, ò.å. E = {eiτ0}.
�àññìîòðèì �óíêöèþ F (w) = f

(
eiτ0 iw+1

iw−1

)
, w ∈ C+, àíàëèòè÷åñêóþ â

âåðõíåé ïîëóïëîñêîñòè. Òàê êàê f ∈ H∗
ϕ, òî

ln |F (w)| ≤ cfϕ

( |w + i|
2

)
≤ cfϕ

(|w|+ 1

2

)
≤ cfϕ(|w|), (1.31)

ïðè âñåõ w : |w| ≥ 1.

Îáîçíà÷èì {ρneiθn}+∞
n=1 - ïîñëåäîâàòåëüíîñòü íóëåé �óíêöèè F . Ïóñòü

äàëåå Fη(w) = F (w + iη), η > 0. Î÷åâèäíî, ÷òî Fη - àíàëèòè÷åñêàÿ â ïî-

ëóïëîñêîñòè ℑw > −η. Ïðèìåíèì ê �óíêöèè Fη(w) �îðìóëó Êàðëåìàíà â

ïîëóêîëüöå CrE ,R := {w ∈ C+ : rE ≤ |w| ≤ R} (ñì., íàïðèìåð, [25, ñ. 139℄):

∑

rE≤ρ̃n≤R

(
1

ρ̃n
− ρ̃n
R2

)
sin θ̃n =

1

πR

π∫

0

ln |Fη(Reiθ)| sin θdθ+

+
1

2π

∫

rE≤|x|≤R

(
1

x2
− 1

R2

)
ln |Fη(x)||Fη(−x)|dx+Aη(R, f),

ãäå {ρ̃neiθ̃n} - ïîñëåäîâàòåëüíîñòü íóëåé �óíêöèè Fη â ïîëóêîëüöå CrE ,R,

Aη(R, f) =
1
2π

π∫
0

ℑ{
(
e−iθ

rE
− rEe

iθ

R2

)
lnFη(rEe

iθ)}dθ.
Çàìåòèì, ÷òî âñå ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà íåîòðèöàòåëüíû,

ïîýòîìó, ïðèíèìàÿ âî âíèìàíèå îöåíêó (1.31), ïîëó÷èì:

∑

rE≤ρ̃n≤R

(
1

ρ̃n
− ρ̃n
R2

)
sin θ̃n ≤

≤ C̃f


ϕ(R+ η)

R
+

R∫

rE

ϕ(x+ η)

x2
dx


+Aη(R, f).

Â óñëîâèÿõ òåîðåìû ìîæíî ïåðåéòè ê ïðåäåëó ïðè η → 0+. Ïîëó÷èì:
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∑

rE≤ρn≤R

(
1

ρn
− ρn
R2

)
sin θn ≤ Cf


ϕ(R)

R
+

R∫

rE

ϕ(x)

x2
dx


+ A(R, f), (1.32)

ãäå A(R, f) = 1
2π

π∫
0

ℑ{
(
e−iθ

rE
− rEe

iθ

R2

)
lnF (rEe

iθ)}dθ = O(1) ïðè R → +∞.

Ïîëîæèì òåïåðü R′ = R
2 . Âûáèðàÿ íóëè òîëüêî èç êîëüöà rE ≤ ρn ≤ R′

,

èç (1.32) ïîëó÷èì:

∑

rE≤ρn≤R′

sin θn
ρn

≤ Cf


ϕ(2R

′)

2R′ +

2R′∫

rE

ϕ(x)

x2
dx


 . (1.33)

Ïîñêîëüêó

2R′∫
rE

ϕ(x)
x2 dx =

R′∫
rE

... +
2R′∫
R′

... ≤
R′∫
rE

ϕ(x)
x2 dx + ϕ(2R′)

2R′
, ââèäó âîçðàñòàíèÿ

�óíêöèè ϕ(x), òî îöåíêà (1.33) ýêâèâàëåíòíà îöåíêå

∑

rE≤ρn≤R′

sin θn
ρn

≤ Cf


ϕ(2R

′)

R′ +

R′∫

rE

ϕ(x)

x2
dx


 . (1.34)

Òåïåðü çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîãî ïîëîæèòåëüíîãî ε > 0 ïðè äîñòàòî÷-

íî áîëüøèõ x ñïðàâåäëèâî

ϕ(cx) ≤ cαϕ+εϕ(x), (1.35)

ãäå c > 0.

Äåéñòâèòåëüíî, èç (1.23) ñëåäóåò, ÷òî äëÿ âñåõ t ≥ t0(ε) âûïîëíÿåòñÿ

íåðàâåíñòâî

tϕ′(t)
ϕ(t)

< αϕ + ε, ïîýòîìó

cx∫

x

ϕ′(t)

ϕ(t)
dt ≤ (αϕ + ε)

cx∫

x

dt

t
,

à çíà÷èò, ln ϕ(cx)
ϕ(x) ≤ (αϕ + ε) ln c, îòêóäà ñëåäóåò (1.35).

Ïðèíèìàÿ âî âíèìàíèå îöåíêó (1.35), èç (1.34) ïîëó÷èì:
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∑

rE≤ρn≤R

sin θn
ρn

≤ Cf


2αϕ+ε

ϕ(R)

R
+

R∫

rE

ϕ(x)

x2
dx


 . (1.36)

Ââèäó îöåíîê (1.28), (1.29), íåðàâåíñòâî (1.36) ýêâèâàëåíòíî íåðàâåíñòâó

∑

1
R
≤|eiτ0−zn|≤2

(1− |zn|2) ≤ Cf


ϕ(R)

R
+

R∫

rE

ϕ(x)

x2
dx


 . (1.37)

Â ñèëó ïðîèçâîëüíîñòè âûáîðà òî÷êè eiτ0 èç ìíîæåñòâà E ⊂ T è ó÷èòûâàÿ

ëåììó 1.6, äåëàåì âûâîä î ñïðàâåäëèâîñòè îöåíêè (1.24). Íåîáõîäèìîñòü äî-

êàçàíà.

Ïåðåéäåì ê äîêàçàòåëüñòâó îáðàòíîãî óòâåðæäåíèÿ.

Ïóñòü {zn}+∞
n=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê èç D, óäîâëå-

òâîðÿþùàÿ óñëîâèþ (1.24), αϕ /∈ Z+, αϕ > 1. Äîêàæåì, ÷òî ìîæíî ïîñòðîèòü

�óíêöèþ g ∈ Hϕ(E), íóëè êîòîðîé ñîâïàäàþò ñ òî÷êàìè ïîñëåäîâàòåëüíîñòè

{zn}+∞
n=1.

Êàê è ïðè äîêàçàòåëüñòâå íåîáõîäèìîñòè, îòîáðàçèì åäèíè÷íûé êðóã

íà âåðõíþþ ïîëóïëîñêîñòü ñ ïîìîùüþ �óíêöèè w = ie
iτ0+z
eiτ0−z . Òî÷êè ïîñëåäîâà-

òåëüíîñòè {zn} ∈ D îòîáðàçÿòñÿ ñîîòâåòñâåííî íà òî÷êè ïîñëåäîâàòåëüíîñòè

{ρneiθn} ∈ C+, ρne
iθn = ie

iτ0+zn
eiτ0−zn óäîâëåòâîðÿþùèå, ââèäó ëåììû 1.5, îöåíêå

(1.36).

Ïðèìåíÿÿ ïðàâèëî Ëîïèòàëÿ, ëåãêî óáåäèòüñÿ â ñïðàâåäëèâîñòè îöåí-

êè:

R∫

rE

ϕ(x)

x2
dx ≤ C

ϕ(R)

R
.

Ïîýòîìó íåðàâåíñòâî (1.24) äëÿ E = {eiτ0} ìîæíî ïåðåïèñàòü â âèäå:

∑

1
R
≤|eiτ0−zn|≤2

(1− |zn|2) ≤ C
ϕ(R)

R
. (1.38)

Â ñèëó ëåììû 1.5, íåðàâåíñòâî (1.38) ýêâèâàëåíòíî (1.30).

Ïî òåîðåìå Ä, åñëè ïîñëåäîâàòåëüíîñòü òî÷åê èç âåðõíåé ïîëóïëîñêî-

ñòè {ρneiθn} óäîâëåòâîðÿåò óñëîâèþ (1.30) ïðè αϕ > 1, òî ìîæíî ïîñòðîèòü
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�óíêöèþ g(w) ∈ H(C+), òàêóþ ÷òî ln |g(w)| ≤ ϕ(|w|), íóëè êîòîðîé ñîâïàäà-
þò ñ ïîñëåäîâàòåëüíîñòüþ {ρneiθn}. �àññìîòðèì �óíêöèþ G(z) = g

(
ie

iτ0+z
eiτ0−z

)
.

Î÷åâèäíî,G(z) ∈ H(D). Áîëåå òîãî,G ∈ Hϕ(E). Íóëè �óíêöèè G ñîâïàäàþò

ñ ïîñëåäîâàòåëüíîñòüþ {zn}, zn = iρne
iθn+1

iρneiθn−1 è âûïîëíÿåòñÿ îöåíêà (1.38).

Ñïðàâåäëèâîñòü ïóíêòà á) óñòàíàâëèâàåòñÿ àíàëîãè÷íûì îáðàçîì. Äî-

ñòàòî÷íîñòü äîêàçàíà. Òàêèì îáðàçîì, òåîðåìà 1.3 äîêàçàíà ïîëíîñòüþ.

Äëÿ óäîáñòâà èçëîæåíèÿ äîêàæåì ñíà÷àëà òåîðåìó 1.5.

Äîêàçàòåëüñòâî òåîðåìû 1.5.

Ôèêñèðóåì τ0 ∈ R. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ïîëàãàòü, ÷òî

τ0 = 0. Ïðîâåäåì äîêàçàòåëüñòâî äëÿ ñëó÷àÿ E = {eiτ0}.
Îòîáðàçèì, êàê è âûøå, åäèíè÷íûé êðóã D íà âåðõíþþ ïîëóïëîñ-

êîñòü C+ ñ ïîìîùüþ �óíêöèè w = ie
iτ0+z
eiτ0−z . Òî÷êè ïîñëåäîâàòåëüíîñòè

{zn} ∈ D, {zn} = Zf , îòîáðàçÿòñÿ ñîîòâåòñòâåííî íà òî÷êè ïîñëåäîâàòåëüíî-

ñòè {ρneiθn} ∈ C+, ρne
iθn = ie

iτ0+zn
eiτ0−zn .

Ïóñòü s(ρ) =
∑

rE<ρn≤ρ
sin θn
ρn

, òîãäà äëÿ ëþáîé �óíêöèè ψ ∈ C(1)(0,+∞)

ñïðàâåäëèâî ðàâåíñòâî:

∑

rE<ρn≤R
ψ

(
1

ρn

)
sin θn
ρn

=

R∫

rE

ψ

(
1

x

)
ds(x) = I(R).

Ñëåäîâàòåëüíî,

I(R) = s(R)ψ

(
1

R

)
+

R∫

rE

ψ′
(
1

x

)
1

x2
s(x)dx.

Íî ψ′ ( 1
x

)
≥ 0, ïîýòîìó, ó÷èòûâàÿ, ÷òî s(x) ≤ ϕ(x)

x
ïî òåîðåìå Ä, ïîëó÷àåì:

I(R) ≤ ϕ(R)

R
ψ

(
1

R

)
+

R∫

rE

ψ′
(
1

x

)
ϕ(x)

x3
dx.

Â óñëîâèÿõ òåîðåìû I(R) îãðàíè÷åíî, çíà÷èò, ñõîäèòñÿ ðÿä

∑

rE<ρn≤R
ψ

(
1

ρn

)
sin θn
ρn

< +∞. (1.39)



44

Íî (1.39) ââèäó ëåììû 1.5 ýêâèâàëåíòíî (1.26).

Ïåðåéäåì ê äîêàçàòåëüñòâó îáðàòíîãî óòâåðæäåíèÿ ýòîé òåî-

ðåìû. �àçîáüåì ïîëóèíòåðâàë [0, 1) íà ïîëóçàìêíóòûå èíòåðâàëû

∆k =
[
1− 1

2k , 1− 1
2k+1

)
, k = 0, 1, 2, .... Ïîñòðîèì ïîñëåäîâàòåëüíîñòü

{rk} ñëåäóþùèì îáðàçîì: rk ∈ ∆k, ò.å. 1 − 1
2k

≤ rk < 1 − 1
2k+1 , k = 0, 1, 2, ...,

ïðè÷åì êðàòíîñòü rk ðàâíà [ϕ(2k)], ãäå [a] � öåëàÿ ÷àñòü a ∈ R. Äîêàæåì,

÷òî åñëè

+∞∫
rE

ψ′ ( 1
x

) ϕ(x)
x3
dx = +∞, òî ðÿä (1.26) ðàñõîäèòñÿ. Îáîçíà÷èì Ωk

ïîëóçàìíóòûé èíòåðâàë [2k, 2k+1), k = 0, 1, 2, .... Òîãäà [1,+∞) =
+∞⋃
k=0

Ωk.

Äëÿ ëþáîãî p > 1 ñïðàâåäëèâî:

2p∫

1

ϕ(t)

t3
ψ′
(
1

t

)
dt =

p−1∑

k=0

∫

Ωk

ϕ(t)

t3
ψ′
(
1

t

)
dt =

p−1∑

k=0

2k+1∫

2k

ϕ(t)

t
ψ′
(
1

t

)
1

t2
dt ≤

≤
p−1∑

k=0

ϕ(2k+1)

2k

2k+1∫

2k

ψ′
(
1

t

)
1

t2
dt = 2

p−1∑

k=0

ϕ(2k+1)

2k+1

(
ψ

(
1

2k

)
− ψ

(
1

2k+1

))
≤

≤ 2

p−1∑

k=0

ϕ(2k+1)

2k+1
ψ

(
1

2k

)
,

ââèäó òîãî, ÷òî ψ
(

1
2k+1

)
> 0, k = 0, 1, 2, ..., p− 1.

Ïðèìåíÿÿ îöåíêó (1.35), îêîí÷àòåëüíî ïîëó÷èì:

2p∫

1

ϕ(t)

t3
ψ′
(
1

t

)
dt ≤ cϕ

p−1∑

k=0

ϕ(2k)

2k
ψ

(
1

2k

)
.

Òàê êàê èíòåãðàë â ëåâîé ÷àñòè íåðàâåíñòâà ñòðåìèòñÿ ê áåñêîíå÷íîñòè ïðè

p→ +∞, òî ðàñõîäèòñÿ ðÿä

+∞∑

k=0

ϕ(2k)

2k
ψ

(
1

2k

)
= +∞. (1.40)

Íî ðÿäû (1.26) è (1.40) � ðàâíîðàñõîäÿùèåñÿ ïðè óêàçàííîì âûáîðå ïîñëåäî-

âàòåëüíîñòè {zk}, ñëåäîâàòåëüíî, ðÿä (1.26) ðàñõîäèòñÿ.
Äîêàæåì òåïåðü, ÷òî ïðîèçâåäåíèå Ì.Ì. Äæðáàøÿíà πβ(z, zk) (ñì.
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(0.3)) ñ íóëÿìè zk = rk, k = 1, 2, ..., ãäå rk ∈ ∆k, ïðèíàäëåæèò êëàññó Hϕ(E).

Ïîêàæåì, ÷òî â óñëîâèÿõ òåîðåìû ïðîèçâåäåíèå πβ(z, rk) ñõîäèòñÿ ïðè

âñåõ β > αϕ − 2. �àññìîòðèì ðÿä

+∞∑

k=1

(1− |zk|)β+2 =
∑

k≥1

∑

rm∈∆k

(1− rm)
β+2nm ≤

+∞∑

k=1

ϕ(2k)

2k(β+2)
.

+∞∑

k=1

(1− |zk|)β+2 ≤
+∞∑

k=1

2−k((β+2)−(αϕ+ε)).

Î÷åâèäíî, ðÿä ñõîäèòñÿ ïðè âñåõ β > αϕ − 2, 0 < ε < β + 2 − αϕ. Èç ñõî-

äèìîñòè ðÿäà

+∞∑
k=1

(1− |zk|)β+2
ñëåäóåò àáñîëþòíàÿ è ðàâíîìåðíàÿ ñõîäèìîñòü

áåñêîíå÷íîãî ïðîèçâåäåíèÿ πβ(z, zk).

Òåïåðü äîêàæåì, ÷òî πβ(z, rk) ∈ Hϕ(E). Èñïîëüçóÿ èçâåñòíóþ îöåíêó

ïðîèçâåäåíèÿ Ì. Äæðáàøÿíà (1.9), ïîëó÷èì:

ln |πβ(z, rk)| ≤ c(β)

+∞∑

k=1

(
1− rk

|1− rkz|

)β+2

= c(β)
∑

k≥1

∑

rm∈∆k

nm ·
(

1− rm
|1− rmz|

)β+2

,

ln |πβ(z, rk)| ≤ c(β)
∑

k≥1

ϕ(2k)

2k(β+2)

1

|1− rkz|β+2
. (1.41)

Ïóñòü

1
2n+1 ≤ |1−z| < 1

2n , ãäå n - �èêñèðîâàííîå íàòóðàëüíîå ÷èñëî. �àçîáüåì

ðÿä íà ÷àñòè:

I =
∑

k≥1

ϕ(2k)

2k(β+2)

1

|1− rkz|β+2
=

=

n−1∑

k=1

(...) +
ϕ(2n)

2n(β+2)

1

|1− rnz|β+2
+

ϕ(2n+1)

2(n+1)(β+2)

1

|1− rn+1z|β+2
+

+∞∑

k=n+2

(...) =

= I1 + (In + In+1) + I2.

�àññìîòðèì ñóììó I1. Îöåíèì ñíèçó |1− rkz| ïðè 1 ≤ k ≤ n− 1:

|1− rkz| = |(1− rk)+ rk(1− z)| ≥ (1− rk)− |1− z| > (1− rk)−
1− rk

2
>

1

2k+2
.
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Ñ ó÷åòîì ýòîé îöåíêè ïîëó÷àåì:

I1 =
n−1∑

k=1

ϕ(2k)

2k(β+2)

1

|1− rkz|β+2
≤ 22(β+2)

n−1∑

k=1

ϕ(2k).

Íî

n−1∑
k=1

ϕ(2k) ≤ 2
n−1∑
k=1

2k+1∫

2k

ϕ(t)
t dt, ïîýòîìó ñïðàâåäëèâà îöåíêà

n−1∑

k=1

ϕ(2k) ≤ 2

2n∫

1

ϕ(t)

t
dt.

Ïîêàæåì, ÷òî

y∫
1

ϕ(t)
t
dt ∼ 1

αϕ
ϕ(y) ïðè y → +∞, 0 < αϕ < +∞. Âîñïîëüçóåìñÿ

ïðàâèëîì Ëîïèòàëÿ:

lim
y→+∞

y∫
1

ϕ(t)
t
dt

ϕ(y)
= lim

y→+∞
ϕ(y)

yϕ′(y)
=

1

αϕ
.

Ïîýòîìó çàêëþ÷àåì:

I1 ≤ cϕ,βϕ(2
n).

�àññìîòðèì I2. Îöåíèì ñíèçó |1− rkz| ïðè k ≥ n+ 2:

|1−rkz| = |(1−z)+z(1−rk)| ≥ |1−z|−(1−rk) > |1−z|− 1

2n+2
>

|1− z|
2

≥ 1

2n+2
.

Ñ ó÷åòîì ýòîé îöåíêè ïîëó÷àåì:

I2 ≤
∑

k≥n+2

ϕ(2k)

2k(β+2)
2(n+2)(β+2) ≤ 2(n+2)(β+2)

∑

k≥n+2

2k+1∫

2k

ϕ(t)

tβ+3
dt ≤

≤ 2(n+2)(β+2)

+∞∫

2n+2

ϕ(t)

tβ+3
dt.

Ïîêàæåì, ÷òî

+∞∫
x

ϕ(t)
tβ+3dt ∼ 1

(β+2)−αϕ
· ϕ(x)
xβ+2 , ïðè x → +∞. Ñíîâà âîñïîëüçóåìñÿ
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ïðàâèëîì Ëîïèòàëÿ ïðè âû÷èñëåíèè ïðåäåëà:

lim
x→+∞

+∞∫
x

ϕ(t)
tβ+3dt

ϕ(x)
xβ+2

= − lim
x→+∞

ϕ(x)
xβ+3

(xϕ′(x)−(β+2)ϕ(x))xβ+1

x2(β+2)

=

= − lim
x→+∞

1
xϕ′(x)
ϕ(x) − (β + 2)

=
1

(β + 2)− αϕ
> 0,

ïîñêîëüêó β + 2 > αϕ. Ïîýòîìó çàêëþ÷àåì:

I2 ≤ cϕϕ(2
n+2) ≤ c̃ϕϕ(2

n).

Îñòàëîñü îöåíèòü ñóììó:

In + In+1 =
ϕ(2n)

2n(β+2)

1

|1− rnz|β+2
+

ϕ(2n+1)

2(n+1)(β+2)

1

|1− rn+1z|β+2
.

Ïîñêîëüêó (1 − rn) ≤ |1 − rnz| ïðè âñåõ z ∈ D, rn ∈ (0, 1), n = 1, 2, ..., è ñ

ó÷åòîì íåðàâåíñòâà (1.35), ïîëó÷èì:

In + In+1 ≤ ϕ(2n) + ϕ(2n+1) = cϕϕ(2
n).

Îáúåäèíÿÿ îöåíêè äëÿ I1,I2, In + In+1, èç (1.41) ïîëó÷àåì:

ln |πβ(z, rk)| ≤ C(ϕ)ϕ(2n),

òî åñòü

ln |πβ(z, rk)| ≤ C(ϕ)ϕ

(
1

|1− z|

)
.

Òàêèì îáðàçîì, πβ(z, rk) ∈ Hϕ(E).

Â ñèëó ïðîèçâîëüíîñòè âûáîðà τ0 è ñ ó÷åòîì ëåììû 1.6, äåëàåì âûâîä

î ñïðàâåäëèâîñòè òåîðåìû äëÿ îáùåãî ñëó÷àÿ, ò.å. äëÿ E = {eiτk}m−1
k=0 ∈ T.

Òåîðåìà 1.5 äîêàçàíà ïîëíîñòüþ.

Äîêàçàòåëüñòâî òåîðåìû 1.4.

Ñíà÷àëà çàìåòèì, ÷òî åñëè

+∞∫
1

ϕ(x)
x2
dx < +∞, òî
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ϕ(R)

R
→ 0, R → +∞. (1.42)

Èìïëèêàöèÿ 2) → 1) ñðàçó ñëåäóåò èç îöåíîê (1.24) è (1.42).

Èìïëèêàöèÿ 1) → 2) íåïîñðåäñòâåííî ñëåäóåò èç äîêàçàòåëüñòâà âòîðîé

÷àñòè òåîðåìû 1.5. Òåîðåìà 1.4 äîêàçàíà.

1.3 Î íóëÿõ àíàëèòè÷åñêèõ êëàññîâ È.È. Ïðèâàëîâà

�àññìîòðèì êëàññ È.È. Ïðèâàëîâà (ñì. [21℄):

Πp =

{
f ∈ H(D) : sup

0<r<1

1

2π

∫ π

−π

(
ln+ |f(reiθ)|

)p
dθ < +∞

}
, 0 < p < +∞.

Ñíà÷àëà çàìåòèì, ÷òî èç íåðàâåíñòâà �¼ëüäåðà ñðàçó ñëåäóåò, ÷òî ïðè

1 ≤ p < +∞ ñïðàâåäëèâî âêëþ÷åíèå Πp ⊆ N , è ïîýòîìó äëÿ íóëåâîãî ìíîæå-

ñòâà êàæäîé �óíêöèè f ∈ Πp âûïîëíÿåòñÿ óñëîâèå Áëÿøêå. Îáðàòíîå òîæå

âåðíî: ëþáàÿ ïîñëåäîâàòåëüíîñòü {zk}+∞
k=1 ⊂ D ñ óñëîâèåì Áëÿøêå ÿâëÿåòñÿ

êîðíåâûì ìíîæåñòâîì íåêîòîðîé �óíêöèè èç êëàññà Πp (1 ≤ p < +∞). Â

êà÷åñòâå òàêîé �óíêöèè ìîæíî âûáðàòü ïðîèçâåäåíèå Áëÿøêå. Îäíàêî ïðè

0 < p < 1 óñëîâèå Áëÿøêå óæå íå ÿâëÿåòñÿ íåîáõîäèìûì.

Â ðàáîòå [39℄ áûë ïîëó÷åí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà Å. Åñëè f ∈ Πp, 0 < p < 1, f(zk) = 0, k = 1, 2, ..., f 6= 0, òî

+∞∑

k=1

(1− |zk|)
1
p
+ε < +∞, (1.43)

ïðè ëþáîì ïîëîæèòåëüíîì ε > 0.

Îáðàòíî, óùåñòâóþò �óíêöèÿ f ∈ Πp è ïîñëåäîâàòåëüíîñòü

{zk}+∞
k=1, zk ∈ D, k = 1, 2, ..., òàêèå ÷òî f(zk) = 0, k = 1, 2, ..., f 6= 0,

íî

+∞∑

k=1

(1− |zk|)
1
p ln

1+ε
p

(
1

1− |zk|

)
= +∞

ïðè ëþáîì ïîëîæèòåëüíîì ε > 0.

Â ýòîì ïàðàãðà�å íàìè ïîëó÷åíî íåîáõîäèìîå óñëîâèå íà íóëè �óíêöèé

èç êëàññà È. È. Ïðèâàëîâà, áëèçêîå ê äîñòàòî÷íîìó. Îêàçûâàåòñÿ, ìíîæèòåëü
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(1−|zk|)ε â óñëîâèè (1.43) ìîæíî çàìåíèòü ìíîæèòåëåì ln−
1+ε
p

(
1

1−|zk|

)
, òî åñòü

ñïðàâåäëèâà

Òåîðåìà 1.6. Åñëè f � òîæäåñòâåííî îòëè÷íàÿ îò íóëÿ �óíêöèÿ

èç êëàññà Πp (0 < p < 1), f(zk) = 0, k = 1, 2, ..., òî

+∞∑

k=1

(1− |zk|)
1
p ln−

1+ε
p

(
1

1− |zk|

)
< +∞, (1.44)

ïðè ëþáîì ïîëîæèòåëüíîì ε > 0.

Áîëåå òîãî, ñïðàâåäëèâà

Òåîðåìà 1.7. Åñëè f � òîæäåñòâåííî îòëè÷íàÿ îò íóëÿ �óíêöèÿ

èç êëàññà Πp (0 < p < 1), f(zk) = 0, k = 1, 2, ..., f(0) = 1, òî

+∞∑

k=1

ω(1− |zk|)(1− |zk|)2 < +∞, (1.45)

ãäå ω ∈ C(1)(0, 1]
⋂
Ω óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1∫

0

ωp(u)

u2(1−p)
du < +∞, (1.46)

αω = lim
t→0

ω′(t) · t
ω(t)

> −1. (1.47)

Íàïîìíèì, ÷òî Ω � ìíîæåñòâî âñåõ èçìåðèìûõ ïîëîæèòåëüíûõ �óíê-

öèé íà (0, 1] ñ óñëîâèåì (0.11).

Äîêàçàòåëüñòâî òåîðåìû 1.7.

Èç �îðìóëû Èåíñåíà ïðè f(0) = 1 èìååì:

r∫

0

n(t)

t
dt ≤ 1

2π

π∫

−π

ln+ |f(reiϕ)|dϕ.

Óìíîæèì îáå ÷àñòè íåðàâåíñòâà íà �óíêöèþ ω(1 − r), óäîâëåòâîðÿþùóþ



50

óñëîâèÿì òåîðåìû, è ïðîèíòåãðèðóåì ïî r ∈ [0, 1):

1∫

0

ω(1− r)

r∫

0

n(t)

t
dtrdr ≤ 1

2π

1∫

0

ω(1− r)

π∫

−π

ln+ |f(reiϕ)|dϕrdr. (1.48)

Çàäàäèì äèàäè÷åñêîå ðàçáèåíèå ∆k,l åäèíè÷íîãî êðóãà (ñì. (0.13)).

Âîçâåäåì îáå ÷àñòè íåðàâåíñòâà (1.48) â ñòåïåíü 0 < p < 1 è ðàññìîòðèì

èíòåãðàë â ïðàâîé åãî ÷àñòè:

I =


 1

2π

1∫

0

ω(1− r)

π∫

−π

ln+ |f(reiϕ)|dϕrdr



p

=




+∞∑

k=0

2k−1∑

l=−2k

∫

∆k,l

ω(1− |z|) ln+ |f(z)|dm2(z)




p

≤




+∞∑

k=0

2k−1∑

l=−2k

max
z∈∆k,l

(
ln+ |f(z)|

)
· ω(1− |zk,l|) · |∆k,l|



p

,

ãäå zk,l - öåíòð êðèâîëèíåéíîãî ïðÿìîóãîëüíèêà ∆k,l.

Íî, êàê óñòàíîâëåíî â [41, . 39℄,

c1|∆k,l| 6 (1− |zk,l|)2 6 c2(1− |z|)2, ω(1− |zk,l|) 6 c3ω(1− |z|).

Ïîýòîìó

I ≤ cp

+∞∑

k=0

2k−1∑

l=−2k

max
z∈∆k,l

(
ln+ |f(z)|

)p
ωp(1− |z|)(1− |z|)2p.

Ïðîäîëæèì îöåíêó, èñïîëüçóÿ ðåçóëüòàò ðàáîòû [41℄ (ñì. òåîðåìó 2.10):

I ≤ cp

1∫

0

π∫

−π

ωp(1− r)(1− r)2p−2
(
ln+ |f(reiϕ)|

)p
dϕrdr ≤

≤ sup
0<r<1

π∫

−π

(
ln+ |f(reiϕ)|

)p
dϕ×

1∫

0

ωp(1− r)(1− r)2p−2rdr.
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Òàêèì îáðàçîì, èìååì:




1∫

0

ω(1− r)

r∫

0

n(t)

t
dtrdr



p

≤

≤ sup
0<r<1

π∫

−π

(
ln+ |f(reiϕ)|

)p
dϕ× cp

1∫

0

ωp(1− r)(1− r)2p−2rdr.

Òàê êàê f ∈ Π(p), òî èç ïîñëåäíåé îöåíêè ïîëó÷àåì:




1∫

0

ω(1− r)

r∫

0

n(t)

t
dtrdr



p

≤ cp

1∫

0

ωp(1− r)(1− r)2p−2dr. (1.49)

Ïî óñëîâèþ (1.46) òåîðåìû èíòåãðàë â ïðàâîé ÷àñòè íåðàâåíñòâà

ñõîäèòñÿ, çíà÷èò, ñõîäèòñÿ è èíòåãðàë

I =

1∫

0

ω(1− r)

r∫

0

n(t)dtdr < +∞.

Äâàæäû ïðîèíòåãðèðîâàâ ïî ÷àñòÿì ïîëó÷èì:

I ≥
1∫

0




1∫

r

1∫

u

ω(1− v)dvdu


 dn(r),

îòêóäà çàêëþ÷àåì, ÷òî ñõîäèòñÿ ðÿä

+∞∑

k=1

1∫

rk

1∫

u

ω(1− v)dvdu < +∞. (1.50)

Ïîêàæåì, ÷òî

1∫
u

ω(1− v)dv = O (ω(1− u)(1− u)), u→ 1− 0. Äåéñòâèòåëüíî,

ïîëüçóÿñü ïðàâèëîì Ëîïèòàëÿ ïðè âû÷èñëåíèè ñîîòâåòñòâóþùåãî ïðåäåëà

ïîëó÷àåì:

lim
u→1−0

1∫
u

ω(1− v)dv

ω(1− u)(1− u)
= lim

u→1−0

ω(1− u)

ω′(1− u)(1− u) + ω(1− u)
=

1

αω + 1
.
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Ïî óñëîâèþ (1.47) òåîðåìû αω > −1, ïîýòîìó òðåáóåìàÿ îöåíêà óñòàíîâëåíà.

Çíà÷èò, (1.50) ïðèíèìàåò âèä:

+∞∑

k=1

1∫

rk

ω(1− u)(1− u)du < +∞. (1.51)

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî (1.51) ýêâèâàëåíòíî

+∞∑

k=1

ω(1− rk)(1− rk)
2 < +∞.

Òåîðåìà 1.7 äîêàçàíà.

Çàìå÷àíèå 1.4. Òåîðåìà 1.6 ñðàçó ñëåäóåò èç òåîðåìû 1.7 ïðè

ω(1− r) = (1− r)
1
p
−2 ln−

1+ε
p

(
1

1−r
)
, ãäå ε > 0.

1.4 Ôàêòîðèçàöèîííîå ïðåäñòàâëåíèå è îïèñàíèå

êîðíåé êëàññîâ àíàëèòè÷åñêèõ â âåðõíåé

ïîëóïëîñêîñòè �óíêöèé ñ ìàæîðàòîé áåñêîíå÷íîãî

ïîðÿäêà

�àñìîòðèì êëàññ X∞
ϕ (C+) àíàëèòè÷åñêèõ â âåðõíåé ïîëóïëîñêîñòè

�óíêöèé, äëÿ êîòîðûõ

ln |f(z)| ≤ Afϕ(Bf |z|), z ∈ C+,

ãäå Af , Bf - ïîëîæèòåëüíûå ïîñòîÿííûå, çíà÷åíèÿ êîòîðûõ çàâèñÿò òîëüêî

îò �óíêöèè f , ϕ � âåñîâàÿ �óíêöèÿ.

Îïðåäåëåíèå 1.1. Ìîíîòîííî âîçðàñòàþùóþ ïîëîæèòåëüíóþ �óíê-

öèþ ϕ ∈ C1(R+) ñ óñëîâèåì

lim
x→+∞

ϕ′(x)x

ϕ(x)
= +∞, (1.52)

íàçîâåì âåñîâîé.

Êàê óæå áûëî îòìå÷åíî âî ââåäåíèè, ïðåäñòàâëåíèå àíàëèòè÷åñêèõ
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�óíêöèé áåñêîíå÷íîãî ïîðÿäêà â ïîëóïëîñêîñòè áûëî ïîëó÷åíî â ðàáîòàõ

È.Î. Õà÷àòàðÿíà [29℄ è À.È. Õåé�èöà [31℄. Îäíàêî â óêàçàííûõ ðàáîòàõ íå

áûë ïîëó÷åí ðåçóëüòàò îêîí÷àòåëüíîãî õàðàêòåðà: íå äîêàçàíà ïðèíàäëåæ-

íîñòü êàæäîãî �àêòîðà, âõîäÿùåãî â ïðîèçâåäåíèå, ðàññìàòðèâàåìîìó êëàñ-

ñó.

Öåëüþ ýòîé ÷àñòè äèññåðòàöèîííîé ðàáîòû ÿâëÿåòñÿ õàðàêòåðèçàöèÿ

êîðíåâûõ ìíîæåñòâ è ïîñòðîåíèå �àêòîðèçàöèîííîãî ïðåäñòàâëåíèÿ êëàññà

X∞
ϕ (C+). Äëÿ èçëîæåíèÿ ðåçóëüòàòîâ ïàðàãðà�à âåäåì äîïîëíèòåëüíûå îáî-

çíà÷åíèÿ.

Îáîçíà÷èì ÷åðåç Npn(z, zn) ïåðâè÷íûé ìíîæèòåëü �. Íåâàíëèííû (ñì.

[6℄):

Npn(z, zn) =
1− z/zn
1− z/zn

· exp
pn∑

j=1

1

j

((
z

zn

)j
−
(
z

zn

)j)
.

Ïóñòü äàëåå

E(z, zn) =

+∞∏

n=1

Npn(z, zn), (1.53)

L(t, z) =






1
(t−z), ïðè |t| < 1,

1
t−z − 1

t − z
t2 − ...− zpn

tpn+1 , ïðè n− 1 ≤ |t| < n.

Ïðèâåäåì ðåçóëüòàò À.È. Õåé�èöà (ñì. [31℄):

Òåîðåìà Õåé�èöà. Êàæäóþ �óíêöèþ f ∈ H(C+) ñ óñëîâèåì

ln |f(z)| ≤ cfϕ(|z|), z ∈ C+, ãäå ϕ - ìîíîòîííî âîçðàñòàþùàÿ ïîëîæèòåëü-

íàÿ �óíêöèÿ íà (0,+∞), ìîæíî ïðåäñòàâèòü â âèäå

f(z) = exp(G(z))× E(z, zn),

ãäå {zn} = Zf , p1 = 0, pn = [lnϕ(n+ 1)], n = 2, 3, ...,

G(z) =
1

πi

+∞∫

−∞

L(t, z)dψ(t) + ih(z),

ãäå ψ(t) = lim
y→0+

t∫
0

ln |f(x + iy)|dx, h(z) � öåëàÿ �óíêöèÿ ñ âåùåñòâåííûìè

òåéëîðîâñêèìè êîý��èöèåíòàìè, ðîñò êîòîðîé îöåíèâàåòñÿ ÷åðåç ϕ(|z|).
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Îáîçíà÷èì Zf - ìíîæåñòâî íóëåé �óíêöèè f ∈ X∞
ϕ (C+). Íàìè óñòàíîâ-

ëåíû ñëåäóþùèå óòâåðæäåíèÿ:

Òåîðåìà 1.8. Ïóñòü ϕ � âåñîâàÿ �óíêöèÿ, lnϕ âûïóêëà âíèç. Ñëåäó-

þùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. {rneiθn}+∞
n=1 = Zf ;

2. ∃ c1 > 0 : ∀ 0 < R < 1 ñïðàâåäëèâî

∑

ρ<rn≤R

sin θn
rn

< c1
ϕ(c2R)

R
, (1.54)

ãäå êîíñòàíòà c1 çàâèñèò òîëüêî îò ïîñëåäîâàòåëüíîñòè {zn}.

Òåîðåìà 1.9. Ïóñòü ϕ � âåñîâàÿ �óíêöèÿ, lnϕ âûïóêëà âíèç. Êàæ-

äóþ �óíêöèþ f ∈ X∞
ϕ (C+), àíàëèòè÷åñêóþ â çàìêíóòîé ïîëóïëîñêîñòè C+,

ìîæíî ïðåäñòàâèòü â âèäå

f(z) = exp(G(z))×
+∞∏

n=1

Npn(z, zn), (1.55)

ãäå Zf = {zn}+∞
n=1, pn =

[
lnϕ(C0|zn|)

ln 2

]
− 1 ïðè íåêîòîðîì C0 > 0, ïðè÷åì �óíê-

öèè E(z, zn) è exp(G(z)) ïðèíàäëåæàò êëàññó X∞
ϕ (C+).

Åñëè ϕ′/ϕ ↑ +∞ ïðè x → +∞, 1/
√
(lnϕ)′ � âûïóêëàÿ �óíêöèÿ, òî

exp(±G(z)) ∈ X∞
ϕ (C+).

Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ ýòîãî ïàðàãðà�à îñíîâûâàåòñÿ

íà âñïîìîãàòåëüíûõ óòâåðæäåíèÿõ. Ñïðàâåäëèâà

Ëåììà 1.7. Ïóñòü ϕ � âåñîâàÿ �óíêöèÿ, ϕ ∈ C(1)[0,+∞),

I(r) =
r∫
ρ

(
1
x2 − 1

r2

)
ϕ(Bx)dx, B > 0. Òîãäà I(r) = o

(
ϕ(Br)
r

)
ïðè r → +∞.

Äîêàçàòåëüñòâî. ßñíî, ÷òî 0 ≤ I(r) ≤
r∫
ρ

ϕ(Bx)
x2

dx. Äîêàæåì, ÷òî

lim
r→+∞

r∫
ρ

ϕ(Bx)
x2 dx

ϕ(Br)
r

= 0. (1.56)
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Äåéñòâèòåëüíî, ïðèìåíèì ïðàâèëî Ëîïèòàëÿ â (1.56):

0 ≤ lim
r→+∞

I(r)
ϕ(Br)
r

≤ lim
r→+∞

ϕ(Br)
r2

Bϕ′(Br)
r − ϕ(Br)

r2

=

= lim
r→+∞

1
Brϕ′(Br)
ϕ(Br) − 1

= 0.

Òàêèì îáðàçîì, îöåíêà (1.56) óñòàíîâëåíà. Îòñþäà ñðàçó ñëåäóåò óòâåðæäå-

íèå ëåììû 1.7.

Ñ�îðìóëèðóåì òàêæå òåîðåìó, äîêàçàííóþ Í.Ê. Íèêîëüñêèì (ñì.[18℄,

. 40):

Òåîðåìà Íèêîëüñêîãî. Ïóñòü f àíàëèòè÷íà â ïîëîñå

Ω = {ζ = σ + iθ ∈ C : |ℑζ| < π
2}, ϕ ∈ C(1)[0,+∞), ϕ′/ϕ ↑ +∞ ïðè

x → +∞, è ln |f(ζ)| ≤ ϕ(ℜζ), ℜζ ≥ 0. Åñëè 1/
√
(lnϕ)′ � âûïóêëàÿ

�óíêöèÿ, òî äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò σε, òàêîå ÷òî ïðè âñåõ

σ > σε è −π
2 + ε ≤ θ ≤ π

2 − ε ñïðàâåäëèâà îöåíêà:

ln |f(σ + iθ)| ≥ −Mϕ(σ), (1.57)

M = 1 + 2π(eπ+1 + 1).

Ïåðåéäåì òåïåðü ê äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïàðàãðà�à.

Äîêàçàòåëüñòâî òåîðåìû 1.8.

Äîêàæåì èìïëèêàöèþ 1) ⇒ 2). Îáîçíà÷èì {rneiθn}+∞
n=1 - ïîñëåäîâàòåëü-

íîñòü íóëåé �óíêöèè f . Ïóñòü äàëåå fη(z) = f(z + iη), η > 0. Î÷åâèäíî, ÷òî

fη - àíàëèòè÷åñêàÿ â ïîëóïëîñêîñòè ℑz > −η. Ïðèìåíèì ê �óíêöèè fη(z)

�îðìóëó Êàðëåìàíà â ïîëóêîëüöå Kρ,r := {z ∈ C+ : ρ ≤ |z| ≤ r} (ñì. [6,

ñ. 26℄):

∑

ρ≤r̃n≤r

(
1

r̃n
− r̃n
r2

)
sin θ̃n =

1

πr

π∫

0

ln |fη(reiθ)| sin θdθ+

+
1

2π

r∫

ρ

(
1

x2
− 1

r2

)
ln |fη(x)||fη(−x)|dx+Aη(r, f),

ãäå {r̃neiθ̃n} - ïîñëåäîâàòåëüíîñòü íóëåé �óíêöèè fη â ïîëóêîëüöå Kρ,r,
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Aη(r, f) =
1
2π

π∫
0

ℑ{
(
e−iθ

ρ − ρeiθ

r2

)
ln fη(ρe

iθ)}dθ.
Çàìåòèì, ÷òî âñå ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà íåîòðèöàòåëüíû,

ïîýòîìó, ïðèíèìàÿ âî âíèìàíèå ïðèíàäëåæíîñòü �óíêöèè f êëàññó X∞
ϕ (C+),

ïîëó÷èì:

∑

ρ≤r̃n≤R

(
1

r̃n
− r̃n
R2

)
sin θ̃n ≤

2Af

πr
ϕ(Bf(r + η))+

+
Af

π

r∫

ρ

(
1

x2
− 1

r2

)
ϕ(Bf(x+ η))dx+Aη(r, f).

Â óñëîâèÿõ òåîðåìû ìîæíî ïåðåéòè ê ïðåäåëó ïðè η → 0+. Ïîëó÷èì:

∑

ρ≤rn≤r

(
1

rn
− rn
r2

)
sin θn ≤

≤ 2Af · ϕ(Bfr)

πr
+
Af

π

r∫

ρ

(
1

x2
− 1

r2

)
ϕ(Bfx)dx+ A(r, f),

ãäå A(r, f) = 1
2π

π∫
0

ℑ{
(
e−iθ

ρ − ρeiθ

r2

)
ln f(ρeiθ)}dθ = O(1) ïðè r → +∞.

Ïî ëåììå 1.7

Af

π

r∫
ρ

(
1
x2 − 1

r2

)
ϕ(Bfx)dx = o

(
ϕ(Bfr)

r

)
, ïîýòîìó

∑

ρ<rn<r

(
1

rn
− rn
r2

)
sin θn ≤ 2Af

ϕ(Bfr)

r
.

Ïîëîæèì òåïåðü R = r
2. Ïîäáèðàÿ íóëè òîëüêî èç Kρ,R, ïîëó÷àåì:

∑

ρ<rn<R

(
1

rn
− rn
r2

)
sin θn ≤ Af

ϕ(2BfR)

R
,

îòêóäà èìååì

∑

ρ<rn<R

sin θn
rn

≤ c1
ϕ(c2R)

R
,

ãäå c1 = Af , c2 = 2Bf . Òàêèì îáðàçîì, èìïëèêàöèÿ 1) ⇒ 2) äîêàçàíà.

Óñòàíîâèì îáðàòíóþ èìïëèêàöèþ 2) ⇒ 1). �àññìîòðèì �óíêöèþ

E(z, zn), îïðåäåëÿþìóþ ðàâåíñòâîì (1.53) ñ íóëÿìè {zn}+∞
n=1, zn = rne

iθn
,

n = 1, 2, ..., óäîâëåòâîðÿþùèìè óñëîâèþ (1.54). Äîêàæåì, ÷òî ïðîèçâåäåíèå
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(1.53) ñõîäèòñÿ â C+ è E ∈ X∞
ϕ (C+).

Ïóñòü z ∈ C+, z 6= zn, n = 1, 2, .... Òîãäà

ln |E(z, zn)| =
+∞∑

n=1

ln |Npn(z, zn)|, (1.58)

pn =
[
lnϕ(C0|zn|)

ln 2

]
− 1, C0 > 0. �àçîáüåì ñóììó (1.58) íà äâå ÷àñòè:

+∞∑

n=1

ln |Npn(z, zn)| =
∑

| z
zn
|≤ 1

2

ln |Npn|+
∑

| z
zn
|> 1

2

ln |Npn| = I1 + I2.

Îöåíèì êàæäóþ èç ýòèõ ñóìì îòäåëüíî. Êàê óñòàíîâëåíî â ìîíîãðà�èè Í.Â.

�îâîðîâà [6, . 35℄,

I1 =
∑

| z
zn
|≤ 1

2

ln |Npn| ≤
∑

| z
zn
|≤ 1

2

4|z|pn+1 sin θn
|zn|pn+1

, (1.59)

Ïðîäîëæèì îöåíêó:

I1 ≤
∑

| z
zn
|≤ 1

2

4|zn|
(
1

2

)pn+1
sin θn
|zn|

=
∑

| z
zn
|≤ 1

2

4|zn| exp
(
(pn + 1) ln

1

2

)
sin θn
|zn|

=

=
∑

| z
zn
|≤ 1

2

4|zn| exp (− lnϕ(C0|zn|))
sin θn
|zn|

.

Äîêàæåì, ÷òî

I(R) =
∑

|zn|≤R
exp (− lnϕ(C0|zn|)) sin θn ≤ const. (1.60)

Ââåäåì �óíêöèþ

s(r) =
∑

0<ρ<rn≤r

sin θn
rn

, (1.61)

ãäå rn = |zn|, r = |z|. Íåòðóäíî âèäåòü, ÷òî s(r) � ìîíîòîííî ðàñòóùàÿ

êóñî÷íî-ïîñòîÿííàÿ �óíêöèÿ íà (ρ,+∞) , ïðè÷¼ì å¼ ñêà÷êè ñîâïàäàþò ñ

òî÷êàìè rn, n = 1, 2, ... Ïîýòîìó I(R) =
R∫
0

t · exp(− lnϕ(C0t))ds(t). Èíòåãðè-

ðîâàíèåì ïî ÷àñòÿì ïîëó÷èì:
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I(R) ≤


R exp(− lnϕ(C0R))s(R) + C0

R∫

0

s(t) exp(− lnϕ(C0t))
tϕ′(C0t)

ϕ(C0t)
dt


 .

Èç îöåíêè (1.54) ñëåäóåò, ÷òî s(r) ≤ c1ϕ(c2r)
r , ïîýòîìó

I(R) ≤ c1 exp(− lnϕ(C0R) + lnϕ(c2R))+

+ c1 · C0

R∫

0

exp(− lnϕ(C0t) + lnϕ(c2t))
ϕ′(C0t)

ϕ(C0t)
dt.

Ïîäáèðàÿ C0 äîñòàòî÷íî áîëüøèì, ÷òîáû lnϕ(c2t) ≤ 1
2 lnϕ(C0t), t ∈ R+,

ïîëó÷àåì:

I(R) ≤ c1 exp(−
1

2
lnϕ(C0R))− 2c1 ·

R∫

0

exp

(
−1

2
lnϕ(C0t)

)
d

(
−1

2
lnϕ(C0t)

)
,

è îêîí÷àòåëüíî:

I(R) ≤ 2c1 − c1 exp(−
1

2
lnϕ(C0R)) ≤ const

ïðè âñåõ R ∈ R+. Ïîýòîìó (1.60) óñòàíîâëåíî, à çíà÷èò, I1 ≤ const.

Îöåíèì òåïåðü I2. Êàê óñòàíîâëåíî â ìîíîãðà�èè Í.Â. �îâîðîâà [6℄,

∑

| z
zn
|> 1

2

ln |Npn| ≤
∑

| z
zn
|> 1

2

2pn+1|z|pn sin θn
rpnn

. (1.62)

Íåðàâåíñòâî (1.62) ñ ó÷åòîì îáîçíà÷åíèÿ (1.61) ìîæíî ïåðåïèñàòü â âèäå:

I2 =
∑

|zn|<2|z|
4|z|

(
2|z|
|zn|

)pn−1
sin θn
|zn|

=

= 4|z|
2|z|∫

ρ

exp

(
(pn − 1) · ln 2|z|

t

)
ds(t).

Ïîñêîëüêó ln 2|z|
t > 0 ïðè âñåõ 0 < t < 2|z|, à (pn − 1) ≤ lnϕ(C0|zn|) + 1 ïðè
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âñåõ n, òî

I2 ≤ 4|z|
2|z|∫

ρ

exp(lnϕ(C0t) · ln
2|z|
t

)ds(t).

Íå îãðàíè÷èâàÿ îáùíîñòè, ïîëîæèì ρ = 1, ϕ(0) = 1. Èíòåãðèðóÿ ïî ÷àñòÿì,

ïîëó÷àåì:

I2 ≤ 4|z|s(2|z|)− 4|z|
2|z|∫

1

s(t) exp

(
lnϕ(C0t) · ln

2|z|
t

)
×

×
(
C0
ϕ′(C0t)

ϕ(C0t)
ln

2|z|
t

− lnϕ(C0t)

t

)
dt ≤

≤ 4|z|s(2|z|) + 4C0|z|
2|z|∫

1

s(t) exp

(
lnϕ(C0t) · ln

2|z|
t

)
· lnϕ(C0t)

t
dt ≤

≤ 4|z|s(2|z|) + 4C0|z|s(2|z|) lnϕ(2C0|z|)
2|z|∫

1

exp

(
lnϕ(C0t) · ln

2|z|
t

)
dt

t
.

Ïîñëåäíèé èíòåãðàë îáîçíà÷èì ÷åðåç I12 è ïðèñòóïèì ê åãî îöåíêå. Ñäåëàåì

çàìåíó ïåðåìåííîé. Ïóñòü ln 2|z|
t = u, òîãäà

I12 ≤
ln 2|z|∫

0

exp{u lnϕ(2C0|z|e−u)}du.

Ïóñòü ψ = lnϕ. Îöåíèì u · ψ(2C0|z|e−u):

u · ψ(2C0|z|e−u) = u

2C0|z|e−u∫

0

ψ′(t)dt =

ue−u2C0|z|∫

0

ψ′
(x
u

)
dx ≤

2C0|z|∫

0

ψ′
(x
u

)
dx.

Ïîñêîëüêó �óíêöèÿ lnϕ � âûïóêëàÿ âíèç, òî åñòü ψ′
� âîçðàñòàþùàÿ, ïðè

âñåõ u ≥ 1 èìååì:

u · ψ(2C0|z|e−u) ≤
2C0|z|∫

0

ψ′(x)dx = ψ(2C0|z|).
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Î÷åâèäíî, ÷òî ïðè 0 < u < 1 îöåíêà u · ψ(2C0|z|e−u) ≤ ψ(2C0|z|) òàêæå
ñïðàâåäëèâà. Ñ ó÷åòîì ïîñëåäíèõ çàìå÷àíèé ïîëó÷àåì:

I12 ≤ expψ(2C0|z|) ln(2|z|).

Çíà÷èò,

I2 ≤ 4|z|
(
s(2|z|) + C0s(2|z|) ln(2|z|) · exp(ψ(2C0|z|)) · lnϕ(2C0|z|)

)
.

Íî ïî óñëîâèþ (1.54) òåîðåìû s(r) ≤ c1
ϕ(c2r)
r , ïîýòîìó

I2 ≤ 2c1ϕ(2c2|z|) + 2c1C0 ln 2|z| · ϕ(2c2|z|) · exp(ψ(2C0|z|)) · lnϕ(2C0|z|),

îòêóäà çàêëþ÷àåì:

I2 ≤ 2c1ϕ(2C0|z|) + 2c1C0 ln 2|z| · lnϕ(2C0|z|) · exp(2ψ(2C0|z|)),

ïðè C0 > c2. Êàê óñòàíîâëåíî â [2℄, åñëè ψ � âûïóêëàÿ âíèç íà [0,+∞),

ψ(0) = 0, òî äëÿ ëþáîãî C ≥ 1 ñïðàâåäëèâà îöåíêà:

Cψ(x) ≤ ψ(Cx). (1.63)

Èñïîëüçóÿ ýòó îöåíêó, çàêëþ÷àåì:

I2 ≤ 2c1ϕ(2C0|z|) + 2c1C0 ln 2|z| · lnϕ(2C0|z|) · exp(ψ(2 · 2C0|z|)),

îòêóäà îêîí÷àòåëüíî ïîëó÷èì:

I2 ≤ C4ϕ(C3|z|),

ãäå C3 > 0, C4 > 0.

Îáúåäèíÿÿ îöåíêè äëÿ I1 è I2, çàêëþ÷àåì:

ln |E(z, zn)| =
+∞∑

n=1

ln |Npn(z, zn)| ≤ C4ϕ(C3|z|).

Çíà÷èò, E(z, zn) ∈ X∞
ϕ (C+). Òåîðåìà 1.8 äîêàçàíà ïîëíîñòüþ.
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Äîêàçàòåëüñòâî òåîðåìû 1.9.

Îáîçíà÷èì g(z) = exp(G(z)) = f(z)
E(z,zn)

, CR = {z : |z| < R, ℑz > 0}. Äî-
êàæåì, ÷òî g ∈ X∞

ϕ (C+). Ïðèìåíèì ê ýòîé �óíêöèè �îðìóëó �. Íåâàíëèííû

(ñì. [6, . 22℄):

ln |g(z)| =
∑

zk∈CR

ln

∣∣∣∣
R(z − zk)

(R2 − zkz)

(R2 − zkz)

R(z − zk)

∣∣∣∣

+
1

2π

π∫

0

(
R2 − |z|2
|Reiθ − z|2 −

R2 − |z|2
|Re−iθ − z|2

)
ln |g(Reiθ)|dθ

+
1

π

R∫

−R

(
r sinϕ

|t− z|2 −
R2r sinϕ

|R2 − zt|2
)
ln |g(t)|dt.

Äîêàæåì, ÷òî ïåðâîå ñëàãàåìîå â ýòîé �îðìóëå ïðèíèìàåò îòðèöàòåëüíûå

çíà÷åíèÿ. Äåéñòâèòåëüíî, îáîçíà÷èì a = zR2 + |zk|2z, b = zkR
2 + |z|2zk.

Òîãäà ln
∣∣∣ R(z−zk)(R2−zkz)

(R2−zkz)
R(z−zk)

∣∣∣ = ln
∣∣∣a−b
a−b

∣∣∣ < ln 1 = 0, ïîñêîëüêó ℑb > 0. Ñóììèðóÿ

òåïåðü ïî âñåì |zk| ∈ CR, ïîëó÷èì

∑

zk∈CR

ln

∣∣∣∣
R(z − zk)

(R2 − zkz)

(R2 − zkz)

R(z − zk)

∣∣∣∣ < 0.

Ïîëîæèì òåïåðü z = iR
2 . Áóäåì èìåòü:

ln

∣∣∣∣g
(
iR

2

)∣∣∣∣ ≤
1

2π

π∫

0

(
3R2

4|Reiθ − iR/2|2 −
3R2

4|Re−iθ − iR/2|2
)
ln |g(Reiθ)|dθ

+
1

π

R∫

−R

(
R

2|t− iR/2|2 −
R2 · R

2|R2 − iRt/2|

)
ln |g(t)|dt

= J1 + J2.

Ïðåîáðàçóåì âûðàæåíèÿ, ñòîÿùèå ïîä çíàêàìè èíòåãðàëîâ J1 è J2.

3R2

4|Reiθ − iR/2|2 −
3R2

4|Re−iθ − iR/2|2 =
3

4

(
1

|eiθ − i/2|2 −
1

|e−iθ − i/2|2
)

=
3 sin θ

2(9/16 + cos2 θ)
≥ 0,
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åñëè 0 ≤ θ ≤ π.

�àññìîòðèì òåïåðü âûðàæåíèå ïîä çíàêîì èíòåãðàëà J2:

R

2|t− iR/2|2 −
R2 ·R

2|R2 − iRt/2|2 =
R

2

(
1

|t− iR/2|2 −
1

|R − it/2|2
)

=
3R

8

(R2 − t2)

(t2 + R2/4)(R2 + t2/4)
≥ 0

ïðè −R ≤ t ≤ R.

C ó÷åòîì ïîñëåäíèõ çàìå÷àíèé ïîëó÷àåì:

ln

∣∣∣∣g
(
iR

2

)∣∣∣∣ ≤
3

4π

π∫

0

ln |g(Reiθ)| sin θ

(9/16 + cos2 θ)
dθ

+
3R

8π

R∫

−R

(R2 − t2)

(t2 + R2/4)(R2 + t2/4)
ln |g(t)|dt.

(1.64)

Òåïåðü îöåíèì êàæäîå ñëàãàåìîå â íåðàâåíñòâå (1.64) îòäåëüíî. Ñíà÷àëà çà-

ìåòèì, ÷òî

ln |g(Reiθ)| = ln |f(Reiθ)| − ln |E| = ln |f(Reiθ)| − ln+ |E|+ ln− |E|,

ãäå ln+ |E| = max(ln |E|, 0), ln− |E| = max(− ln |E|, 0).
Ïîýòîìó

J1 ≤
4

3π




π∫

0

ln |f(Reiθ)| sin θdθ −
π∫

0

ln+ |E| sin θdθ +
π∫

0

ln− |E| sin θdθ


 .

Òàê êàê f ∈ X∞
ϕ (C+), òî

π∫

0

ln |f(Reiθ)| sin θdθ ≤ c1ϕ(c2R).

Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî ïðèìåíèì ê �óíêöèè E(z, zn) �îðìóëó

Êàðëåìàíà äëÿ âåðõíåé ïîëóïëîñêîñòè. Ó÷èòûâàÿ, ÷òî íà âåùåñòâåííîé îñè

|E| = 1, ïîëó÷àåì:
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∑

ρ<rk<r

(
1

rk
− rk
r2

)
sin θk =

1

πR

π∫

0

ln |E(Reiθ)| sin θdθ + C,

ãäå C > 0.

Òàê êàê âñå ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà ïîëîæèòåëüíû,

ln |E| = ln+ |E| − ln− |E| è E ∈ X∞
ϕ (C+), òî

1

πR

π∫

0

ln− |E(Reiθ)| sin θdθ + C ≤ c1ϕ(c2R)

R
,

îòêóäà

4

3π

π∫

0

ln− |E(Reiθ)| sin θdθ ≤ c1ϕ(c2R).

Îöåíèì ïîñëåäíåå ñëàãàåìîå. Òàê êàê − ln+ x ≤ ln− x ïðè ëþáîì x > 0, òî

− 4

3π

π∫

0

ln+ |E(Reiθ)| sin θdθ ≤ 4

3π

π∫

0

ln− |E(Reiθ)| sin θdθ ≤ c1ϕ(c2R).

Ñóììèðóÿ, ïîëó÷àåì:

J1 =
4

3π

π∫

0

ln |g(Reiθ)| sin θdθ ≤ c1ϕ(c2R). (1.65)

Îöåíèì J2. Òàê êàê |g(z)| = |f(z)| ïðè z ∈ R, òî

J2 ≤
3R

8π

R∫

−R

(R2 − t2)

(t2 + R2/4)(R2 + t2/4)
ln+ |f(t)|dt ≤ cR

R∫

−R

(
1

t2
− 1

R2

)
ln+ |f(t)|dt,

ãäå c > 0. Ïðèíèìàÿ âî âíèìàíèå ëåììó 1.7, áóäåì èìåòü:

J2 ≤ c

R∫

−R

(
1

t2
− 1

R2

)
ϕ(c2t)dt = o(ϕ(c2R)). (1.66)



64

Ïîäñòàâëÿÿ îöåíêè (1.65) è (1.66) â íåðàâåíñòâî (1.64), ïîëó÷èì:

ln

∣∣∣∣g
(
iR

2

)∣∣∣∣ ≤ c1ϕ(c2R). (1.67)

Çàäàäèì òåïåðü îòîáðàæåíèå âåðõíåé ïîëóïëîñêîñòè íà ñåáÿ ñ ïîìîùüþ ëè-

íåéíîé �óíêöèè ζ = az + b, ãäå a > 0, b ≤ 0. �àññìîòðèì �óíêöèþ

g̃(ζ) = g
(
1
a
(ζ − b)

)
, àíàëèòè÷åñêóþ â C+. ßñíî, ÷òî g̃ ∈ X∞

ϕ (C+). Ïóñòü

ζ = iR2 . Èç îöåíêè (1.67) áóäåì èìåòü:

ln

∣∣∣∣g̃
(
iR

2

)∣∣∣∣ ≤ c1ϕ(c2R).

Â òåðìèíàõ �óíêöèè g ýòî îçíà÷àåò:

ln |g(z)| = ln

∣∣∣∣g
(
1

a

(
iR

2
− b

))∣∣∣∣ ≤ c1ϕ (2c2|az + b|) ≤ c1ϕ(c3|z|).

Òî åñòü g ∈ X∞
ϕ (C+).

Îñòàëîñü äîêàçàòü ïðèíàäëåæíîñòü �óíêöèé exp(G(z)) è exp(−G(z))
êëàññó X∞

ϕ (C+).

�àññìîòðèì �óíêöèþ g(z) â êðèâîëèíåéíîé ïîëóïîëîñå

Ωθ :=
{
x+ iy : |y − θ| < π

ψ′(x)

}
, ãäå ψ(x) = lnϕ(x), −π

2 + ε < θ < π
2 − ε, ε > 0.

Ôóíêöèÿ g(z) � àíàëèòè÷åñêàÿ â Ωθ è ln |g(z)| ≤ c1ϕ(c2|z|). Ïðèìåíÿÿ
òåîðåìó Í.Ê. Íèêîëüñêîãî (ñì. (1.57)), ïîëó÷èì:

| ln |g(z)|| ≤ c1ϕ(c2|z|), ∀z ∈ Ωθ,

Ïîñëåäíÿÿ îöåíêà ýêâèâàëåíòíà íåðàâåíñòâó

|ℜG(z)| ≤ c1ϕ(c2|z|), ∀z ∈ Ωθ. (1.68)

Íåðàâåíñòâî (1.68) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ ïîâîðîòà ìîæíî ðàñïðî-

ñòðàíèòü íà âñþ âåðõíþþ ïîëóïëîñêîñòü. Çíà÷èò, �óíêöèè exp(G(z)) è

exp(−G(z)) ïðèíàäëåæàò êëàññó X∞
ϕ (C+). Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 1.5. Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå èìïëèêàöèè 2) ⇒ 1)

ïðèìåíÿëñÿ ìåòîä, ðàçðàáîòàííûé â ðàáîòå [2℄.
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1.5 Õàðàêòåðèçàöèÿ âåùåñòâåííûõ êîðíåé

àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè �óíêöèé

ñ ìàæîðàíòîé áåñêîíå÷íîãî ïîðÿäêà

Ïóñòü P+
� ïðàâàÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè C. �àññìîò-

ðèì êëàññ

X(λ) :=
{
f ∈ H(P+) : ln |f(z)| ≤ cfλ(ℜz), z ∈ P

+
}
,

ãäå λ � âåñîâàÿ �óíêöèÿ, òî åñòü lim
x→+∞

λ′(x)x
λ(x) = +∞, cf � ïîëîæèòåëüíàÿ

ïîñòîÿííàÿ, çíà÷åíèÿ êîòîðîé çàâèñÿò òîëüêî îò �óíêöèè f .

Îáîçíà÷èì ÷åðåç Z+
f ìíîæåñòâî âåùåñòâåííûõ ïîëîæèòåëüíûõ íóëåé

�óíêöèè f . Cïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1.10. Ïóñòü Z = {rk}+∞
k=1 � íåóáûâàþùàÿ ïîñëåäîâàòåëü-

íîñòü ïîëîæèòåëüíûõ ÷èñåë, lim
k→+∞

rk = +∞, λ � âåñîâàÿ �óíêöèÿ,

ψ(x) = lnλ(x) âûïóêëà íà (0,+∞), ïðè÷åì ψ ∈ C(2)(R+), ψ
′(0) 6= 0 è

+∞∫
1

(ψ′′(x))2

(ψ′(x))3 < +∞. Äëÿ òîãî ÷òîáû Z = Z+
f äëÿ íåêîòîðîé òîæäåñòâåí-

íî îòëè÷íîé îò íóëÿ �óíêöèè f ∈ X(λ), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

n(r) = {card rk : 0 < rk < r} ≤ cλ(r), c > 0. (1.69)

Äîêàçàòåëüñòâî òåîðåìû 1.10.

Íåîáõîäèìîñòü. �àññìîòðèì îáëàñòü

Ω+ =

{
z = x+ iy : x ≥ 0, 0 ≤ y ≤ π

ψ′(x)

}
.

Êîí�îðìíî îòîáðàçèì Ω+ íà ïîëîñó Π+ =
{
w = u + iv : u ≥ 0, 0 ≤ v ≤ π

2

}
ñ

ïîìîùüþ �óíêöèè Z+(x+ iy) òàê, ÷òîáû ÷òîáû îáðàçîì áåñêîíå÷íîñòè áûëà

áåñêîíå÷íîñòü, à îáðàçîì îòðåçêà

[
0, πi

ψ′(0)

]
îòðåçîê

[
0, πi2

]
. Ñîãëàñíî òåîðå-

ìå �èìàíà î êîí�îðìíîì îòîáðàæåíèè, ýòè óñëîâèÿ îäíîçíà÷íî îïðåäåëÿþò

êîí�îðìíî îòîáðàæàþùóþ �óíêöèþ Z+(x+ iy).

Ïî ïðèíöèïó ñèììåòðèè �èìàíà - Øâàðöà �óíêöèÿ Z+(x + iy) èìååò
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àíàëèòè÷åñêîå ïðîäîëæåíèå Z(x+ iy) â îáëàñòü

Ω =

{
z = x+ iy : x ≥ 0, |y| ≤ π

ψ′(x)

}
.

Ôóíêöèÿ Z(x + iy) îòîáðàæàåò êðèâîëèíåéíóþ ïîëóïîëîñó Ω íà êàíîíè÷å-

ñêóþ ïîëóïîëîñó

Π =
{
w = u+ iv : u ≥ 0, |v| ≤ π

2

}
.

Òàê êàê f ∈ X(λ), òî

ln |f(Z−1(w))| ≤ λ(ℜZ−1(w)), w ∈ Π,

ãäå Z−1(w) � �óíêöèÿ, îáðàòíàÿ ê Z(x + iy). ßñíî, ÷òî f(Z−1(w)) ∈ H(Π).

Ïî òåîðåìå Âàðøàâñêîãî (ñì. [12, . 230℄)

u = ℜZ(x+ iy) =
π

2
· 1
π

x∫

0

ψ′(t)dt+ o(1) =
1

2
ψ(x) + O(1) =

1

2
lnλ(x) +O(1),

ïðè x→ +∞.

Îòîáðàçèì òåïåðü ïîëóïîëîñó Π íà îáëàñòü

∆ = {ζ = ξ + iη : |ζ| ≥ 1, ξ ≥ 0}

ñ ïîìîùüþ �óíêöèè ζ = ew.

�àññìîòðèì �óíêöèþ F (ζ) = f(Z−1(ln ζ)) ∈ H(∆). ßñíî, ÷òî

ln |f(Z−1(ln ζ))| ≤ λ(ℜZ−1(ln ζ)), ζ ∈ ∆.

Òàê êàê z = x+ iy = Z−1(ln ζ), òî

ln |ζ| = ℜZ(Z−1(ln ζ)) = ℜZ(x+ iy) =
1

2
lnλ(x) + O(1), (1.70)

ïðè x→ +∞.
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Îòñþäà λ(x) = c|ζ|2, c > 0. Òàêèì îáðàçîì, F ∈ H(∆) è

ln |F (ζ)| ≤ cF |ζ|2, ζ ∈ ∆. (1.71)

Îöåíèì òåïåðü êîëè÷åñòâî âåùåñòâåííûõ íóëåé �óíêöèè F íà ïðîìåæóòêå

[ρ, R], 1 ≤ ρ ≤ R. Îáîçíà÷èì ρ1e
iθ1, ..., ρne

iθn
� íóëè �óíêöèè F (ζ) â

ïîëóêîëüöå Kρ,R = {ζ ∈ ∆ : 1 ≤ ρ ≤ |ζ| ≤ R}. Äëÿ ëþáîãî ε > 0 ïîëîæèì

Fε(ζ) = F (ζ + ε). Î÷åâèäíî, ÷òî �óíêöèÿ Fε - àíàëèòè÷åñêàÿ â ïîëóïëîñêî-

ñòè {ℜζ > −ε}. Ïðèìåíèì ê �óíêöèè Fε �îðìóëó Êàðëåìàíà äëÿ ïðàâîé

ïîëóïëîñêîñòè (ñì. [25, ñ. 139℄):

∑

ρ≤ρ̃n≤R

(
1

ρ̃n
− ρ̃n
R2

)
cos θ̃n =

1

πR

π/2∫

−π/2

ln |Fε(Reiθ)| cos θdθ+

+
1

2π

∫

ρ≤|η|≤R

(
1

η2
− 1

R2

)
ln |Fε(iη)||Fε(−iη)|dη +A(R, F ),

ãäå ρ̃1e
iθ̃1, ..., ρ̃ne

iθ̃n
� íóëè �óíêöèè Fε â ïîëóêîëüöå Kρ,R, A(R, F ) = O(1)

ïðè R → +∞.

Çàìåòèì, ÷òî âñå ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà íåîòðèöàòåëüíû,

òî åñòü

∑
ρ≤ρ̃n≤R

(
1
ρ̃n

− ρ̃n
R2

)
cos θ̃n ≥ 0. Ïðèíèìàÿ âî âíèìàíèå îöåíêó (1.71),

ïîëó÷àåì:

∑

ρ≤ρ̃n≤R

(
1

ρ̃n
− ρ̃n
R2

)
cos θ̃n ≤

cF (R
2 + ε2)

πR

π/2∫

−π/2

cos θdθ+

+
2cF
2π

∫

ρ≤|η|≤R

(
1

η2
− 1

R2

)
(η2 + ε2)dη + A(R, F ).

Ïåðåõîäÿ ê ïðåäåëó ïðè ε→ 0+, èìååì:

∑

ρ≤ρn≤R

(
1

ρn
− ρn
R2

)
cos θn ≤

2cFR

π
+

2cF
2π

∫

ρ≤|η|≤R

(
1

η2
− 1

R2

)
η2dη +O(1),
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îòêóäà ñëåäóåò

∑

ρ≤ρn≤R

(
1

ρn
− ρn
R2

)
cos θn ≤ c̃FR

Âûáèðàÿ âåùåñòâåííûå íóëè (θk = 0, k = 1, 2, ...) òîëüêî èç ïîëóêîëüöà

ρ ≤ ρn ≤ R
2 , èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷èì:

3
2RnF (R/2) ≤ c̃FR, îòêóäà

ñëåäóåò, ÷òî

nF (R) ≤ CFR
2, (1.72)

ãäå nF (R) � êîëè÷åñòâî âåùåñòâåííûõ íóëåé �óíêöèè F íà ïðîìåæóòêå [ρ, R].

Â òî æå âðåìÿ, åñëè F (ρk) = 0, k = 1, 2, ..., òî f(Z−1(ln rk)) = f(rk) = 0,

k = 1, 2, ..., {ρk}, {rk} � âåùåñòâåííûå íóëè �óíêöèé F è f ñîîòâåòñòâåííî.

Â ñèëó ïðèíöèïà ñîîòâåòñòâèÿ ãðàíèö ïðè êîí�îðìíîì îòîáðàæåíèè, Z−1
�

ìîíîòîííî ðàñòóùàÿ íà [0,+∞), ïîýòîìó èç (1.72) âûâîäèì íåðàâåíñòâî:

{
card ρk : Z

−1(ln 1) ≤ Z−1(ln ρk) ≤ Z−1(lnR)
}
≤ CFR

2,

ðàâíîñèëüíîå {
card rk : 0 ≤ rk ≤ Z−1(lnR)

}
≤ cfR

2.

Ïóñòü r = Z−1(lnR), òîãäà:

n(r) = {card rk : 0 ≤ rk ≤ r} ≤ cf exp(2Z(r)) ≤ cf exp(2ℜZ(r) + O(1)),

r → +∞.

Ïðèíèìàÿ âî âíèìàíèå òåïåðü ðàâåíñòâî (1.70), îêîí÷àòåëüíî ïîëó÷èì:

n(r) = {card rk : 0 ≤ rk ≤ r} ≤ cfλ(r),

òî åñòü îöåíêó (1.69).

Äîñòàòî÷íîñòü. Äîêàçàòåëüñòâî ýòîé ÷àñòè òåîðåìû ñîâïàäàåò ñ äîêà-

çàòåëüñòâîì ñîîòâåòñòâóþùåãî ðåçóëüòàòà äëÿ öåëûõ �óíêöèé èç [42℄. Äëÿ

ïîëíîòû èçëîæåíèÿ ïðèâåäåì åãî. Ïóñòü äàíà íåóáûâàþùàÿ ïîñëåäîâàòåëü-

íîñòü ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë {rk}+∞
k=1, rk ↑ +∞, k → +∞, äëÿ

êîòîðîé ñïðàâåäëèâà îöåíêà (1.69). Äîêàæåì, ÷òî ñóùåñòâóåò òîæäåñòâåííî

îòëè÷íàÿ îò íóëÿ �óíêöèÿ f ∈ X(λ), òàêàÿ ÷òî f(rk) = 0, k = 1, 2, ...

Ïîëîæèì Λ(r) = (λ(r))2/3, r > 0. Î÷åâèäíî, ÷òî Λ(x) � âåñîâàÿ �óíê-
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öèÿ. Èç ðåçóëüòàòîâ ðàáîòû Äæ. Êëóíè (ñì. [47℄) ñëåäóåò, ÷òî ñóùåñòâóåò

öåëàÿ �óíêöèÿ g(z) =
+∞∑
n=0

anz
n
, ãäå an ≥ 0, n = 0, 1, 2, ..., òàêàÿ ÷òî

c1 ≤
Λ(r)

M(r, g)
≤ c2, (1.73)

ãäå M(r, g) = max
|z|≤r

|g(z)|.
Òàê êàê äëÿ ëþáûõ íåîòðèöàòåëüíûõ r1, r2, òàêèõ ÷òî r1 > r2 ñïðàâåä-

ëèâî íåðàâåíñòâî

g(r1) =
+∞∑

n=0

anr
n
1 >

+∞∑

n=0

anr
n
2 = g(r2),

òî �óíêöèÿ g(r) ìîíîòîííî âîçðàñòàåò íà (0,+∞), à çíà÷èò, ñóùåñòâóåò

îáðàòíàÿ �óíêöèÿ ν(r) = g−1(r). Îáîçíà÷èì ρk = ν−1(rk) = g(rk), ò.å.

rk = ν(ρk), k = 1, 2, ... Ïîëîæèì r = ν(ρ). Ïî óñëîâèþ

n(r) ≤ cfλ(r),

ïîýòîìó ñ ó÷åòîì íîâûõ îáîçíà÷åíèé è íåðàâåíñòâà (1.73) ïîëó÷èì:

n(ν(ρ)) ≤ cfλ(ν(ρ)) ≤ cf(Λ(ν(ρ)))
3/2 ≤ c1ρ

3/2.

Ïî òåîðåìå Æ. Àäàìàðà ñóùåñòâóåò öåëàÿ �óíêöèÿ G(z) ïîðÿäêà 3/2 è íîð-

ìàëüíîãî òèïà, òàêàÿ ÷òî G(ρk) = 0, k = 1, 2, ... Ïóñòü f(z) = G(g(z)),

z ∈ C+, ñëåäîâàòåëüíî, f ∈ H(C+), f(rk) = G(g(rk)) = G(ρk) = 0, k = 1, 2, ...

Ïðè ýòîì ââèäó ñòðîãîé ìîíîòîííîñòè �óíêöèè g íà (0,+∞), �óíêöèÿ f

äðóãèõ âåùåñòâåííûõ ïîëîæèòåëüíûõ êîðíåé íå èìååò. Ñïðàâåäëèâî

lnM(r, f) = lnmax
|z|≤r

|f(z)| = lnmax
|z|≤r

|G(g(z))| ≤ c sup
|z|≤r

|g(z)|3/2 =

= c|g(r)|3/2 ≤ c1(Λ(r))
3/2 = c1λ(r) = c1λ(ℜz).

Òàêèì îáðàçîì, òðåáóåìàÿ �óíêöèÿ f ∈ X(λ) ïîñòðîåíà. Òåîðåìà 1.10 äîêà-

çàíà ïîëíîñòüþ.
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2 Ïðèëîæåíèå �àêòîðèçàöèîííûõ

ïðåäñòàâëåíèé ê íåêîòîðûì çàäà÷àì

â êëàññàõ àíàëèòè÷åñêèõ â êðóãå �óíêöèé

ñ îãðàíè÷åíèÿìè íà ðîñò õàðàêòåðèñòèêè

�. Íåâàíëèííû

Âòîðàÿ ãëàâà äèññåòàöèîííîé ðàáîòû ïîñâÿùåíà ïðèëîæåíèþ �àêòî-

ðèçàöèè è äðóãèõ ìåòîäîâ, ðàçðàáîòàííûõ â ïåðâîé ãëàâå, ê ðåøåíèþ èíòåð-

ïîëÿöèîííîé çàäà÷è, äîêàçàòåëüñòâó òåîðåì âëîæåíèÿ è îïèñàíèþ êîý��è-

öèåíòíûõ ìóëüòèïëèêàòîðîâ èç êëàññîâ àíàëèòè÷åñêèõ â êðóãå �óíêöèé ñ

ðàçëè÷íûìè îãðàíè÷åíèÿìè íà ðîñò õàðàêòåðèñòèêè �. Íåâàíëèííû.

2.1 Îá èíòåðïîëÿöèè â êëàññàõ àíàëèòè÷åñêèõ

â êðóãå �óíêöèé ñî ñòåïåííûì ðîñòîì

õàðàêòåðèñòèêè �. Íåâàíëèííû

�àññìîòðèì êëàññ �óíêöèé

S∞
α :=

{
f ∈ H(D) : T (r, f) ≤ Cf

(1− r)α

}
, α > 0

ãäå Cf > 0 - ïîëîæèòåëüíàÿ êîíñòàíòà, çíà÷åíèÿ êîòîðîé çàâèñÿò ðàçâå ÷òî

îò �óíêöèè f , r ∈ [0, 1), T (r, f) - õàðàêòåðèñòèêà �. Íåâàíëèííû �óíêöèè f .

Õîðîøî èçâåñòíî, åñëè f ∈ S∞
α , òî

M(r, f) = max
|z|≤r

|f(z)| ≤ exp

{
cf

(1− r)α+1

}
(2.1)

ïðè âñåõ α > 0, cf > 0 (ñì. [41, . 144℄).

ßñíî, ÷òî åñëè f ∈ S∞
α è {αk}+∞

k=1 - ïîñëåäîâàòåëüíîñòü òî÷åê èç

åäèíè÷íîãî êðóãà, òî îïåðàòîð R(f) = (f(α1), ..., f(αk), ...) îòîáðàæàåò êëàññ

S∞
α â êëàññ âåñîâûõ ïîñëåäîâàòåëüíîñòåé
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lα =

{
γ = {γk}+∞

k=1 : |γk| ≤ exp
λ

(1− |αk|)α+1
, λ > 0

}
.

Â ýòîì ïàðàãðà�å ìû îòâåòèì íà âîïðîñ, ïðè êàêèõ óñëîâèÿõ íà ïîñëå-

äîâàòåëüíîñòü {αk}+∞
k=1 îïåðàòîð R(f) îòîáðàæàåò êëàññ S

∞
α íà êëàññ lα.

Äëÿ �îðìóëèðîâêè ðåçóëüòàòîâ ââåäåì äîïîëíèòåëüíûå îáîçíà÷åíèÿ è

îïðåäåëåíèÿ.

Îïðåäåëåíèå 2.1. Ïîñëåäîâàòåëüíîñòü {αk}+∞
k=1 íàçîâåì èíòåðïîëÿöèîí-

íîé ïîñëåäîâàòåëüíîñòüþ â êëàññå S∞
α , åñëè R(S

∞
α ) = lα.

Äëÿ ëþáîãî β > −1 ñèìâîëîì πβ(z, αk) áóäåì îáîçíà÷àòü, êàê è âû-

øå, áåñêîíå÷íîå ïðîèçâåäåíèå Ì.Ì. Äæðáàøÿíà ñ íóëÿìè â òî÷êàõ ïîñëåäî-

âàòåëüíîñòè {αk}+∞
k=1. Îáîçíà÷èì πβ,n(z, αk) ïðîèçâåäåíèå πβ(z, αk) áåç n-ãî

�àêòîðà.

Îïðåäåëåíèå 2.2. Óãëîì Øòîëüöà Γδ(θ) ñ âåðøèíîé â òî÷êå eiθ áóäåì

íàçûâàòü ÷àñòü óãëà, ñîäåðæàùóþñÿ âD, ðàñòâîðà ìåíüøå, ÷åì π, áèññåêòðè-

ñà êîòîðîãî ñîâïàäàåò ñ ðàäèóñîì, ñîåäèíÿþùèì öåíòð îêðóæíîñòè ñ òî÷êîé

eiθ, òî åñòü

Γδ(θ) := {z ∈ D : | arg(eiθ − z)− θ| ≤ πδ

2
},

ãäå 0 < δ < 1.

Îñíîâíûì ðåçóëüòàòîì ýòîãî ïàðàãðà�à ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëå-

äóþùåé òåîðåìû:

Òåîðåìà 2.1. Ïóñòü {αk}+∞
k=1 - ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü êîì-

ïëåêñíûõ ÷èñåë èç D, ðàñïîëîæåííûõ â êîíå÷íîì ÷èñëå óãëîâ Øòîëüöà:

{αk} ⊂
n⋃

s=1

Γδ(θs), (2.2)

ïðè íåêîòîðîì 0 < δ < 1
α+1. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. {αk}+∞
k=1 - èíòåðïîëÿöèîííàÿ ïîñëåäîâàòåëüíîñòü â êëàññå S∞

α , α > 0;

2.

n(r) = {card αk : |αk| < r} ≤ c

(1− r)α+1
, (2.3)

äëÿ íåêîòîðîãî c > 0;
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|π′β(αn, αk)| ≥ exp
−M

(1− |αn|)α+1
, (2.4)

äëÿ íåêîòîðîãî M > 0 è ïðè âñåõ β > α− 1.

Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà ýòîãî ïàðàãðà�à îñíîâûâàåòñÿ íà

ñëåäóþùèõ âñïîìîãàòåëüíûõ óòâåðæäåíèÿõ:

Òåîðåìà À. (ñì. [57℄). Êëàññ S∞
α ñîâïàäàåò ñ êëàññîì àíàëèòè÷åñêèõ

â D �óíêöèé, ïðåäñòàâèìûõ â âèäå:

f(z) = cλz
λπβ(z, αk) exp





1

2π

π∫

−π

ψ(eiθ)

(1− ze−iθ)β+2
dθ



 , z ∈ D, (2.5)

ïðè âñåõ β > α− 1, ãäå ψ(eiθ) - íåêîòîðàÿ âåùåñòâåííàÿ �óíêöèÿ èç êëàññà

Î. Áåñîâà Bβ−α+1
1,∞ , λ ∈ Z+, cλ ∈ C, ïîñëåäîâàòåëüíîñòü {αk}+∞

k=1 óäîâëåòâî-

ðÿåò óñëîâèþ

n(r, f) ≤ cf
(1− r)α+1

.

ßñíî, ÷òî êëàññ lα ñîâïàäàåò ñ êëàññîì ïîñëåäîâàòåëüíîñòåé {γk}+∞
k=1

òàêèõ, ÷òî

sup
k≥1

{
(1− |αk|)α+1 ln(1 + |γk|)

}
< +∞,

ãäå {αk}+∞
k=1 ⊂ D.

Äëÿ äàëüíåéøåãî èçëîæåíèÿ ââåäåì â ïðîñòðàíñòâàõ S∞
α è lα ìåòðèêè:

∀f, g ∈ S∞
α

ρS∞

α
(f, g) = sup

0<r<1



(1− r)α

π∫

−π

ln(1 + |f(reiθ)− g(reiθ)|)dθ



 ,

∀a = {ak}, b = {bk} ∈ lα

ρlα(a, b) = sup
k≥1

{
(1− |αk|)α+1 ln(1 + |ak − bk|)

}
.

Íåòðóäíî ïðîâåðèòü, ÷òî îòíîñèòåëüíî ââåäåííûõ ìåòðèê óêàçàííûå ïðî-

ñòðàíñòâà ÿâëÿþòñÿ ïîëíûìè ìåòðè÷åñêèìè ïðîñòðàíñòâàìè, ïðè÷åì ïðî-

ñòðàíñòâî S∞
α èíâàðèàíòíî îòíîñèòåëüíî ñäâèãîâ. Ñïðàâåäëèâà
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Ëåììà 2.1. Åñëè îïåðàòîð R(f) = (f(α1), ..., f(αn), ...) îòîáðàæàåò

ïðîñòðàíñòâî S∞
α íà ïðîñòðàíñòâî lα, òîãäà ñóùåñòâóåò ïîñëåäîâàòåëü-

íîñòü �óíêöèé {gn(z)}+∞
n=1 ∈ S∞

α , òàêèõ ÷òî

sup
n≥1

ρS∞

α
(gn, 0) ≤ C, C > 0

è

gn(αk) = γ
(n)
k ,

ãäå

γ
(n)
k =




0, ïðè k 6= n,

exp ε
(1−|αk|)α+1 , ïðè k = n,

äëÿ âñåõ k, n = 1, 2, ..., çäåñü ε � äîñòàòî÷íî ìàëåíüêîå ïîëîæèòåëüíîå

÷èñëî.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç SL, L > 0, ìíîæåñòâî ïîñëåäîâà-

òåëüíîñòåé c = {ck}+∞
k=1 èç ïðîñòðàíñòâà lα, òàêèõ ÷òî ck = F (αk), k = 1, 2, ...

äëÿ íåêîòîðîé �óíêöèè F ∈ S∞
α , óäîâëåòâîðÿþùåé óñëîâèþ ρS∞

α
(F, 0) ≤ L,

òî åñòü

sup
0<r<1



(1− r)α

π∫

−π

ln(1 + |F (reiθ)|)dθ



 ≤ L.

Ïî óñëîâèþ R(S∞
α ) = lα, ÷òî ýêâèâàëåíòíî òîìó, ÷òî lα = ∪+∞

L=1SL.

Äîêàæåì, ÷òî ìíîæåñòâà SL çàìêíóòû ïðè âñåõ L â lα, òî åñòü åñëè

c(m) = {c(m)
k }+∞

k=1 ∈ SL è ρlα(c
(m), c(0)) → 0 ïðè m→ +∞, òî c(0) ∈ SL.

Èìååì:

c
(m)
k = Fm(αk), k = 1, 2, ..., Fm ∈ S∞

α ,

ïðè÷åì

ρS∞

α
(Fm, 0) ≤ L (2.6)

è ρlα(c
(m), c(0)) → 0 ïðè m→ +∞.

Íóæíî äîêàçàòü, ÷òî ñóùåñòâóåò �óíêöèÿ F0 ∈ S∞
α , òàêàÿ ÷òî

F0(αk) = c
(0)
k , k = 1, 2, ... è ρS∞

α
(F0, 0) ≤ L.

Èç íåðàâåíñòâà (2.6) ñëåäóåò, ÷òî äëÿ ëþáîãî m = 1, 2, ...

ln+ |Fm(reiθ)| ≤
C(L)

(1− r)α+1
,
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òî åñòü ïîñëåäîâàòåëüíîñòü {Fm(z)}+∞
m=1 ðàâíîìåðíî îãðàíè÷åíà â ëþáîì êðó-

ãå DR = {z : |z| ≤ R < 1}.
Ïî òåîðåìå Ìîíòåëÿ èç ïîñëåäîâàòåëüíîñòè {Fm(z)} ìîæíî âûáðàòü

ïîäïîñëåäîâàòåëüíîñòü {Fmk
(z)}, ðàâíîìåðíî ñõîäÿùóþñÿ ê �óíêöèè F0 íà

êîìïàêòíûõ ïîäìíîæåñòâàõ åäèíè÷íîãî êðóãà. Ïîêàæåì, ÷òî F0 ∈ S∞
α . Äåé-

ñòâèòåëüíî, èç îöåíêè (2.6) èìååì:

sup
0<r≤R<1



(1− r)α

π∫

−π

ln(1 + |Fmk
(reiθ)|)dθ



 ≤ L.

Ïåðåõîäÿ â ýòîì íåðàâåíñòâå ê ïðåäåëó ïðè k → +∞, áóäåì èìåòü:

sup
0<r≤R<1



(1− r)α

π∫

−π

ln(1 + |F0(re
iθ)|)dθ



 ≤ L,

îòêóäà óñòðåìèâ R→ 1− 0, ïîëó÷èì:

ρS∞

α
(F0, 0) ≤ L. (2.7)

Çíà÷èò, F0 ∈ S∞
α .

Ïîñêîëüêó Fmk
(z) → F0(z), k → +∞ ïðè âñåõ z ∈ D, òî

c
(mk)
n = Fmk

(αn) → F0(αn) = c
(0)
n , k → +∞ ïðè âñåõ |αn| < 1, n = 1, 2, ...

Ó÷èòûâàÿ òåïåðü îöåíêó (2.7), çàêëþ÷àåì: c(0) = {c(0)n }+∞
n=1 ∈ SL. Òàêèì îáðà-

çîì, äîêàçàíî, ÷òî ìíîæåñòâî SL çàìêíóòî è ïðè ýòîì lα = ∪+∞
L=1SL.

Ïî òåîðåìå Áýðà ñóùåñòâóåò íîìåð L0, òàêîé ÷òî ìíîæåñòâî SL0
ñîäåð-

æèò øàð ñ öåíòðîì â îäíîé èç ñâîèõ âíóòðåííèõ òî÷åê, íàïðèìåð,

B(F0(αn), d) :=

{c = {ck} : ρlα(c, F0(αn)) = sup
k≥1

(1− |αk|)α+1 ln(1 + |ck − F0(αk)|) < d},

ãäå ïîñëåäîâàòåëüíîñòü {F0(αn)} = {c(0)n } - öåíòð øàðà, d > 0 - åãî ðàäèóñ.

Ýòî îçíà÷àåò, ÷òî äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè c = {ck} ∈ B

ñóùåñòâóåò �óíêöèÿ F ∈ S∞
α , òàêàÿ ÷òî ρS∞

α
(F, 0) ≤ L0 è F (αk) = ck,

k = 1, 2, ....

Çíà÷èò, åñëè ρlα(γ, 0) ≤ d äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè γ = {γk},
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òî íàéäåòñÿ �óíêöèÿ g ∈ S∞
α , òàêàÿ ÷òî ρS∞

α
(g, 0) ≤ 2L0 è g(αk) = γk

ïðè âñåõ k. Äëÿ ýòîãî äîñòàòî÷íî ïîëîæèòü γk = ck − F0(αk), k = 1, 2, ...,

g(z) = F (z)− F0(z), ãäå F - �óíêöèÿ ñ âûøåóêàçàííûìè ñâîéñòâàìè.

Ïóñòü γ(n) = {γ(n)k }, n ∈ N, ãäå γ
(n)
k = c

(n)
k − F0(αk), k = 1, 2, ...,

c
(n)
k ∈ B. Òîãäà ρlα(γ

(n), 0) ≤ d. Ïîëîæèì òåïåðü c
(n)
k = F0(αk) ïðè k 6= n,

c
(n)
k = F0(αk) + exp ε

(1−|αk|)α+1 ïðè k = n. �àññóæäàÿ, êàê âûøå, ïîëó÷èì,

÷òî ñóùåñòâóåò �óíêöèÿ gn(z) = Fn(z) − F0(z), òàêàÿ ÷òî ρS∞

α
(gn, 0) ≤ 2L0

è gn(αk) = γ
(n)
k = 0 ïðè k 6= n, gn(αk) = γ

(n)
k = exp ε

(1−|αk|)α+1 ïðè k = n.

Ëåììà 2.1 äîêàçàíà ñ êîíñòàíòîé C = 2L0.

Çàìå÷àíèå 2.1. Ìåòîä äîêàçàòåëüñòâà ëåììû 2.1 çàèìñòâîâàí ó Ï. Êó-

ñèñà (ñì. [15, . 242℄), âïåðâûå ïðèìåíèâøåãî åãî ïðè ðåøåíèè èíòåðïîëÿöè-

îííîé çàäà÷è â êëàññå îãðàíè÷åííûõ àíàëèòè÷åñêèõ �óíêöèé.

Ëåììà 2.2. (ñì. [34℄) Åñëè òî÷êè ïîñëåäîâàòåëüíîñòè {αk}+∞
k=1 íà-

õîäÿòñÿ â êîíå÷íîì ÷èñëå óãëîâ Øòîëüöà, òî åñòü {αk} ⊂
n⋃
s=1

Γδ(θs) äëÿ

íåêîòîðîãî 0 < δ < 1
α+1

, òî äëÿ ëþáîé �óíêöèè g =
n∏
s=1

exp C
(1−ze−iθs)α+1 ,

z ∈ D, α > −1 ñïðàâåäëèâà îöåíêà

|g(αs)| ≥ c0 exp
C

(1− |αs|)α+1
, s = 1, 2, ..., n, (2.8)

ãäå c0, C - íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.

Äîêàçàòåëüñòâî òåîðåìû 2.1.

Äîêàæåì èìïëèêàöèþ 1) ⇒ 2).

Ïðåäïîëîæèì, ÷òî {αk}+∞
k=1 ∈ D ÿâëÿåòñÿ èíòåðïîëÿöèîííîé ïîñëåäî-

âàòåëüíîñòüþ â êëàññå S∞
α , α > 0, òî åñòü äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè

{γk} ∈ lα ñóùåñòâóåò �óíêöèÿ f ∈ S∞
α , òàêàÿ ÷òî f(αk) = γk, k = 1, 2, ....

�àññìîòðèì ïîñëåäîâàòåëüíîñòü {γk}+∞
k=1: γ1 = 1, γ2 = γ3 = ... = 0.

Î÷åâèäíî, {γk}+∞
k=1 ∈ lα. Òàê êàê {αk}+∞

k=2 - ïîñëåäîâàòåëüíîñòü íóëåé �óíêöèè

f ∈ S∞
α , α > 0, òî èç òåîðåìû À ñëåäóåò îöåíêà (2.3):

n(r) ≤ c

(1− r)α+1
.

Äëÿ òîãî ÷òîáû óñòàíîâèòü (2.4), çà�èêñèðóåì íîìåð n ∈ N, è ïî-
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ñòðîèì ïîñëåäîâàòåëüíîñòü {γ(n)k }+∞
k=1 ñëåäóþùèì îáðàçîì: γ

(n)
k = 0, k 6= n,

γ
(n)
k = exp ε

(1−|αk|)α+1 , k = n, ãäå ε� äîñòàòî÷íî ìàëåíüêîå ïîëîæèòåëüíîå ÷èñ-

ëî.. Ñîãëàñíî ëåììå 2.1, íàéäåòñÿ �óíêöèÿ gn ∈ S∞
α , òàêàÿ ÷òî ρS∞

α
(gn, 0) ≤ C

è gn(αk) = γ
(n)
k ïðè âñåõ k = 1, 2, ..., ãäå êîíñòàíòà C > 0 íå çàâèñèò îò íîìåðà

n. Â ÷àñòíîñòè, gn(αn) = γ
(n)
n . Ïî òåîðåìå À âñÿêàÿ �óíêöèÿ gn ∈ S∞

α , α > 0

ìîæåò áûòü ïðåäñòàâëåíà â âèäå:

gn(z) = cλnz
λnπβ,n(z, αk) exp{hn(z)}, z ∈ D,

ãäå hn(z) =
1
2π

π∫
−π

ψn(e
iθ)

(1−ze−iθ)β+2dθ, β > α− 1.

Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî gn(0) 6= 0.

Çíà÷èò,

gn(αn) = γ(n)n = exp
ε

(1− |αn|)α+1
= c0πβ,n(αn, αk) · exp{hn(αn)}.

Ïîêàæåì, ÷òî

∣∣exp{hn(reiθ)}
∣∣ ≤ C1

(1− r)α+1
, (2.9)

ãäå C1 íå çàâèñèò îò n.

Èìååì:

| exp{hn(z)}| =
|gn(z)|

|πβ,n(z, αk)|
,

îòêóäà

T (r, exp (hn)) ≤ T (r, gn) + T

(
r,

1

πβ,n

)
.

Ïî ëåììå 2.1 ρS∞

α
(gn, 0) ≤ C, ãäå C íå çàâèñèò îò n. Ýòî îçíà÷àåò, ÷òî ïðè

âñåõ n âûïîëíÿåòñÿ îöåíêà:

T (r, gn) ≤
C

(1− r)α
.

Äàëåå, èç ðàâåíñòâà ðàâíîâåñèÿ (ñì. [17, . 173℄) è òåîðåìû À

T (r, πβ,n) = T

(
r,

1

πβ,n

)
+ const ≤ C2

(1− r)α+1
, (2.10)

ãäå C2 íå çàâèñèò îò n.
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Îáúåäèíÿÿ ïîñëåäíèå äâà íåðàâåíñòâà, ïîëó÷àåì:

T (r, exp (hn)) ≤
C1

(1− r)α
.

Èñïîëüçóÿ òåïåðü îöåíêó (ñì., íàïðèìåð, [22, . 84℄):

lnM(r, f) ≤ R+ r

R− r
T (R, f), 0 < r < R < 1,

ïîëó÷àåì òðåáóåìóþ îöåíêó (2.9).

Ñ ó÷åòîì (2.9) áóäåì èìåòü:

|gn(αn)| = exp
ε

(1− |αn|)α+1
≤ c0|πβ,n(αn, αk)| exp

C1

(1− |αn|)α+1
.

Èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì:

|πβ,n(αn, αk)| ≥ exp
−M1

(1− |αn|)α+1
,M1 > 0. (2.11)

Ïîêàæåì, ÷òî (2.11)⇒(2.4). Äåéñòâèòåëüíî, ïðîäè��åðåíöèðîâàâ �óíêöèþ

πβ (ñì. (0.3)), ïîëó÷èì:

π′β(z, αk) =
+∞∑

j=1

(
− 1

αj
exp(−Uβ(z, αj))−

(
1− z

αj

)
exp(−Uβ(z, αj))U ′

β(z, αj)

)
×

×πβ,j(z, αk),

ãäå Uβ(z, αj) îïðåäåëÿåòñÿ ðàâåíñòâîì (0.4).

Ïîñêîëüêó

πβ,j(αn, αk) =
+∞∏

k=1,k 6=j

(
1− αn

αk

)
exp(−Uβ(αn, αk)) = 0

äëÿ âñåõ j = 1, 2, ..., j 6= n, áóäåì èìåòü:

|π′β(αn, αk)| =
1

|αn|
| exp(−Uβ(αn, αn))||πβ,n(αn, αk)|. (2.12)
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Èñïîëüçóÿ (0.4), íåòðóäíî ïîëó÷èòü ïðåäñòàâëåíèå (ñì., íàïðèìåð, [41, . 71℄):

Uβ(z, ζ) = 4(β + 1)

1∫

|ζ|

(1− ρ2)β ln
ρ

|ζ|ρdρ−

−2
+∞∑

n=1

Γ(β + n+ 2)

Γ(β + 1)Γ(n+ 1)

zn

n




ζ−n

|ζ|∫

0

(1− ρ2)βρ2n+1dρ+ ζ
n

1∫

|ζ|

(1− ρ2)βρdρ




.

Ïóñòü òåïåðü ζ = z, òîãäà

− Uβ(z, ζ) = −4(β + 1)

1∫

|ζ|

(1− ρ2)β ln
ρ

|ζ|ρdρ+

+ 2

+∞∑

n=1

Γ(β + n+ 2)

Γ(β + 1)Γ(n+ 1)

|z|n
n






|ζ|∫

0

(1− ρ2)βρn+1dρ+

1∫

|ζ|

(1− ρ2)βρn+1dρ





.

(2.13)

Èñïîëüçóÿ ðàâåíñòâî

Γ(β + 1)Γ(n+ 2)

Γ(β + n+ 3)
=

1∫

0

(1− ρ2)βρn+1dρ,

èç (2.13) çàêëþ÷àåì, ÷òî

1

|αn|
| exp(−Uβ(αn, αn))| ≥ exp

{
ln

1

|αn|
(1 + o(1)) + ln

1

(1− |αn|)2/β
}
,

n→ +∞.

Òî åñòü

1

|αn|
| exp(−Uβ(αn, αn))| ≥

cβ
|αn|

· 1

(1− |αn|)2/β
.

Ñ ó÷åòîì ïîñëåäíåãî çàìå÷àíèÿ, èç îöåíîê (2.11) è (2.12) çàêëþ÷àåì:

|π′β(αn, αk)| ≥ exp
−M

(1− |αn|)α+1
.
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Òàêèì îáðàçîì, (2.11)⇒(2.4). Èìïëèêàöèÿ 1) ⇒ (2) äîêàçàíà.

Òåïåðü äîêàæåì, ÷òî 2) ⇒ 1). Ïóñòü {αk}+∞
k=1 - ïðîèçâîëüíàÿ ïîñëå-

äîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë èç D, ðàñïîëîæåííûõ â êîíå÷íîì ÷èñëå

óãëîâ Øòîëüöà, è ñïðàâåäëèâû îöåíêè (2.3), (2.4). Ïîêàæåì, ÷òî ñóùåñòâó-

åò �óíêöèÿ Ψ ∈ S∞
α , òàêàÿ ÷òî Ψ(αk) = γk, k = 1, 2, ..., äëÿ ïðîèçâîëüíîé

ïîñëåäîâàòåëüíîñòè {γk}+∞
k=1 ∈ lα.

Ôóíêöèþ Ψ(z) áóäåì ñòðîèòü â âèäå:

Ψ(z) =
+∞∑

k=1

γk ·
(
1− |αk|
1− αkz

)m
· πβ(z, αj)
(z − αk)

· 1

π′β(αk, αj)
· f(z)
f(αk)

, (2.14)

ãäå β > α− 1, m > α + 1,

f(z) =
n∏

s=1

exp
C

(1− ze−iθs)α+1
, z ∈ D. (2.15)

Î÷åâèäíî, ÷òî Ψ(αn) = γn, n = 1, 2, ...

Ïîêàæåì, ÷òî Ψ ∈ S∞
α . Èç óñëîâèÿ (2.3) çàêëþ÷àåì:

+∞∑

k=1

(1− |αk|)m < +∞ (2.16)

ïðè âñåõ m > α + 1.

Äåéñòâèòåëüíî,

+∞∑

k=1

(1− |αk|)m =

1∫

0

(1− t)mdn(t).

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì:

+∞∑

k=1

(1− |αk|)m = m

1∫

0

(1− t)m−1n(t)dt.

Íî ïî óñëîâèþ n(t) ≤ c
(1−t)α+1 , ïîýòîìó
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+∞∑

k=1

(1− |αk|)m ≤ c3

1∫

0

(1− t)m−α−2dt < +∞

ïðè âñåõ m > α + 1.

Ââèäó ñõîäèìîñòè ðÿäà (2.16) è ëåììû 2.2, áåñêîíå÷íîå ïðîçâåäåíèå

πβ(z, αj) è ðÿä (2.14) àáñîëþòíî è ðàâíîìåðíî ñõîäÿòñÿ âíóòðè D.

Îöåíèì |Ψ(z)| ñâåðõó. Ó÷èòûâàÿ, ÷òî {γk}+∞
k=1 ∈ lα è óñëîâèå (2.4) òåî-

ðåìû, ïîëó÷èì:

|Ψ(z)| ≤
+∞∑

k=1

|γk|
(

1− |αk|
|1− αkz|

)m |πβ(z, αj)|
|z − αk|

1

|π′β(αk, αj)|
|f(z)|
|f(αk)|

≤

≤ c
+∞∑

k=1

exp
λ

(1− |αk|)α+1

(
1− |αk|
|1− αkz|

)m |πβ(z, αj)|
|z − αk|

exp
M

(1− |αk|)α+1

|f(z)|
|f(αk)|

.

Ôèêñèðóåì k ∈ N. Îöåíèì �àêòîð

|πβ(z,αj)|
|z−αk| :

|πβ(z, αj)|
|z − αk|

=
|πβ,k(z, αj)|
|z − αk|

· |Aβ(z, αk)|,

ãäå

|Aβ(z, αk)| =
|αk − z|
|αk|

| exp (−Uβ(z, αk))|.

Èñïîëüçóåì èçâåñòíóþ îöåíêó �àêòîðà Aβ(z, αk) èç ïðîèçâåäåíèÿ Äæðáàøÿ-

íà (ñì., íàïðèìåð, [41, . 80℄):

|Aβ(z, αk)| ≤ exp

(
cβ

(
1− |αk|2
|1− αkz|

)β+2
)
. (2.17)

Èç (2.17) ñëåäóåò, ÷òî |Aβ(z, αk)| ≤ c̃β, ãäå c̃β = exp
(
cβ2

β+2
)
. Ââåäåì �óíêöèþ

Ãβ(z, αk) =
Aβ(z,αk)

c̃β
. Î÷åâèäíî, ÷òî |Ã| ≤ 1. Ïî ëåììå Øâàðöà (ñì. [5, . 12℄)

|Ãβ(z, αk)| ≤
∣∣∣∣
z − αk
1− ᾱkz

∣∣∣∣ .
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Ñëåäîâàòåëüíî,

1

|αk|
| exp (−Uβ(z, αk))| ≤ Cβ

1

|1− ᾱkz|
, z ∈ D.

Òàêèì îáðàçîì,

|πβ(z, αj)|
|z − αk|

≤ c̃β
|πβ,k(z, αj)|
|1− αkz|

.

Âíîâü èñïîëüçóÿ îöåíêó (2.17), ïîëó÷àåì:

|πβ,k(z, αj)|
|1− αkz|

≤ c̃β
|1− αkz|

exp

(
cβ

+∞∑

n=1

(
1− |αn|
|1− αnz|

)β+2
)
.

Ïîýòîìó

|Ψ(z)| ≤ exp

(
cβ

+∞∑

n=1

(
1− |αn|
|1− αnz|

)β+2
)

× |f(z)| ×

c̃β ·
+∞∑

k=1

exp
λ+M

(1− |αk|)α+1
· 1

|f(αk)|
(1− |αk|)m
|1− αkz|m+1

.

�àññìîòðèì ïîñëåäíèé �àêòîð â ïðîèçâåäåíèè:

+∞∑

k=1

exp
λ+M

(1− |αk|)α+1
· 1

|f(αk)|
(1− |αk|)m
|1− αkz|m+1

.

�àçîáüåì ñóììó íà n ÷àñòåé:

n∑

s=1

∑

αk∈Γδ(θs)

exp
λ+M

(1− |αk|)α+1
· 1

|f(αk)|
(1− |αk|)m
|1− αkz|m+1

.

Ïîñêîëüêó {αk} ⊂
n⋃
s=1

Γδ(θs) ïðè íåêîòîðîì 0 < δ < 1
α+1, òî ïðèìåíÿÿ ê

êàæäîé ÷àñòè ëåììó 2.2, áóäåì èìåòü:

n∑

s=1

∑

αk∈Γδ(θs)

exp
λ+M − C

(1− |αk|)α+1
· (1− |αk|)m
|1− αkz|m+1

.

Âûáèðàÿ ïîëîæèòåëüíóþ êîíñòàíòó C òàêèì îáðàçîì, ÷òîáû λ+M −C < 0,
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ïîëó÷àåì ñëåäóþùóþ îöåíêó:

exp
λ+M − C

(1− |αk|)α+1
≤ 1,

ïðè âñåõ k = 1, 2, ...

Òàêèì îáðàçîì, èìååì:

|Ψ(z)| ≤ exp

(
cβ

+∞∑

n=1

(
1− |αn|
|1− αnz|

)β+2
)

× |f(z)| × c̃β ·
+∞∑

k=1

(1− |αk|)m
|1− αkz|m+1

.

Ïðèíèìàÿ âî âíèìàíèå ñõîäèìîñòü ðÿäà (2.16), ïîëó÷àåì:

+∞∑

k=1

(1− |αk|)m
|1− αkz|m+1

≤ c

(1− |z|)m+1

+∞∑

k=1

(1− |αk|)m ≤ c1
(1− |z|)m+1

ïðè âñåõ m > α + 1.

Îöåíêà �óíêöèè |Ψ(z)| ïðèíèìàåò âèä:

|Ψ(z)| ≤ exp

(
cβ

+∞∑

n=1

(
1− |αn|
|1− αnz|

)β+2
)

× |f(z)| × c2
(1− |z|)m+1

. (2.18)

Èïîëüçóÿ ýòó îöåíêó, äîêàæåì, ÷òî Ψ(z) ∈ S∞
α , òî åñòü

T (r,Ψ) =
1

2π

π∫

−π

ln+ |Ψ(reiθ)|dθ ≤ C

(1− r)α
,

ãäå α > 0, C > 0.

Èç íåðàâåíñòâà (2.18) ñëåäóåò, ÷òî

T (r,Ψ) ≤ C̃ ·
+∞∑

n=1

π∫

−π

(
1− |αn|

|1− αnreiθ|

)β+2

dθ+

π∫

−π

ln+ |f(reiθ)|dθ+2π ln
c

(1− r)m+1
.

Îöåíèì êàæäîå ñëàãàåìîå â ýòîé ñóììå îòäåëüíî. Êàê óñòàíîâëåíî â

[57℄,

+∞∑

n=1

π∫

−π

(
1− |αn|

|1− αnreiθ|

)β+2

dθ ≤ c

(1− r)α
, (2.19)
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ïðè âñåõ β > α− 1.

Äàëåå èç (2.15) èìååì:

π∫

−π

ln+ |f(reiθ)|dθ ≤
n∑

s=1

π∫

−π

C

|1− rei(θ−θs)|α+1
.

Ïðèìåíÿÿ ýëåìåíòàðíóþ îöåíêó (1.3), ïîëó÷àåì:

π∫

−π

ln+ |f(reiθ)|dθ ≤ c3
(1− r)α

. (2.20)

Èç (2.19), (2.20) çàêëþ÷àåì, ÷òî �óíêöèÿ Ψ(z) ïðèíàäëåæèò êëàññó S∞
α .

Òåîðåìà 2.1 äîêàçàíà ïîëíîñòüþ.

Çàìå÷àíèå 2.2. Åñëè α = 0, òî óñëîâèå ïðèíàäëåæíîñòè óçëîâ èíòåð-

ïîëÿöèè óãëàì Øòîëüöà ÿâëÿåòñÿ òàêæå íåîáõîäèìûì, êàê óñòàíîâëåíî â

ðàáîòå [16℄. Îòìåòèì òàêæå ðàáîòó Â.À. Áåäíàæ [1℄ îá èíòåðïîëÿöèè â êëàñ-

ñå S∞
α .

2.2 Lp-îöåíêè â êëàññàõ àíàëèòè÷åñêèõ â êðóãå

�óíêöèé ñ îãðàíè÷åíèÿìè íà õàðàêòåðèñòèêó

�. Íåâàíëèííû

Ïóñòü Ω � ìíîæåñòâî âñåõ èçìåðèìûõ ïîëîæèòåëüíûõ �óíêöèé íà

(0, 1], äëÿ êîòîðûõ ñóùåñòâóþò ÷èñëà mω, qω èç (0, 1], Mω òàêèå ÷òî

mω ≤ ω(λr)

ω(r)
≤Mω, r ∈ (0, 1], λ ∈ [qω, 1]. (2.21)

Äëÿ âñåõ 0 < p < +∞ è ω ∈ Ω ââåäåì â ðàññìîòðåíèå ñëåäóþùèå âåñîâûå

êëàññû �óíêöèé (ñì. [37℄, [41℄):

Ap(ω) =



f ∈ H(D) :

1∫

0

ω(1− r)




π∫

−π

|f(reiθ)|dθ



p

dr < +∞



 ,
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Spω =



f ∈ H(D) :

1∫

0

ω(1− r)T p(r, f)dr < +∞



 .

Âî ìíîãèõ çàäà÷àõ êîìïëåêñíîãî àíàëèçà ÷àñòî âîçíèêàåò âîïðîñ âëî-

æåíèÿ îäíîãî êëàññà àíàëèòè÷åñêèõ �óíêöèé â äðóãîé (ñì. [43℄). Íàïðèìåð,

ïðè ðåøåíèè èíòåðïîëÿöèîííûõ çàäà÷ â êëàññàõ Spω åñòåñòâåííûì îáðàçîì

âîçíèêàåò çàäà÷à ñëåäóþùåãî òèïà:

Ïóñòü µ - íåîòðèöàòåëüíàÿ áîðåëåâñêàÿ ìåðà â D. Êàêèì óñëîâèÿì

äîëæíà óäîâëåòâîðÿòü ìåðà µ, ÷òîáû äëÿ âñåõ f ∈ Spω

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) < +∞?

Â ýòîì ïàðàãðà�å ïîëó÷åíà ïîëíàÿ õàðàêòåðèçàöèÿ ìåð µ, äëÿ êîòîðûõ ñïðà-

âåäëèâà óêàçàííàÿ îöåíêà.

Ñïðàâåäëèâà

Òåîðåìà 2.2. Ïóñòü µ - êîíå÷íàÿ íåîòðèöàòåëüíàÿ áîðåëåâñêàÿ ìå-

ðà, çàäàííàÿ íà ïîäìíîæåñòâàõ åäèíè÷íîãî êðóãà D, 1 ≤ p < +∞. Òîãäà

ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1.

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤ C

1∫

0

ω(1− r)T p(r, f)dr < +∞, f ∈ Spω, (2.22)

2. µ(∆l(θ)) ≤ C1 · ω(l) · lp+1, ïðè âñåõ θ ∈ [−π, π], l ∈ (0, 1). (2.23)

Çäåñü ∆l(θ) � ðàçáèåíèå (0.12) åäèíè÷íîãî êðóãà.

Ïðè 0 < p < 1 õàðàêòåðèçàöèÿ ìåð èìååò äðóãîé âèä:

Òåîðåìà 2.3. Ïóñòü µ - êîíå÷íàÿ íåîòðèöàòåëüíàÿ áîðåëåâñêàÿ ìåðà,

çàäàííàÿ íà ïîäìíîæåñòâàõ åäèíè÷íîãî êðóãà D, 0 < p < 1, rk = 1 − 1
2k
,

k = 0, 1, 2... Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1.

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤ C

1∫

0

ω(1− r)T p(r, f)dr < +∞, f ∈ Spω, (2.24)
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2.

2k−1∑

s=−2k

(µ(∆k,s))
1

1−p ≤ c(1− rk)
1+p
1−p (ω(1− rk))

1
1−p . (2.25)

Çäåñü ∆k,s � äèàäè÷åñêîå ðàçáèåíèå (0.13) åäèíè÷íîãî êðóãà.

Äëÿ äîêàçàòåëüñòâà òåîðåì íàì ïîòðåáóåòñÿ ñëåäóþùàÿ ëåììà (ñì., íà-

ïðèìåð, [41℄).

Ëåììà 2.3. Ïðè âñåõ s > 1 ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

1∫

0

ω(1− r)

(1− ρr)s
dr ≤ c

ω(1− ρ)

(1− ρ)s−1
, (2.26)

ãäå ω � �óíêöèÿ ñ âûøåîïèñàííûìè ñâîéñòâàìè.

Äîêàçàòåëüñòâî òåîðåìû 2.2. Äîêàæåì èìïëèêàöèþ 1) ⇒ 2).

Ïóñòü g ∈ Ap(ω), g(z) = u(z) + iv(z), òîãäà î÷åâèäíî exp{±g(z)} ∈ Spω.

Ââåäåì òàêæå ñòàíäàðòíûå îáîçíà÷åíèÿ: u+(z) = max(0, u(z)),

u−(z) = max(0,−u(z)). ßñíî, ÷òî u+(z) + u−(z) = |u(z)|. Èç îöåíêè

(2.22) ñëåäóåò, ÷òî

∫

D

(
u+(ζ)

)p
dµ(ζ) ≤ C

1∫

0

ω(1− r)




π∫

−π

|u(reiθ)|dθ



p

dr. (2.27)

Äåéñòâèòåëüíî, ïîëîæèâ f(z) = exp(g(z)), ïîëó÷èì:

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) =

∫

D

{(ℜg(ζ))+}pdµ(ζ) =
∫

D

(u+(ζ))pdµ(ζ) ≤

≤
1∫

0

ω(1− r)T p(r, f)dr =

1∫

0

ω(1− r)




π∫

−π

u+(reiθ)dθ



p

dr ≤

≤
1∫

0

ω(1− r)




π∫

−π

|u(reiθ)|dθ




p

dr ≤
1∫

0

ω(1− r)




π∫

−π

|g(reiθ)|dθ




p

dr < +∞.
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Èç òåõ æå ñîîáðàæåíèé, ïîëîæèâ f(z) = exp(−g(z)), èìååì:

∫

D

(
u−(ζ)

)p
dµ(ζ) ≤

1∫

0

ω(1− r)




π∫

−π

|u(reiθ)|dθ



p

dr. (2.28)

Ñêëàäûâàÿ íåðàâåíñòâà (2.27) è (2.28), ïîëó÷àåì:

∫

D

{
(
u+(ζ)

)p
+
(
u−(ζ)

)p}dµ(ζ) ≤ 2

1∫

0

ω(1− r)




π∫

−π

|u(reiθ)|dθ



p

dr.

Ó÷èòûâàÿ òåïåðü íåðàâåíñòâî (|a| + |b|)p ≤ 2p (|a|p + |b|p), ñïðàâåäëèâîå äëÿ
âñåõ a, b ∈ C, 0 < p < +∞, ïîëó÷àåì:

∫

D

|u(ζ)|pdµ(ζ) ≤ c(p)

1∫

0

ω(1− r)




π∫

−π

|u(reiθ)|dθ



p

dr. (2.29)

Äàëåå, òàê êàê g ∈ Ap(ω), g(z) = u(z)+iv(z), òî exp{±ig(z)} ∈ Spω. Î÷åâèäíî,

÷òî v(z) = −ℜ(ig(z)). �àññóæäàÿ, êàê âûøå, ïîëó÷èì:

∫

D

|v(ζ)|pdµ(ζ) ≤ c(p)

1∫

0

ω(1− r)




π∫

−π

|v(reiθ)|dθ



p

dr. (2.30)

Îáúeäèíèì òåïåðü îöåíêè (2.29), (2.30):

∫

D

|g(ζ)|pdµ(ζ) ≤
∫

D

|u(ζ) + iv(ζ)|pdµ(ζ) ≤

≤ 2p



∫

D

|u(ζ)|pdµ(ζ) +
∫

D

|v(ζ)|pdµ(ζ)


 ≤

≤ c1(p)

1∫

0

ω(1−r)




π∫

−π

|u(reiθ)|dθ



p

dr+c1(p)

1∫

0

ω(1−r)




π∫

−π

|v(reiθ)|dθ



p

dr ≤

≤ c2(p)

1∫

0

ω(1− r)




π∫

−π

|g(reiθ)|dθ



p

dr.
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Òàêèì îáðàçîì, â óñëîâèÿõ òåîðåìû äëÿ ëþáîé �óíêöèè g ∈ Ap(ω) ñïðàâåä-

ëèâà îöåíêà:

∫

D

|g(ζ)|pdµ(ζ) ≤ c2(p)

1∫

0

ω(1− r)




π∫

−π

|g(reiθ)|dθ



p

dr. (2.31)

Âîçüìåì â êà÷åñòâå g �óíêöèþ (1−a2)β
(1−az)2β , ãäå 0 < a < 1, β - äîñòàòî÷íî áîëüøîå

ïîëîæèòåëüíîå ÷èñëî. Ïîäñòàâèì â íåðàâåíñòâî (2.31):

∫

D

|g(ζ)|pdµ(ζ) ≤ c2(p)

1∫

0

ω(1− r)




π∫

−π

(1− a2)β

(1− areiθ)2β
dθ



p

dr ≤

≤ c2(p)(1− a2)βp
1∫

0

ω(1− r)

(1− ar)(2β−1)p
dr.

Ïðèìåíÿÿ òåïåðü îöåíêó (2.26), ïîëó÷àåì:

∫

D

|g(ζ)|pdµ(ζ) ≤ c3(p)
ω(1− a)

(1− a)p(β−1)−1
.

Ïîëàãàÿ l = 1− a, áóäåì èìåòü:

∫

D

|g(ζ)|pdµ(ζ) ≤ c3(p)
ω(l)

lp(β−1)−1
.

Îöåíèì òåïåðü âûøåóêàçàííûé èíòåãðàë ñíèçó. Ñíà÷àëà çàìåòèì, ÷òî ïðè

âñåõ z = reiθ ∈ ∆l(θ) ñïðàâåäëèâî

|1− az|2 = ((1− a) + a(1− r))2 + 4ar sin2
θ

2
≥ (1− a)2.

Ïîýòîìó

∫

D

|g(ζ)|pdµ(ζ) =
∫

D

(1− a2)βp

(1− aζ)2βp
dµ(ζ) ≥ (1− a2)βo

(1− a)2βp

∫

∆l

dµ(ζ) ≥ µ(∆l)

lβp
.

Îáúåäèíÿÿ âåðõíþþ è íèæíþþ îöåíêè äëÿ èíòåãðàëà

∫
D

|g(ζ)|pdµ(ζ), ïîëó-
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÷àåì:

µ(∆l)

lβp
≤
∫

D

|g(ζ)|pdµ(ζ) ≤ c3(p)
ω(l)

lp(β−1)−1
,

îòêóäà íåïîñðåäñòâåííî ñëåäóåò îöåíêà (2.23) òåîðåìû. Èìïëèêàöèÿ 1)⇒ 2)

óñòàíîâëåíà.

Äîêàæåì òåïåðü, ÷òî 2)⇒ 1). Çàäàäèì ðàçáèåíèå∆k,s êðóãàD è îöåíèì

ñâåðõó èíòåãðàë

∫
D

(
ln+ |f(ζ)|

)p
dµ(ζ) ñ ó÷åòîì íåðàâåíñòâà (2.23):

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤

+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
µ(∆k,s) ≤

≤
+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
ω(sk)s

p+1
k ,

ãäå ζk,s ∈ ∆k,s, sk = rk+1 − rk, k = 0, 1, . . . . Ïðîäîëæèì îöåíêó:

+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
ω(rk+1 − rk)(rk+1 − rk)

p+1 ≤

≤
+∞∑

k=0

ω(1− rk)(1− rk)

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
(1− rk)

p.

Ó÷èòûâàÿ, ÷òî 0 < 1
p ≤ 1, ïîëó÷àåì:

+∞∑

k=0

ω(1− rk)(1− rk)




2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
(1− rk)

p





p
p

≤

≤
+∞∑

k=0

ω(1− rk)(1− rk)




2k−1∑

s=−2k

ln+ |f(ζk,s)|(1− rk)



p

.

�àññìîòðèì êðóã Kρ(ζk,s) = {ζ : |ζ − ζk,s| < ρ(1− |ζk,s|)}, ãäå ζk,s ∈ ∆k,s,

−2k ≤ s ≤ 2k − 1, 0 < ρ < 1
2, è ñóáãàðìîíè÷åñêóþ �óíêöèþ ln+ |f(ζ)| â íåì.
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Èìååì:

ln+ |f(ζk,s)| ≤
1

πρ2(1− |ζk,s|)2
∫

Kρ(ζk,s)

ln+ |f(ζ)|dm2(ζ),

îòêóäà

2k−1∑

s=−2k

(1− rk) ln
+ |f(ζk,s)| ≤

2k−1∑

s=−2k

1

(1− rk)

∫

Kρ(ζk,s)

ln+ |f(ζ)|dm2(ζ).

Î÷åâèäíî, ÷òî ∪2k−1
s=−2k

Kρ(ζk,s) ⊂ Πk, ãäå Πk =
{
ζ : 1− 1

2k−1 < |ζ| < 1− 1
2k+2

}
,

ïîýòîìó:

2k−1∑

s=−2k

1

(1− rk)

∫

Kρ(ζk,s)

ln+ |f(ζ)|dm2(ζ) ≤
1

(1− rk)

∫

Πk

ln+ |f(ζ)|dm2(ζ) ≤

1− rk+2

(1− rk)

π∫

−π

ln+ |f(rk+2e
iθ)|dθ ≤ c

π∫

−π

ln+ |f(rk+2e
iθ)|dθ.

Â ïîñëåäíåì íåðàâåíñòâå ìû âîñïîëüçîâàëèñü òåì, ÷òî �óíêöèÿ

ρ → 1
2π

π∫
−π

ln+ |f(reiθ)|dθ ìîíîòîííî âîçðàñòàåò (ñì., íàïðèìåð, [30, ñ. 27℄).

Çíà÷èò,

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤ C(p)

+∞∑

k=0

ω(1− rk)(1− rk)




π∫

−π

ln+ |f(rk+2e
iθ)|dθ




p

.

Ïðèíèìàÿ âî âíèìàíèå îöåíêó (2.21), çàêëþ÷àåì:

+∞∑

k=0

ω(1− rk)(1− rk)




π∫

−π

ln+ |f(rk+2e
iθ)|dθ



p

≤

c

1∫

0

ω(1− r)




π∫

−π

ln+ |f(reiθ)|dθ



p

dr.

Òàêèì îáðàçîì, óñòàíîâëåíî, ÷òî 2) ⇒ 1). Òåîðåìà 2.2 äîêàçàíà.
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Äîêàçàòåëüñòâî òåîðåìû 2.3.

Äîêàæåì èìïëèêàöèþ 2) ⇒ 1). Çàäàäèì ðàçáèåíèå ∆k,s êðóãà D è îöå-

íèì ñâåðõó èíòåãðàë

∫
D

(
ln+ |f(ζ)|

)p
dµ(ζ):

∫

D

(
ln+ |f(ζ)|

)p
dµ(ζ) ≤

+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
µ(∆k,s), (2.32)

ãäå ζk,s - òî÷êà ìàêñèìóìà �óíêöèè ln+ |f(ζ)| â∆k,s. Áóäåì ïðåäïîëàãàòü, ÷òî

ln+ |f(ζk,s)| > 0 (â ïðîòèâíîì ñëó÷àå, ñîîòâåòñòâóþùèå îöåíêè òðèâèàëüíû).

Ó÷èòûâàÿ ñóáãàðìîíè÷íîñòü �óíêöèè ln+ |f(ζ)| è òåîðåìó Õàðäè-Ëèòòëâóäà
(ñì. [5, ñ. 195℄), ïîëó÷àåì:

(
ln+ |f(ζk,s)|

)p ≤ c

|∆k,s|

rk+1∫

rk

αk,s+1∫

αk,s

(ln+ |f(ρeiθ)|)pdθρdρ, (2.33)

ãäå rk = 1− 1
2k , αk,s =

πs
2k .

Ïðèìåíèâ â (2.33) ê âíóòðåííåìó èíòåãðàëó íåðàâåíñòâî �¼ëüäåðà ñ

ïîêàçàòåëÿìè q = 1
p , q

′ = 1
1−p, ïðèõîäèì ê íåðàâåíñòâó:

(
ln+ |f(ζk,s)|

)p ≤ c

|∆k,s|

rk+1∫

rk




αk,s+1∫

αk,s

ln+ |f(ρeiθ)|dθ




p

(αk,s+1 − αk,s)
1−pρdρ.

Ïîäñòàâëÿÿ ïîëó÷åííóþ îöåíêó â (2.32), ïîëó÷àåì:

+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
µ(∆k,s) ≤

c
+∞∑

k=0

1

|∆k,s|

rk+1∫

rk




2k−1∑

s=−2k




αk,s+1∫

αk,s

ln+ |f(ρeiθ)|dθ




p

µ(∆k,s)(αk,s+1 − αk,s)
1−p


 ρdρ.

(2.34)

Ñíîâà ïðèìåíèì â (2.34) ê âíóòðåííåé ñóììå íåðàâåíñòâî �¼ëüäåðà ñ ïîêàçà-
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òåëÿìè q = 1
p, q

′ = 1
1−p, â ðåçóëüòàòå ïîëó÷èì:

rk+1∫

rk







2k−1∑

s=−2k

αk,s+1∫

αk,s

ln+ |f(ρeiθ)|dθ




p

×




2k−1∑

s=−2k

(µ(∆k,s))
1

1−p (αk,s+1 − αk,s)




1−p

 dρ

≤
rk+1∫

rk







π∫

−π

ln+ |f(ρeiθ)|dθ



p

×




2k−1∑

s=−2k

(µ(∆k,s))
1

1−p (αk,s+1 − αk,s)




1−p

 dρ.

(2.35)

Îáúåäèíÿÿ îöåíêè (2.34), (2.35), ïîëó÷àåì:

+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
µ(∆k,s) ≤

c
+∞∑

k=0

1

|∆k,s|

rk+1∫

rk




π∫

−π

ln+ |f(ρeiθ)|dθ



p

×




2k−1∑

s=−2k

(µ(∆k,s))
1

1−p (αk,s+1 − αk,s)




1−p

dρ.

(2.36)

Ñëåäîâàòåëüíî, åñëè

(1− rk)
1−p

|∆k,s|




2k−1∑

s=−2k

(µ(∆k,s))
1

1−p




1−p

≤ cω(1− rk),

òî åñòü âûïîëíÿåòñÿ óñëîâèå (2.25) òåîðåìû, òî

+∞∑

k=0

2k−1∑

s=−2k

(
ln+ |f(ζk,s)|

)p
µ(∆k,s) ≤

C

1∫

0

ω(1− r)




π∫

−π

ln+ |f(reiθ)|dθ




p

dr. (2.37)

Îáúåäèíÿÿ îöåíêè (2.33) è (2.37), ïîëó÷èì (2.24).

Èòàê, ìû äîêàçàëè, ÷òî 2)⇒ 1)

Äîêàæåì òåïåðü îáðàòíóþ èìïëèêàöèþ, òî åñòü 1) ⇒ 2).
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Ââåäåì �óíêöèþ

f(z, t) =
2k−1∑

s=0

ck,sϕs(t)

(1− zsz)n
, z ∈ D, t ∈ [0, 1],

ãäå ck,s � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë, zk,s �

öåíòð êðèâîëèíåéíîãî ïðÿìîóãîëüíèêà ∆k,s, n � äîñòàòî÷íî áîëüøîå íàòó-

ðàëüíîå ÷èñëî, ϕs(t) � �óíêöèÿ �àäåìàõåðà ïîðÿäêà s. Ïîëîæèì òàêæå

F (z, t) = exp f(z, t). Î÷åâèäíî, ÷òî äëÿ ïðîèçâîëüíîãî t ∈ [0, 1] �óíêöèÿ

F ∈ Spω. Ïîýòîìó åñëè âûïîëíÿåòñÿ (2.24), òî

∫

D

|f(z, t)|pdµ(z) ≤
1∫

0

ω(1− r)




π∫

−π

|f(reiθ, t)|dθ




p

dr.

Ïðîèíòåãðèðóåì ýòî íåðàâåíñòâî ïî t ∈ [0, 1]. Ìåíÿÿ ïîðÿäîê èíòåãðèðîâà-

íèÿ, ïîëó÷àåì:

∫

D




1∫

0

|f(z, t)|pdt


 dµ(z) ≤

1∫

0

ω(1− r)




1∫

0




π∫

−π

|f(reiθ, t)|dθ



p

dt


 dr.

Èñïîëüçóÿ èçâåñòíîå ñâîéñòâî ñèñòåìû �àäåìàõåðà (ñì. [13, ñ. 341℄), ïîëó÷à-

åì:

∫

D




2k−1∑

s=0

|ck,s|2
|1− zsz|2n





p
2

dµ(z) ≤ c

1∫

0

ω(1− r)




π∫

−π

2k−1∑

s=0

|ck,s|
|1− zsz|n

dθ




p

dr,

îòêóäà

2k−1∑

s=0

|ck,s|pµ(∆k,s) ≤ c(1− rk)
pn

1∫

0

ω(1− r)




2k−1∑

s=0

|ck,s|
(1− rkr)n−1



p

dr ≤

c(1− rk)
pn

1∫

0

ω(1− r)

(1− rkr)(n−1)p
dr ×




2k−1∑

s=0

|ck,s|




p

.



93

Cíîâà ïðèìåíÿÿ îöåíêó (2.26), ïîëó÷àåì:

2k−1∑

s=0

|ck,s|pµ(∆k,s) ≤ cω(1− rk)(1− rk)
p+1 ×




2k−1∑

s=0

|ck,s|




p

,

Îáîçíà÷èì òåïåðü |ck,s| = |bs|1/p. Òîãäà ïîñëåäíþþ îöåíêó ìîæíî ïåðåïèñàòü

â ñëåäóþùåì âèäå:

2k−1∑

s=0

|bs|µ(∆k,s) ≤ cω(1− rk)(1− rk)
p+1 ×




2k−1∑

s=0

|bs|
1
p



p

,

Ïî òåîðåìå Õàíà-Áàíàõà:

sup
‖b‖

l
1
p
≤1

2k−1∑

s=0

|bs|µ(∆k,s) =




2k−1∑

s=0

(µ(∆k,s))
1

1−p




1−p

≤

≤ c · ω(1− rk)(1− rk)
p+1.

Ïîñëå âîçâåäåíèÿ ïîñëåäíåãî íåðàâåíñòâà â ñòåïåíü

1
1−p ïîëó÷èì îöåíêó

(2.25).

Òàêèì æå îáðàçîì óñòàíàâëèâàåòñÿ àíàëîãè÷íàÿ îöåíêà äëÿ ñóììû ïî

îòðèöàòåëüíûì çíà÷åíèÿì ïàðàìåòðà s = −2k,−1. Òåîðåìà 2.3 äîêàçàíà.

Çàìå÷àíèå 2.3. Õàðàêòåðèçàöèÿ ñîîòâåòñòâóþùèõ ìåð â êëàññàõ Õàðäè

è Áåðãìàíà íå çàâèñèò îò ïàðàìåòðà p (ñì. [19, 32, 33℄), à â êëàññàõ Spω, êàê

âèäíî èç òåîðåì 2.2, 2.3 çàâèñèìîñòü ñóùåñòâåííàÿ. Îòìåòèì òàêæå, ÷òî ïðè

äîêàçàòåëüñòâå òåîðåì ýòîãî ïàðàãðà�à ïðèìåíÿëñÿ ìåòîä, ðàçðàáîòàííûé

ðàíåå â ðàáîòàõ [32℄, [33℄.
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2.3 Î êîý��èöèåíòíûõ ìóëüòèïëèêàòîðàõ èç êëàññà

àíàëèòè÷åñêèõ â êðóãå �óíêöèé ñ îãðàíè÷åíèåì

íà õàðàêòåðèñòèêó �. Íåâàíëèííû

�àññìîòðèì êëàññ Spα, α > −1, àíàëèòè÷åñêèõ â D �óíêöèé, òàêèõ ÷òî

1∫

0

(1− r)αT p(r, f)dr < +∞, (2.38)

ãäå 0 < p < +∞, T (r, f) - õàðàêòåðèñòèêà �. Íåâàíëèííû �óíêöèè f .

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

Òåîðåìà 2.4. Åñëè f ∈ Spα, òî

ln+M(r, f) = o

(
1

(1− r)
α+1
p

+1

)
, r → 1− 0, (2.39)

ãäå M(r, f) - ìàêñèìóì ìîäóëÿ �óíêöèè, ò.å. M(r, f) = max
|z|=r

|f(z)|;
îöåíêà (2.39) íåóëó÷øàåìà, ò.å. äëÿ ëþáîé ïîëîæèòåëüíîé �óíêöèè ω(r),

0 < r < 1, òàêîé ÷òî ω(r) = o(1), r → 1− 0, ñóùåñòâóåò �óíêöèÿ f ∈ Spα,

òàêàÿ ÷òî

ln+M(r, f) 6= O

(
ω(r)

(1− r)
α+1
p

+1

)
, r → 1− 0. (2.40)

Òåîðåìà 2.5. Åñëè f(z) =
+∞∑
n=0

anz
n
-ðÿä Òåéëîðà �óíêöèè f ∈ Spα, òî

ln+ |an| = o
(
n

α+p+1
α+2p+1

)
, n→ +∞; (2.41)

îöåíêà (2.41) íåóëó÷øàåìà, ò.å. äëÿ ëþáîé ïîëîæèòåëüíîé ïîñëåäîâàòåëü-

íîñòè {δn}, δn = o(1), ñóùåñòâóåò �óíêöèÿ f ∈ Spα, òàêàÿ ÷òî

ln+ |an| 6= O
(
δnn

α+p+1
α+2p+1

)
, n→ +∞. (2.42)

Äëÿ äîêàçàòåëüñòâà òåîðåìû 2.5 íàì ïîòðåáóåòñÿ ñëåäóþùåå èçâåñòíîå

íåðàâåíñòâî (ñì. [28, ñ. 178℄):
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Ëåììà 2.4. (Íåðàâåíñòâî Ìèíêîâñêîãî). Ïóñòü {fk}+∞
k=1 � ïîñëå-

äîâàòåëüíîñòü íåîòðèöàòåëüíûõ �óíêöèé. Ïðè âñåõ 1 ≤ p < +∞ ñïðàâåä-

ëèâî íåðàâåíñòâî:

[∫ {∑

k

fk(x)

}p

dx

]1/p
<
∑

k

{∫
f pk (x)dx

}1/p

. (2.43)

Äîêàçàòåëüñòâî òåîðåìû 2.4. Ïóñòü f ∈ Spα. Ïðè âñåõ 0 ≤ r < R < 1

ñïðàâåäëèâà îöåíêà (ñì., íàïðèìåð, [22, ñ. 84℄)

ln+M(r, f) ≤ R + r

R − r
· T (R, f),

îòêóäà

(R− r) ln+M(r, f) ≤ 2T (R, f). (2.44)

Âîçâåäåì îáå ÷àñòè íåðàâåíñòâà (2.44) â ñòåïåíü p, 0 < p < +∞, çàòåì óìíî-

æèì íà (1− R)α è ïðîèíòåãðèðóåì ïî R ∈ (0, 1). Â ðåçóëüòàòå ïîëó÷èì:

1∫

0

(1− R)α(R− r)p(ln+M(r, f))pdr ≤ 2p
1∫

0

(1− R)αT p(R, f)dR. (2.45)

Íî èíòåãðàë â ïðàâîé ÷àñòè íåðàâåíñòâà (2.45) ñõîäèòñÿ ââèäó òîãî, ÷òî

f ∈ Spα, ïîýòîìó, ïîëàãàÿ R = 1+r
2 , áóäåì èìåòü:

1∫

0

(1− r)α+p(ln+M(r, f))pdr ≤ c.

Ïóñòü òåïåðü 0 < R < 1. Îáîçíà÷èì

IR =

1∫

R

(1− r)α+p(ln+M(r, f))pdr.

Î÷åâèäíî,

ln+M(R, f) ≤ cp
(IR)

1
p

(1− R)
α+1
p

+1
.

Ïîñêîëüêó IR → 0 ïðè R → 1 − 0, òî èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷èì
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(2.39).

Òåïåðü äîêàæåì òî÷íîñòü îöåíêè (2.39). Äëÿ ëþáîé ïîëîæèòåëüíîé

�óíêöèè ω(r) = o(1), r → 1 − 0, âûáåðåì òî÷êè rk ∈ (0, 1), rk → 1, òàêèì

îáðàçîì, ÷òîáû

ω(rk) <
1

ks+1
, k = 1, 2, ..., (2.46)

ãäå s > 1 ïðè p > 1, s > 1
p ïðè 0 < p ≤ 1.

�àññìîòðèì �óíêöèþ

f(z) = exp

+∞∑

k=1

1

ks
(1− r2k)

β

(1− rkz)
β+α+1

p
+1
, z ∈ D

ãäå rk ∈ (0, 1), s > 1 ïðè p > 1, s > 1
p
ïðè 0 < p ≤ 1, β > α.

Ïîêàæåì, ÷òî f ∈ Spα ïðè âñåõ 0 < p < +∞.

Äåéñòâèòåëüíî, ïðèíèìàÿ âî âíèìàíèå îöåíêó (1.3), áóäåì èìåòü:

1∫

0

(1− r)αT p(r, f)dr ≤
1∫

0

(1− r)α




+∞∑

k=1

π∫

−π

1

ks
(1− r2k)

β

|1− rkreiϕ|β+
α+1
p

+1
dϕ




p

dr

≤
1∫

0

(1− r)α

(
+∞∑

k=1

1

ks
(1− r2k)

β

(1− rkr)
β+α+1

p

)p

dr = I.

�àññìîòðèì ñíà÷àëà ñëó÷àé 0 < p ≤ 1. Âîñïîëüçóåìñÿ òåïåðü îöåíêîé (1.4):

I ≤
+∞∑

k=1

1

ksp
(1− r2k)

βp

1∫

0

(1− r)α

(1− rkr)βp+α+1
dr ≤ c

+∞∑

k=1

1

ksp
< +∞,

òàê êàê s > 1
p ïðè 0 < p ≤ 1.

�àññìîòðèì òåïåðü ñëó÷àé p > 1. Äëÿ îöåíêè èíòåãðàëà I âîñïîëüçóåìñÿ

íåðàâåíñòâîì Ìèíêîâñêîãî (2.43) è îöåíêîé (1.4):

I ≤




+∞∑

k=1




1∫

0

1

ksp
(1− r)α(1− r2k)

βp

(1− rkr)βp+α+1
dr




1
p




p

≤
(
c
+∞∑

k=1

1

ks

)p

< +∞,

òàê êàê s > 1 ïðè p > 1.
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Òàêèì îáðàçîì äîêàçàíî, ÷òî f ∈ Spα ïðè âñåõ 0 < p < +∞.

Îöåíèì òåïåðü ln+ |f(rk)| ñ ó÷åòîì (2.46):

ln+ |f(rk)| =
1

ks
(1− r2k)

−(α+1
p

+1) > kω(rk)(1− r2k)
−(α+1

p
+1),

òî åñòü âûïîëíÿåòñÿ óñëîâèå (2.40) òåîðåìû 2.4. Òåîðåìà 2.4 äîêàçàíà

ïîëíîñòüþ.

Äîêàçàòåëüñòâî òåîðåìû 2.5. Èç íåðàâåíñòâà Êîøè è îöåíêè (2.39)

òåîðåìû 2.4 ñëåäóåò, ÷òî äëÿ ëþáîãî ñêîëü óãîäíî ìàëîãî ε > 0 ñóùåñòâóåò

rε ∈ (0, 1), òàêîå ÷òî

|an| ≤ r−n exp
{
ε(1− r)−(

α+1
p

+1)
}
, rε < r < 1, n = 0, 1, ... (2.47)

Â êà÷åñòâå r âîçüìåì rn = 1 −
(
ε
n

) p
α+2p+1

. Î÷åâèäíî, ÷òî rn ∈ (rε, 1) ïðè

äîñòàòî÷íî áîëüøèõ n ∈ N. Îöåíêà (2.47) ïðèìåò âèä:

|an| ≤
(
1−

( ε
n

) p
α+2p+1

)−n
· exp

(
ε

p
α+2p+1n

α+p+1
α+2p+1

)
≤ exp

(
2ε

p
α+2p+1n

α+p+1
α+2p+1

)
,

îòêóäà ïîëó÷àåì îöåíêó (2.41) òåîðåìû 2.4.

Òåïåðü äîêàæåì òî÷íîñòü îöåíêè (2.41) ìåòîäîì îò ïðîòèâíîãî. Ïðåä-

ïîëîæèì, ÷òî ∃{δn}, δn = o(1), n → +∞, òàêàÿ ÷òî äëÿ ëþáîé �óíêöèè

f ∈ Spα ñïðàâåäëèâî íåðàâåíñòâî

ln+ |an| ≤ Cfδnn
α+p+1
α+2p+1 , n = 1, 2, ...,

ãäå Cf > 0. Òîãäà

M(r, f) ≤ |a0|+
+∞∑

n=1

exp
(
Cfδnn

α+p+1
α+2p+1

)
rn, 0 < r < 1.

Îïðåäåëèì öåëî÷èñëåííóþ �óíêöèþ m(r) → +∞, r → 1 − 0 ñëåäóþùèì

îáðàçîì:

m(r) = max
{
n : n

α+p+1
α+2p+1 +

n

2
ln r ≥ 0

}
, 0 < r < 1. (2.48)

Èç (2.48) ñëåäóåò, ÷òî
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r
n
2 ≥ exp

(
−n

α+p+1
α+2p+1

)
, (2.49)

ïðè n ≤ m(r).

Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî

n−
p

α+2p+1 ≤ δn ≤ 1. (2.50)

Ñ ó÷åòîì (2.49), (2.50) îöåíêà ìàêñèìóìà ìîäóëÿ �óíêöèè ïðèìåò âèä:

M(r, f) ≤ |a0|+
m(r)∑

n=1

exp
(
Cfδnn

α+p+1
α+2p+1

)
+

+∞∑

n=m(r)+1

r
n
2 <

< (m(r) + 1) exp
(
Cfδk(r)(k(r))

α+p+1
α+2p+1

)
+

1

1−√
r
,

ãäå k(r) - íîìåð ìàêèìàëüíîãî ýëåìåíòà ñðåäè δnn
α+p+1
α+2p+1

, n = 1, 2, ....m(r).

Ââèäó (2.50), k(r) → +∞ ïðè r → 1 − 0. Èç (2.48) ñ ó÷åòîì ýëåìåíòàðíûõ

íåðàâåíñòâ

(1− r) < ln
1

r
<

1− r

r
, 0 < r < 1,

ñëåäóþò íåðàâåíñòâà

(m(r))
α+p+1
α+2p+1 ≤

(
2

1− r

)α+p+1
p

,

m(r) + 1 >

(
2r

1− r

)α+2p+1
p

.

Ñ ó÷åòîì ýòèõ íåðàâåíñòâ îöåíêà ìàêñèìóìà ìîäóëÿ �óíêöèè ïðèìåò âèä:

M(r, f) ≤ exp
{
Cfδk(r)(m(r))

α+p+1
α+2p+1 + ln(m(r) + 1)

}
+

(m(r) + 1)
p

α+2p+1

r
<

< exp
{
C̃fδk(r)(1− r)−(

α+1
p

+1)
}
.

Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî

ln+M(r, f) = O
(
ω(r) · (1− r)−(

α+1
p

+1)
)
, (2.51)
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ãäå ω(r) ≡ δk(r) = o(1), r → 1− 0.

Íî (2.51) ïðîòèâîðå÷èò âòîðîé ÷àñòè òåîðåìû 2.5. Çíà÷èò, ñäåëàííîå

ïðåäïîëîæåíèå íåâåðíî, è äëÿ ëþáîé ïîëîæèòåëüíîé ïîñëåäîâàòåëüíîñòè

{δn}, δn = o(1), ñóùåñòâóåò �óíêöèÿ f(z) ∈ Spα, òàêàÿ ÷òî

ln+ |an| 6= O
(
δnn

α+p+1
α+2p+1

)
, n→ +∞.

Òåîðåìà 2.4 äîêàçàíà ïîëíîñòüþ.

Äëÿ �îðìóëèðîâêè ñëåäóþùåãî ðåçóëüòàòà ââåäåì äîïîëíèòåëüíûå îïðåäå-

ëåíèÿ è îáîçíà÷åíèÿ. ÏóñòüX - íåêîòîðûé êëàññ àíàëèòè÷åñêèõ â åäèíè÷íîì

êðóãå D �óíêöèé.

Îïðåäåëåíèå 2.3. Ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë Λ = {λk}+∞
k=1

íàçîâåì êîý��èöèåíòíûì ìóëüòèïëèêàòîðîì èç êëàññà Spα â êëàññ X,

åñëè äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ Spα, f(z) =
+∞∑
k=0

akz
k
, �óíêöèÿ

Λ(f)(z) =
+∞∑
k=0

λkakz
k ∈ X.

Îïèñàíèþ ìóëüòèïëèêàòîðîâ â ðàçëè÷íûõ êëàññàõ ãîëîìîð�íûõ �óíê-

öèé ïîñâÿùåíû ðàáîòû îòå÷åñòâåííûõ è çàðóáåæíûõ ó÷åíûõ (ñì. [11, 38, 43,

60℄). Íàìè óñòàíîâëåíî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 2.6. Ïóñòü X ñîâïàäàåò ñ îäíèì èç ñëåäóþùèõ êëàññîâ:

Spβ, (−1 < β < α) èëè Hp (0 < p ≤ ∞). Òîãäà äëÿ òîãî ÷òîáû ïîñëåäîâà-

òåëüíîñòü Λ = {λk}+∞
k=1 ÿâëÿëàñü ìóëüòèïëèêàòîðîì èç êëàññà Spα â êëàññ

X, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

|λk| = O
(
exp

(
−c · k

α+p+1
α+2p+1

))
, c > 0, k → +∞. (2.52)

Äîêàçàòåëüñòâî ýòîé òåîðåìû îñíîâûâàåòñÿ íà âñïîìîãàòåëüíûõ óòâåð-

æäåíèÿõ. Äëÿ �îðìóëèðîâêè ñëåäóþùåé ëåììû ââåäåì â êëàññå Spα ìåòðèêó

ïî ïðàâèëó:

ρ(f, g) =

1∫

0

(1− r)α




π∫

−π

ln
(
1 + |f(reiθ)− g(reiθ)|

)
dθ




p

dr ïðè 0 < p ≤ 1,

(2.53)
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ρ(f, g) =




1∫

0

(1− r)α




π∫

−π

ln
(
1 + |f(reiθ)− g(reiθ)|

)
dθ



p

dr




1
p

ïðè p > 1.

(2.54)

äëÿ ëþáûõ f, g ∈ Spα.

Ëåììà 2.5. Îòíîñèòåëüíî ââåäåííîé ìåòðèêè Spα îáðàçóåò F -

ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ ýêâèâàëåíòíî óñòàíîâëåíèþ

ñëåäóþùèõ ñâîéñòâ ìåòðèêè (ñì. [23℄):

à) ρ(f, g) = ρ(f − g, 0) - î÷åâèäíî;

á) Åñëè f, fn ∈ Spα è ρ(fn, f) → 0, n → +∞, òî äëÿ ëþáîãî β ∈ C

ρ(βfn, βf) → 0, n→ +∞;

â) Åñëè βn, β ∈ C è βn → β, òî ρ(βnf, βf) → 0, n→ +∞ äëÿ ëþáîé �óíêöèè

f ∈ Spα;

ã) Spα � ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî ñâîéñòâ á) - ã) ïðîâåäåì äëÿ ñëó÷àÿ 0 < p ≤ 1. Ñëó÷àé

p > 1 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.

Äîêàæåì ñíà÷àëà ïîëíîòó ïðîñòðàíñòâà Spα. Ïóñòü {fn} - ïðî-

èçâîëüíàÿ �óíäàìåíòàëüíàÿ ïîñëåäîâàòåëüíîñòü èç êëàññà Spα, òî åñòü

∀ε > 0 ∃N(ε) > 0 : ∀n, m > N ⇒ ρ(fn, fm) < ε. Ïîêàæåì, ÷òî îíà

ñõîäèòñÿ ê íåêîòîðîé �óíêöèè f ∈ Spα. Ñíà÷àëà äîêàæåì, ÷òî èç �óíäàìåí-

òàëüíîñòè ïîñëåäîâàòåëüíîñòè {fn} â Spα ñëåäóåò åå ðàâíîìåðíàÿ ñõîäèìîñòü
âíóòðè êðóãà D. Ïóñòü 0 < r < R < 1. Ââèäó ñóáãàðìîíè÷íîñòè �óíêöèè

u(z) = ln(1 + |fn(z)− fm(z)|) â D, èìååì:

lnp(1 + |fn(Reiθ)− fm(Re
iθ)|) ≤

α + 1

(2π)p(1− R)α+1

1∫

R

(1− r)α




π∫

−π

ln
(
1 + |fn(reiθ)− fm(re

iθ)|
)
dθ



p

dr ≤

≤ α + 1

(2π)p(1− R)α+1
ρ(fn, fm),

îòêóäà

|fn(reiθ)− fm(re
iθ)| → 0, n,m→ +∞,

ïðè âñåõ 0 < r < R < 1, θ ∈ [−π, π].
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Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü {fn} ðàâíîìåðíî ñõîäèòñÿ âíóòðè

êðóãà D ê íåêîòîðîé �óíêöèè f ∈ H(D). Äîêàæåì, ÷òî f ∈ Spα. Ôèêñèðóåì

÷èñëî 0 < R < 1. Èñïîëüçóÿ íåðàâåíñòâî (a+ b)p ≤ 2p(ap+ bp), ñïðàâåäëèâîå

ïðè âñåõ ïîëîæèòåëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ a, b, p, ïîëó÷àåì:

R∫

0

(1− r)αT p(r, f)dr ≤
R∫

0

(1− r)α




π∫

−π

ln
(
1 + |f(reiθ)|

)
dθ



p

dr ≤

≤ 2p
( R∫

0

(1− r)α




π∫

−π

ln
(
1 + |f(reiθ)− fn(re

iθ)|
)
dθ



p

dr+

+

R∫

0

(1− r)α




π∫

−π

ln
(
1 + |fn(reiθ)|

)
dθ



p

dr
)
.

Ôèêñèðóåì òåïåðü N ∈ N. Äëÿ ëþáîãî n > N ñïðàâåäëèâî

ρ(fn, 0) =

1∫

0

(1− r)α




π∫

−π

ln
(
1 + |f(reiθ)|

)
dθ




p

dr ≤

≤ 2p
( 1∫

0

(1− r)α




π∫

−π

ln
(
1 + |fn(reiθ)− fN+1(re

iθ)|
)
dθ



p

dr+

R∫

0

(1− r)α




π∫

−π

ln
(
1 + |fN+1(re

iθ)|
)
dθ




p

dr
)
,

òî åñòü ρ(fn, 0) ≤ ρ(fn, fN+1) + ρ(fN+1, 0) < ε+ cN = c1.

Ïîýòîìó

R∫

0

(1− r)αT p(r, f)dr ≤ ρ(fn, f) + ρ(fn, 0) < ε+ c1 = c2.

Óñòðåìëÿÿ R ê 1, ïîëó÷èì, ÷òî f ∈ Spα. Òàêèì îáðàçîì, ïðîñòðàíñòâî Spα
ÿâëÿåòñÿ ïîëíûì.

Ïåðåéäåì ê äîêàçàòåëüñòâó ñâîéñòâà á). Ïðè |β| < 1 ñâîéñòâî ñðàçó

ñëåäóåò. Ïðåäïîëîæèì, ÷òî |β| > 1. Ìîæíî ñ÷èòàòü, ÷òî β > 1. Òàê êàê
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ïîñëåäîâàòåëüíîñòü {fn} ñõîäèòñÿ, òî îíà �óíäàìåíòàëüíàÿ. Íî èç �óíäà-

ìåíòàëüíîñòè, êàê óñòàíîâëåíî âûøå, ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü óêà-

çàííîé ïîñëåäîâàòåëüíîñòè âíóòðè D.

Ïîñêîëüêó äëÿ ëþáîãî β ≥ 1 è x ≥ 0 ñïðàâåäëèâà îöåíêà

(1 + βx) ≤ (1 + x)β, òî

ρ(βfn, βf) =

1∫

0

(1− r)α




π∫

−π

ln(1 + β|fn(reiθ)− f(reiθ)|)dθ



p

dr ≤

1∫

0

(1− r)α




π∫

−π

ln(1 + |fn(reiθ)− f(reiθ)|)βdθ




p

dr ≤

βp
1∫

0

(1− r)α




π∫

−π

ln(1 + |fn(reiθ)− f(reiθ)|)dθ



p

dr = βpρ(fn, f),

îòêóäà ñëåäóåò ñâîéñòâî á).

Äîêàæåì òåïåðü ñïðàâåäëèâîñòü ñâîéñòâà â). Ïóñòü f ∈ Spα è βn → β,

n→ +∞. Îöåíèì

ρ(βnf, βf) =

1∫

0

(1− r)α




π∫

−π

ln(1 + |βnf(reiθ)− βf(reiθ)|)dθ



p

dr =

=

1∫

0

(1− r)α




π∫

−π

ln(1 + |f(reiθ)||βn − β|)dθ



p

dr =

r0∫

0

...+

1∫

r0

... = J1 + J2.

Âûáåðåì 0 < r0 < 1 òàê, ÷òîáû J2 <
ε
2
, ãäå ε > 0 � ïðîèçâîëüíîå äîñòàòî÷íî

ìàëåíüêîå ÷èñëî. Îöåíèì J1:

J1 =

r0∫

0

(1− r)α




π∫

−π

ln
(
1 + |βn − β| · |f(reiθ)|

)
dθ



p

dr ≤

(2π)p lnp
(
1 + |βn − β| · |f(r0eiθ)|

)
r0∫

0

(1− r)αdr

Èñïîëüçóÿ òåîðåìó 2.4, ïîëó÷àåì:
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J1 ≤ (2π)p lnp

(
1 + |βn − β| exp δ

(1− r0)
α+1
p

+1

)
· 1− (1− r0)

α+1

α + 1
,

ãäå δ > 0 � ñêîëü óãîäíî ìàëåíüêîå ÷èñëî.

Ïîñêîëüêó |βn − β| → 0, n → +∞, òî J1 ≤ ε
2 ïðè n > N(ε). Òàêèì

îáðàçîì, â) óñòàíîâëåíî. Ëåììà 2.5 äîêàçàíà.

Ëåììà 2.6. Ïóñòü ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë {λk}+∞
k=1

óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ:

|λk| = O
(
exp

(
−ck · k

α+p+1
α+2p+1

))
, c > 0, k → +∞ (2.55)

äëÿ ïðîèçâîëüíîé ïîëîæèòåëüíîé ïîñëåäîâàòåëüíîñòè {ck}+∞
k=1, ck ↓ 0,

k → +∞. Òîãäà íàéäåòñÿ ÷èñëî c > 0, òàêîå ÷òî äëÿ âñåõ k ∈ N áóäåò

âûïîëíÿòüñÿ óñëîâèå (2.52).

Äîêàçàòåëüñòâî ëåììû 2.6 ïîâòîðÿåò ðàññóæäåíèÿ, ïðîâåäåííûå â ðà-

áîòå [60℄ (ñì. ëåììó 1) ñ ïîêàçàòåëåì ñòåïåíè

α+p+1
α+2p+1. Äëÿ ïîëíîòû èçëîæåíèÿ

ïðèâåäåì åãî.

Èç îöåíêè (2.55), î÷åâèäíî, ñëåäóåò, ÷òî |λk| → 0, k → +∞ è

L(k) = lim
k→+∞

k−
α+p+1
α+2p+1 ln |λk| ≤ 0.

Äëÿ òîãî ÷òîáû äîêàçàòü ñïðàâåäëèâîñòü îöåíêè (2.52), äîñòàòî÷íî ïîêàçàòü,

÷òî L(k) < 0.

Ïðåäïîëîæèì, ÷òî L(k) = 0. Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ïðåäïî-

ëàãàòü, ÷òî

bk = −k−
α+p+1
α+2p+1 ln |λk| ↓ 0, k → +∞.

Èç (2.55) ñëåäóåò, ÷òî ñóùåñòâóåò êîíñòàíòà A = A{ck}, çàâèñÿùàÿ îò ïîñëå-

äîâàòåëüíîñòè {ck}, òàêàÿ ÷òî

|λk| ≤ A exp
(
−ck · k

α+p+1
α+2p+1

)
,

îòêóäà

(ck − bk)k
α+p+1
α+2p+1 ≤ lnA. (2.56)

Ïîëîæèì c∗k = max(2bk, k
− α+p+1

2(α+2p+1) ), c∗k ↓ 0. Ïîäñòàâëÿÿ â íåðàâåíñòâî (2.56)
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c∗k âìåñòî ck, A
∗ = A{c∗k} âìåñòî A, ïîëó÷èì:

1

2
k

α+p+1
2(α+2p+1) ≤ lnA∗

ïðè âñåõ k = 1, 2, ..., ÷òî ïðîòèâîðå÷èâî. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçû-

âàåò ëåììó 2.6.

Ëåììà 2.7. Ïóñòü

g(z) = exp
c

(1− z)
α+1
p

+1
, (2.57)

ãäå 0 < c < α+1
p

+ 1,
+∞∑
n=1

an(c)z
n
- ðÿä Òåéëîðà �óíêöèè g. Òîãäà ñïðàâåäëèâà

îöåíêà:

|an(c)| ≥ exp(c
p

α+2p+1 · n
α+p+1
α+2p+1 ). (2.58)

Ìåòîä äîêàçàòåëüñòâà ëåììû 2.7 âîñõîäèò ê Ìåðãåëÿíó Ñ.Í. (ñì. [22℄).

Äîêàçàòåëüñòâî.

Ïîëîæèì äëÿ êðàòêîñòè β = α+1
p + 1. �àçëîæèì �óíêöèþ g(z) â ðÿä

Òåéëîðà ñ öåíòðîì â òî÷êå z = 0.

g(z) =
+∞∑

n=0

an(c)z
n =

+∞∑

n=0

+∞∑

k=0

Γ(n+ βk)

Γ(k + 1)Γ(n+ 1)Γ(βk)
ckzn,

ãäå Γ - �óíêöèÿ Ýéëåðà. Ôèêñèðóåì n � äîñòàòî÷íî áîëüøîå íàòóðàëüíîå

÷èñëî. Îáîçíà÷èì γn,k =
Γ(n+βk)

Γ(k+1)Γ(n+1)Γ(βk)
ck. Î÷åâèäíî, ÷òî γn,k > 0 ïðè âñåõ n

è k. Ïîýòîìó åñëè

γn,kn ≥ exp(c
p

α+2p+1 · n
α+p+1
α+2p+1 ), (2.59)

ãäå kn � íåêîòîðûé ïîëîæèòåëüíûé íîìåð, çàâèñÿùèé òîëüêî îò n, òî äëÿ

an(c) =
+∞∑
k=0

γn,k > γn,kn òåì áîëåå áóäåò âûïîëíÿòüñÿ òðåáóåìàÿ îöåíêà (2.58).

Ïóñòü kn =
[
1
β

(
c

1
β+1n

β
β+1 + 1

)]
, ãäå [a] � öåëàÿ ÷àñòü a > 0.

Äîêàæåì ñïðàâåäëèâîñòü (2.59). Âîñïîëüçóåìñÿ �îðìóëîé Ñòèðëèíãà:

Γ(s+ 1) ∼
√
2πs

(
s
e

)s
, s > 0. Èìååì:
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γn,kn =
Γ(n+ βkn)

Γ(kn + 1)Γ(n+ 1)Γ(βkn)
ckn

=
1

2π

(n+ βkn − 1)n+βkn−1
√
n+ βkn − 1eknckn

nn
√
n · kknn

√
kn · (βkn − 1)βkn−1

√
βkn − 1

=
1

2π

Nγ

Dγ
.

Ïîäñòàâèì òåïåðü âìåñòî kn åãî çíà÷åíèå è ðàññìîòðèì ÷èñëèòåëü Nγ âûøå-

óêàçàííîé äðîáè.

Nγ = nn · nc
1

β+1n
β

β+1 · n1/2 · ekn · ckn×

×
(
1 +

c
1

β+1n
β

β+1

n

)n

·
(
1 +

c
1

β+1n
β

β+1

n

)c
1

β+1n
β

β+1

·
(
1 +

c
1

β+1n
β

β+1

n

)1/2

Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷èì:

Nγ = nn+1/2 · nc
1

β+1n
β

β+1 · ekn · ckn×
× exp

(
c

1
β+1n

β
β+1

)
· exp

(
c

2
β+1n

β−1
β+1

)
· (1 + o(1)), n→ +∞,

îòêóäà

Nγ = nn+1/2 · nc
1

β+1n
β

β+1 · ekn · ckn×
× exp

(
c

1
β+1n

β
β+1

)
· (1 + o(1)), n→ +∞.

�àññìîòðèì òåïåðü çíàìåíàòåëü Dγ:

Dγ = nn+1/2 ·
(
c

1
β+1n

β
β+1 + 1

β

) c

1
β+1 n

β
β+1+1
β

+ 1
2

×
(
c

1
β+1n

β
β+1

)c 1
β+1n

β
β+1+ 1

2

.

Ïðåîáðàçóåì âòîðîé ìíîæèòåëü:

(
c

1
β+1n

β
β+1 + 1

β

) c

1
β+1 n

β
β+1+1
β

+ 1
2

=
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=

(
c

1
β+1n

β
β+1

β

) c

1
β+1 n

β
β+1+1
β

+ 1
2

·
(
1 +

1

c
1

β+1n
β

β+1

)c 1
β+1n

β
β+1( 1

β
+o(1))

=

=

(
c

1
β+1n

β
β+1

β

) c

1
β+1 n

β
β+1+1
β

+ 1
2

· e 1
β , n→ +∞.

Âû÷èñëÿÿ íåïîñðåäñòâåííî ñòåïåíè ïåðåìåííîé n, ïîñòîÿííûõ c, β, ïîëó÷èì:

Dγ = nn+1/2 · nc
1

β+1n
β

β+1 · c
1
β

(
c

1
β+1n

β
β+1+1

)

· β
− 1

β

(
c

1
β+1n

β
β+1+1

)
− 1

2
.

Ñ ó÷åòîì âïîëíåííûõ ïðåîáðàçîâàíèé γn,kn ïðèìåò âèä:

γn,kn =
1

2π

Nγ

Dγ
=

=
1

2π
exp

(
β + 1

β
c

1
β+1n

β
β+1

)
·
(
β

c

) 1
β

(
c

1
β+1n

β
β+1+1

)

·
√
β

n
.

Ëîãàðè�ìèðóÿ, ïîëó÷èì:

ln γn,kn = c
1

β+1n
β

β+1 ·
(
1 +

1

β
+

1

β
ln
β

c

)
+ ln

β

2π
− lnn,

òî åñòü

ln γn,kn = c
1

β+1n
β

β+1 ·
(
1 +

1

β

(
1 +

1

β
ln
β

c
− o(1)

))
, n→ +∞.

Òàêèì îáðàçîì, îöåíêà (2.59) âûïîëíÿåòñÿ, à çíà÷èò, ñïðàâåäëèâà è îöåíêà

(2.58). Ëåììà 2.7 äîêàçàíà.

Êàê ïîêàçàíî âûøå, èç ñõîäèìîñòè ρ(fn, f) → 0, n → +∞ ñëåäóåò

ðàâíîìåðíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè �óíêöèé fn(z) ê �óíêöèè f(z)

â D. Ñëåäîâàòåëüíî, åñëè fn(z) =
+∞∑
k=0

a
(n)
k zk è f(z) =

+∞∑
k=0

akz
k
, òî a

(n)
k → ak,

n→ +∞.

ÏóñòüX � F-ïðîñòðàíñòâî, ñîñòîÿùåå èç êîìïëåêñíûõ ïîñëåäîâàòåëüíî-

ñòåé {bk}k, òàêèõ ÷òî ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè β(n) = {b(n)k } ê β = {bk}
ïðè n → +∞ ïðåäïîëàãàåò ïîêîîðäèíàòíóþ ñõîäèìîñòü b

(n)
k → bk, n → +∞,

k = 0, 1, 2, ...
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�àññìîòðèì êîý��èöèåíòíûé ìóëüòèïëèêàòîð Λ = {λk}+∞
k=1 èç êëàññà

Spα â êëàññ X. Λ - çàìêíóòûé îïåðàòîð, ñëåäîâàòåëüíî, ïî òåîðåìå î çàìêíó-

òîì ãðà�èêå (ñì. [23℄) Λ - íåïðåðûâíûé îïåðàòîð, è îòîáðàæàåò îãðàíè÷åííûå

â êëàññå Spα ìíîæåñòâà â îãðàíè÷åííûå â êëàññå X ìíîæåñòâà.

Äîêàçàòåëüñòâî òåîðåìû 2.6.

Ïóñòü Λ = {λk}+∞
k=1 - ìóëüòèïëèêàòîð èç êëàññà S

p
α â êëàññ X. Äîêàæåì,

÷òî ñóùåñòâóåò c > 0, òàêîå ÷òî âûïîëíÿåòñÿ îöåíêà (2.52), òî åñòü

|λk| = O
(
exp

(
−c · k

α+p+1
α+2p+1

))
, c > 0, k → +∞.

Ñîãëàñíî ëåììå 2.6, íàì äîñòàòî÷íî ïîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü Λ óäî-

âëåòâîðÿåò óñëîâèþ (2.55) äëÿ íåêîòîðîé ïîëîæèòåëüíîé áåñêîíå÷íî ìàëîé

ïîñëåäîâàòåëüíîñòè {ck}. Ïîñëåäîâàòåëüíîñòü {ck} âûáåðåì òàêèì îáðàçîì,

÷òîáû âûïîëíÿëèñü ñëåäóþùèå îöåíêè:

ck = O
(
k−

(α−β)
(β+2p+1)

)
, k → +∞, åñëè X = Spβ(−1 < β < α), (2.60)

k−γ ≤ ck ≤
1

2
, åñëè X = Hp(0 < p ≤ ∞), (2.61)

ãäå γ = α+p+1
2p

.

�àññìîòðèì â êëàññå Spα ïîñëåäîâàòåëüíîñòü �óíêöèé

fk(z) = g(rkz) = exp
ck

(1− rkz)
α+1
p

+1
, k = 1, 2, ..., (2.62)

óäîâëåòâîðÿþùèõ óñëîâèÿì ëåììû 2.7. Åñëè 0 < p ≤ 1, òî ïîñëåäîâàòåëü-

íîñòü {rk} âûáåðåì òàêèì îáðàçîì, ÷òîáû:

1− 1

k
≤ rk < 1− exp

{
−
(
γk
ck

)p}
, (2.63)

ãäå γk ↓ 0, k → +∞, òàêàÿ ÷òî ck = o(γk). ßñíî, ÷òî rk ↑ 1− 0, k → +∞.

Ïîñêîëüêó èç (2.63) ñëåäóåò, ÷òî

cpk ln
1

1− rk
< γpk

ïðè âñåõ k, òî �óíêöèè ïîñëåäîâàòåëüíîñòè {fk} ïðèíàäëåæàò êëàññó Spα ïðè
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âñåõ íàòóðàëüíûõ k.

Åñëè p > 1, òî ïîñëåäîâàòåëüíîñòü {rk} ñëåäóåò âûáðàòü òàê, ÷òîáû:

1− 1

k
≤ rk < 1− exp

(
−γk
ck

)
.

Ïîêàæåì, ÷òî {fk} - îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü â êëàññå Spα, òî
åñòü äîêàæåì, ÷òî ñóùåñòâóåò òàêîå äåéñòâèòåëüíîå ÷èñëî 0 < λ < 1, ÷òî ïðè

âñåõ íàòóðàëüíûõ k âûïîëíÿåòñÿ íåðàâåíñòâî ρ(λfk, 0) < η, ãäå η - �èêñèðî-

âàííîå ïîëîæèòåëüíîå ÷èñëî (ñì. [23, ñ. 31℄).

Ïóñòü {δk}, {εk} � áåñêîíå÷íî ìàëûå ïîñëåäîâàòåëüíîñòè ïîëîæèòåëü-

íûõ âåùåñòâåííûõ ÷èñåë, εk = (1− rk)
α+1

, k = 1, 2, .... Îáîçíà÷èì k0 � íîìåð,

íà÷èíàÿ ñ êîòîðîãî âûïîëíÿåòñÿ îöåíêà

γpk +
(2π)p

α + 1
(lnp(1 + δk) + (lnp(1 + λ) + lnp 2) · εk) < η, (2.64)

åñëè 0 < p ≤ 1, è

2γk +
4π

(α+ 1)1/p

(
ln(1 + δk) + (ln(1 + λ) + ln 2) · ε1/pk

)
< η,

åñëè p > 1.

×èñëî λ ∈ (0, 1) âûáåðåì òàê, ÷òîáû

λ · exp 1

(1− rk0)
α+1
p

+1
≤ δk0. (2.65)

Èç (2.65) ïðè âñåõ k ≤ k0 ñëåäóåò îöåíêà |λfk| ≤ δk0, îòêóäà ïîëó÷àåì

ρ(λfk, 0) ≤
(2π)p

(α + 1)
lnp(1 + δk0) ïðè 0 < p ≤ 1,

ρ(λfk, 0) ≤
2π

(α+ 1)1/p
ln(1 + δk0) ïðè p > 1.

Ïóñòü òåïåðü k > k0, òîãäà ïðè 0 < p ≤ 1

ρ(λfk, 0) =

1∫

0

(1− r)α




π∫

−π

ln
(
1 + |λfk(reiθ)|

)
dθ



p

dr =

rk0∫

0

...+

1∫

rk0

... = I1+ I2,
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Îöåíèì îòäåëüíî êàæäûé èç èíòåãðàëîâ I1 è I2.

I1 ≤ (2π)p lnp

(
1 + λ exp

ck

(1− rkrk0)
α+1
p

+1

)
· 1− εk0
α+ 1

.

Íî ck ≤ 1 ïðè âñåõ k = 1, 2, ..., ïîýòîìó

λ exp
ck

(1− rkrk0)
α+1
p

+1
≤ λ exp

1

(1− rk0)
α+1
p

+1
≤ δk0.

Çíà÷èò,

I1 ≤ (2π)p lnp(1 + δk0) ·
1− εk0
α + 1

. (2.66)

Ïåðåéäåì ê îöåíêå I2:

I2 =

1∫

rk0

(1− r)α




π∫

−π

ln
(
1 + |λfk(reiθ)|

)
dθ



p

dr ≤

1∫

rk0

(1− r)α




π∫

−π

ln(1 + λ)dθ



p

dr +

1∫

rk0

(1− r)α




π∫

−π

ln(1 + |fk(reiθ)|)dθ



p

dr ≤

≤ (2π)p lnp(1 + λ)

α + 1
εk0 +

1∫

rk0

(1− r)α




π∫

−π

(ln+ |fk(reiθ)|+ ln 2)dθ




p

dr.

Íî

1∫

rk0

(1− r)α




π∫

−π

(ln+ |fk(reiθ)|+ ln 2)dθ



p

dr ≤ (2π)p lnp 2

α + 1
εk0 + γpk,

ïîýòîìó îêîí÷àòåëüíî ïîëó÷àåì:

I2 ≤
(2π)p(lnp 2 + lnp(1 + λ))

α + 1
εk0 + γpk. (2.67)

Ñêëàäûâàÿ íåðàâåíñòâà (2.66) è (2.67), ïðèõîäèì ê îöåíêå (2.64). Çíà÷èò,

ρ(λfk, 0) < η ïðè 0 < p ≤ 1. Àíàëîãè÷íî äîêàçûâàåòñÿ äëÿ ñëó÷àÿ p > 1.

Èòàê, ìû ïîêàçàëè, ÷òî ïðè âñåõ íàòóðàëüíûõ k ïîñëåäîâàòåëüíîñòü

�óíêöèé {fk} îãðàíè÷åíà â Spα, çíà÷èò è ìóëüòèïëèêàòîð Λ(fk) îãðàíè÷åí â
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êëàññå X.

Ïóñòü X = Hp (0 < p ≤ ∞). Èìååì:

‖Λ(fk)‖Hp ≤ C, C > 0.

Ôèêñèðóåì k ∈ N.

Åñëè fk(z) =
+∞∑
n=0

a
(k)
n zn ∈ Spα, òî Λ(fk)(z) =

+∞∑
n=0

λna
(k)
n zn ∈ X, à çíà÷èò,

(ñì. [49, . 98℄)

|λna(k)n | ≤ cp‖Λ(fk)‖Hp · n 1
p
−1, åñëè 0 < p < 1,

|λna(k)n | ≤ cp‖Λ(fk)‖Hp, åñëè 1 ≤ p ≤ ∞,

îòêóäà

|λna(k)n | ≤ C · cp · n
1
p
−1, åñëè 0 < p < 1, (2.68)

|λna(k)n | ≤ C · cp, åñëè 1 ≤ p ≤ ∞, (2.69)

ãäå cp � ïîëîæèòåëüíàÿ êîíñòàíòà, çàâèñÿùàÿ îò ïàðàìåòðà p.

Òàê êàê fk(z) = g(rkz), òî a
(k)
n = an(ck)r

n
k . Ñîãëàñíî ëåììå 2.7,

|a(k)n | ≥ rnk exp c̃kn
α+p+1
α+2p+1 ,

ãäå c̃k = c
p

α+2p+1

k . Ó÷èòûâàÿ íåðàâåíñòâî (2.63), ïîëó÷èì:

|a(k)k | ≥
(
1− 1

k

)k
exp c̃kk

α+p+1
α+2p+1 . (2.70)

Èç (2.68), (2.70) çàêëþ÷àåì:

|λk| ≤ C · c′p ·
(
1− 1

k

)−k
· k 1

p
−1 · exp

(
−c̃kk

α+p+1
α+2p+1

)
,

îòêóäà  ó÷åòîì îöåíêè (2.61) áóäåì èìåòü:

|λk| ≤ C · c′p · exp
(
−c̃kk

α+p+1
α+2p+1 · (1− o(1)

)
, k → +∞,

ïîýòîìó çàêëþ÷àåì:
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|λk| = O
(
exp

(
−c̃kk

α+p+1
α+2p+1

))
, k → +∞,

ãäå c̃k = c
p

α+2p+1

k . Àíàëîãè÷íî ïðè 1 ≤ p < +∞ èç (2.69), (2.70) ïîëó÷àåì

òàêóþ æå îöåíêó.

Ïóñòü òåïåðü X = Spβ, ãäå −1 < β < α. Ôèêñèðóåì k ∈ N. Åñëè

fk(z) =
+∞∑
n=0

a
(k)
n zn ∈ Spα, òî Λ(fk)(z) =

+∞∑
n=0

λna
(k)
n zn ∈ X, çíà÷èò, ïî òåîðå-

ìå 2.5

|λna(k)n | = o
(
expn

β+p+1
β+2p+1

)
, n→ +∞.

Òî åñòü

|λna(k)n | ≤ exp εnn
β+p+1
β+2p+1 , (2.71)

ãäå εn = o(1), n→ +∞.

Òàê êàê fk(z) = g(rkz), òî a
(k)
n = an(ck)r

n
k . Èç îöåíîê (2.58), (2.71),

ïîëó÷àåì:

|λk| ≤ exp
(
−c̃kk

α+p+1
α+2p+1

)
× exp

(
εkk

β+p+1
β+2p+1

)
,

ãäå c̃k = c
p

α+2p+1

k . Äàëåå,

|λk| ≤ exp
((

−c̃kk
α+p+1
α+2p+1

)(
1− εk

c̃k
k−

(α−β)p
(α+2p+1)(β+2p+1)

))
. (2.72)

Èç óñëîâèÿ (2.60) ñëåäóåò, ÷òî

εk
c̃k
k−

(α−β)p
(α+2p+1)(β+2p+1) ∼ εk → 0, k → +∞.

Òàêèì îáðàçîì, èç (2.72) çàêëþ÷àåì:

|λk| = O
(
exp

(
−c̃kk

α+p+1
α+2p+1

))
, k → +∞.

Äîêàæåì îáðàòíîå óòâåðæäåíèå òåîðåìû 2.6. Ïóñòü ïîñëåäîâàòåëüíîñòü

Λ = {λk} óäîâëåòâîðÿåò óñëîâèþ (2.52) òåîðåìû è f ∈ Spα, f(z) =
+∞∑
k=0

akz
k
.

Èç òåîðåìû 2.5 ñëåäóåò, ÷òî

|ak| ≤ C1 exp
(
εkk

α+p+1
α+2p+1

)
, εk ↓ 0.
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Ïîäáèðàÿ íîìåð k0 òàêèì îáðàçîì, ÷òîáû εk <
c
2 ïðè âñåõ k ≥ k0, ïîëó÷èì:

|λkak| ≤ C2 exp
(
−c
2
k

α+p+1
α+2p+1

)
.

Òàê êàê ðÿä

+∞∑
k=0

exp
(
− c

2
k

α+p+1
α+2p+1

)
ñõîäèòñÿ, òî Λ(f)(z) ∈ X ïðè ëþáîì óêàçàí-

íîì âûáîðå êëàññà X. Òåîðåìà 2.6 äîêàçàíà.

Çàìå÷àíèå 2.4. Ìåòîä äîêàçàòåëüñòâà òåîðåì 2.4, 2.5 îñíîâûâàåòñÿ íà

ðàáîòå [44℄ Øâåäåíêî Ñ. Â., òåîðåìû 2.6 � íà ðàáîòå [60℄ Í. ßíàãèàðà.
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