
ÔÅÄÅÐÀËÜÍÎÅ ÃÎÑÓÄÀÐÑÒÂÅÍÍÎÅ ÁÞÄÆÅÒÍÎÅ

ÎÁÐÀÇÎÂÀÒÅËÜÍÎÅ Ó×ÐÅÆÄÅÍÈÅ

ÂÛÑØÅÃÎ ÏÐÎÔÅÑÑÈÎÍÀËÜÍÎÃÎ ÎÁÐÀÇÎÂÀÍÈß

ßÐÎÑËÀÂÑÊÈÉ ÃÎÑÓÄÀÐÑÒÂÅÍÍÛÉ ÓÍÈÂÅÐÑÈÒÅÒ ÈÌ.

Ï. Ã. ÄÅÌÈÄÎÂÀ

Íà ïðàâàõ ðóêîïèñè

Ìîðÿêîâà Àëåíà Ðîìàíîâíà

ÀÍÀËÈÇ ÊÎËÅÁÀÒÅËÜÍÛÕ ÐÅØÅÍÈÉ ÍÅÊÎÒÎÐÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÇÀÏÀÇÄÛÂÀÞÙÈÌ

ÀÐÃÓÌÅÍÒÎÌ

Ñïåöèàëüíîñòü 01.01.02 � Äèôôåðåíöèàëüíûå óðàâíåíèÿ,

äèíàìè÷åñêèå ñèñòåìû è îïòèìàëüíîå óïðàâëåíèå

(ôèçèêî-ìàòåìàòè÷åñêèå íàóêè)

Äèññåðòàöèÿ íà ñîèñêàíèå ó÷åíîé ñòåïåíè

êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê

Íàó÷íûé ðóêîâîäèòåëü

äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ

íàóê, ïðîôåññîð

Êóáûøêèí Åâãåíèé Ïàâëîâè÷

ßðîñëàâëü - 2017



Ñîäåðæàíèå

Ââåäåíèå 4

1 Èññëåäîâàíèå êîëåáàòåëüíûõ ðåøåíèé äèôôåðåíöèàëüíî- ðàçíîñò-

íîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â îäíîì êðèòè÷åñêîì ñëó÷àå 24

1.1 Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.2 Àíàëèç óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ . . . . . . . . . . . . . . . . . . 25

1.3 Ïîñòðîåíèå íîðìàëüíîé ôîðìû óðàâíåíèÿ íà öåíòðàëüíîì ìíîãîîáðàçèè 29

1.4 Àíàëèç íîðìàëüíîé ôîðìû óðàâíåíèÿ . . . . . . . . . . . . . . . . . . . 34

1.5 Âûâîäû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2 Àíàëèç áèôóðêàöèé ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ Ìýêêè -

Ãëàññà 39

2.1 Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.2 Àíàëèç óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ . . . . . . . . . . . . 41

2.3 Ïîñòðîåíèå íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . . . . . 44

2.4 Àíàëèç íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.5 Àëãîðèòì ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ . . . . . . . . 61

2.6 ×èñëåííîå èññëåäîâàíèå íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . 65

2.7 Âûâîäû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3 Àíàëèç îñîáåííîñòåé ïîâåäåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ

Èêåäû 72

3.1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è, àíàëèç ñîñòîÿíèé ðàâíîâåñèÿ . . . 73

3.2 Áèôóðêàöèîííûé àíàëèç ïîòåðè óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ

x∗(µ, c), limµ→0 x∗(µ, c) = 0, 0 < c < 2π . . . . . . . . . . . . . . . . . . . . 76

2



3.2.1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è, àíàëèç óñòîé÷èâîñòè ñîñòî-

ÿíèÿ ðàâíîâåñèÿ x∗(µ, c) . . . . . . . . . . . . . . . . . . . . . . . 76

3.3 Áèôóðêàöèîííûé àíàëèç ïîòåðè óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ

x∗(µ, 0) ≡ 0 â ñëó÷àå c = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.3.1 Àíàëèç óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, c) ≡ 0 . . . . . 80

3.3.2 Ïîñòðîåíèå íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . 81

3.3.3 Àíàëèç íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . . . . 82

3.3.4 Ðåçóëüòàòû ÷èñëåííîãî àíàëèçà íîðìàëüíîé ôîðìû . . . . . . . 86

3.4 Áèôóðêàöèîííûé àíàëèç ïîâåäåíèÿ ðåøåíèé óðàâíåíèÿ Èêåäû ïðè

ðîæäåíèè ïàðíûõ ñîñòîÿíèé ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c) . . . . . . . 87

3.4.1 Àíàëèç óñòîé÷èâîñòè ñîñòîÿíèé ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c) . 87

3.4.2 Ïîñòðîåíèå íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . 98

3.4.3 Àíàëèç íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . . . . 98

3.4.4 Ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé

íîðìàëüíîé ôîðìû . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.5 Âûâîäû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Çàêëþ÷åíèå 106

Ëèòåðàòóðà 107

3



Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ è ñòåïåíü åå ðàçðàáîòàííîñòè.

Äèññåðòàöèÿ ïîñâÿùåíà èññëåäîâàíèþ óñòàíîâèâøèõñÿ êîëåáàòåëüíûõ ðåøåíèé

íåêîòîðûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì. Äèôôå-

ðåíöèàëüíûå óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè

ìîäåëÿìè ìíîãèõ ôèçè÷åñêèõ ñèñòåì, ïðèáîðîâ è ìåõàíèçìîâ, â êîòîðûõ ïðèñóò-

ñòâóþò çàïàçäûâàþùèå îáðàòíûå ñâÿçè. Ðåãóëÿðíûå è õàîòè÷åñêèå êîëåáàíèÿ ìîãóò

îêàçûâàòü êàê ïîëîæèòåëüíîå, òàê è íåãàòèâíîå âîçäåéñòâèå íà èññëåäóåìûå ñèñòåìû

è ìåõàíèçìû. Èçó÷åíèå êîëåáàòåëüíûõ ïðîöåññîâ â ñèëó ñâîåé ïðèêëàäíîé çíà÷èìî-

ñòè ïðåäñòàâëÿåò ñîáîé âåñüìà àêòóàëüíóþ çàäà÷ó.

Îñíîâíûìè ìåòîäàìè èññëåäîâàíèÿ ÿâëÿþòñÿ ìåòîä èíòåãðàëüíûõ(èíâàðèàíòíûõ)

ìíîãîîáðàçèé, ìåòîä íîðìàëüíûõ ôîðì äèôôåðåíöèàëüíûõ óðàâíåíèé, ìåòîä ðàâ-

íîìåðíîé íîðìàëèçàöèè ñèíãóëÿðíî âîçìóùåííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, òåîðèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíå-

íèé è òåîðèÿ áèôóðêàöèé. Ìåòîä èíòåãðàëüíûõ ìíîãîîáðàçèé ïîçâîëÿåò ñâåñòè èçó-

÷åíèå ïîâåäåíèÿ óñòàíîâèâøèõñÿ ðåøåíèé èñõîäíîãî óðàâíåíèÿ èëè ñèñòåìû óðàâ-

íåíèé ñ áåñêîíå÷íîìåðíûì ôàçîâûì ïðîñòðàíñòâîì ê èññëåäîâàíèþ ïîâåäåíèÿ ðå-

øåíèé íà êðèòè÷åñêîì èíâàðèàíòíîì êîíå÷íîìåðíîì ìíîãîîáðàçèè, êîòîðîå â ñâîþ

î÷åðåäü ìîæåò áûòü îïèñàíî íåêîòîðîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé. Ìåòîä ðàâíîìåðíîé íîðìàëèçàöèè ñâîäèò çàäà÷ó íàõîæäåíèÿ ïåðè-

îäè÷åñêèõ ðåøåíèé èñõîäíîãî óðàâíåíèÿ ê àíàëèçó ñ÷åòíîé ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé, èç êîòîðîé âûäåëÿþòñÿ óðàâíåíèÿ äëÿ �áûñòðûõ� è

�ìåäëåííûõ� ïåðåìåííûõ. Ñîñòîÿíèÿ ðàâíîâåñèÿ óðàâíåíèé �ìåäëåííûõ� ïåðåìåí-

íûõ îïðåäåëÿþò ïåðèîäè÷åñêèå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ.

Â äèññåðòàöèè èçó÷àþòñÿ òðè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ ñ çà-

ïàçäûâàþùèì àðãóìåíòîì, âîçíèêàþùèå â ïðèêëàäíûõ çàäà÷àõ. Â ïåðâîé ÷àñòè

ðàññìîòðåíî íåëèíåéíîå äèôôåðåíöèàëüíî- ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà,

ñîäåðæàùåå çàïàçäûâàþùèå ñëàãàåìûå îò èñêîìîé ôóíêöèè è åå ïðîèçâîäíîé. ×àñò-

íûì ñëó÷àåì ýòî óðàâíåíèÿ ÿâëÿåòñÿ èçâåñòíîå óðàâíåíèå Ìèíîðñêîãî [1�3], ïîëó-

÷åííîå èì ïðè ðàññìîòðåíèè çàäà÷è âåðòèêàëüíîé ñòàáèëèçàöèè ñóäîâ. Àíàëîãè÷íîå

óðàâíåíèå èññëåäîâàëè Ã.Ñ. Ãîðåëèê [4] è Ý. Ïèííè [5]. Àíàëèç êîëåáàíèé, áèôóðöè-
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ðóþùèõ èç íóëåâîãî ñîñòîÿíèÿ ðàâíîâåñèÿ â ñëó÷àå áèôóðêàöèè Àíäðîíîâà- Õîïôà,

â óðàâíåíèè Ìèíîðñêîãî áûë ïðîâåäåí Þ.Ñ. Êîëåñîâûì [6]. Óðàâíåíèÿ òàêîãî òè-

ïà âîçíèêàþò ïðè ìîäåëèðîâàíèè ðàáîòû ýëåêòðîííûõ óñòðîéñòâ ñ çàïàçäûâàþùåé

îáðàòíîé ñâÿçüþ. Â äèññåðòàöèîííîé ðàáîòå ïðîâåäåí äåòàëüíûé àíàëèç âîçìîæíûõ

âàðèàíòîâ ïîòåðè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óêàçàííîãî óðàâíåíèÿ è âîçíè-

êàþùèõ ïðè ýòîì âîçìîæíûõ êðèòè÷åñêèõ ñëó÷àåâ. Èçó÷àþòñÿ áèôóðöèðóþùèå èç

íóëåâîãî ñîñòîÿíèÿ ðàâíîâåñèÿ êîëåáàòåëüíûå ðåøåíèÿ â îäíîì êðèòè÷åñêîì ñëó-

÷àå âíóòðåííåãî ðåçîíàíñà 1:3. Íåîáõîäèìî îòìåòèòü, ÷òî óêàçàííûé êðèòè÷åñêèé

ñëó÷àé â óðàâíåíèÿõ òàêîãî òèïà ðàíåå íå èçó÷àëñÿ.

Âòîðàÿ ÷àñòü äèññåðòàöèè ïîñâÿùåíà èññëåäîâàíèþ äâóõ ñèíãóëÿðíî âîçìóùåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðàññìîòðåíû èçâåñòíûå óðàâíåíèÿ Ìýêêè - Ãëàñ-

ñà [7] è Èêåäû [8, 9]. Ïåðâîå èç íèõ ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ïðîöåññà

îáðàçîâàíèÿ íåéòðîôèëîâ (áåëûõ êðîâÿíûõ òåëåö). Óðàâíåíèå Ìýêêè - Ãëàññà èñ-

ñëåäîâàëîñü â ðÿäå ðàáîò [10�16], ãäå íà îñíîâå ÷èñëåííîãî èíòåãðèðîâàíèÿ áûëî

îòìå÷åíî ñóùåñòâîâàíèå ðàçëè÷íûõ ïåðèîäè÷åcêèõ ðåøåíèé, à òàêæå ñëîæíîé, â

òîì ÷èñëå õàîòè÷åñêîé, äèíàìèêè. Óðàâíåíèå Èêåäû îïèñûâàåò äèíàìèêó ïàññèâíî-

ãî îïòè÷åñêîãî ðåçîíàòîðà. Óðàâíåíèÿ òàêîãî òèïà äåìîíñòðèðóþò ñëîæíóþ äèíà-

ìèêó [17�21], â òîì ÷èñëå â íèõ ìîæíî íàáëþäàòü ìóëüòèñòàáèëüíîñòü, õàîòè÷åñêóþ

òóðáóëåíòíîñòü, îáðàçîâàíèå äèññèïàòèâíûõ ñòðóêòóð. Ïîñëå çàïèñè â áåçðàçìåðíûõ

ïåðåìåííûõ, ýòè óðàâíåíèÿ ïåðåõîäÿò ê øèðîêîìó êëàññó äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì, ñîäåðæàùèõ ìàëûé ïàðàìåòð ïðè ñòàðøåé

ïðîèçâîäíîé è íåëèíåéíóþ îáðàòíóþ ñâÿçü, êîòîðàÿ îïðåäåëåíà ôèçèêîé ïðîöåññîâ.

Îáùèå ñâîéñòâà ïîâåäåíèÿ ðåøåíèé òàêèõ óðàâíåíèé è èõ ñâÿçü ñ ðåøåíèÿìè îäíî-

ìåðíûõ îòîáðàæåíèé èçó÷àëèñü â ìîíîãðàôèè À.Í.Øàðêîâñêîãî, Þ.Ë. Ìàéñòðåíêî,

Å.Þ. Ðîìàíåíêî [22]. Íåêîòîðûå ïîäõîäû ê ïîñòðîåíèþ àñèìïòîòèêè ðåøåíèé óêà-

çàííîãî òèïà ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé áûëè ïðåäëîæåíû â ðàáîòàõ Ñ.À.

Êàùåíêî, È.Ñ. Êàùåíêî [23�25]. Â äèññåðòàöèè èçó÷àþòñÿ áèôóðêàöèè àâòîêîëåáà-

òåëüíûõ ðåøåíèé èç ñîñòîÿíèé ðàâíîâåñèÿ äâóõ óêàçàííûõ óðàâíåíèé ñ ïîìîùüþ

ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè, ïðåäëîæåííîãî â ðàáîòàõ [26, 27]. Ýòîò ìåòîä

ïîçâîëÿåò ñâåñòè çàäà÷ó íàõîæäåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé èñõîäíîãî óðàâíåíèÿ ê

àíàëèçó ñ÷åòíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùåé
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óðàâíåíèÿ äëÿ �áûñòðûõ� è �ìåäëåííûõ� ïåðåìåííûõ, è äîêàçàòü ñòðîãèå òåîðåìû î

ñóùåñòâîâàíèè ïåðèîäè÷åñêèõ ðåøåíèé.

Îòìåòèì, ÷òî èçó÷åíèþ óðàâíåíèé Ìýêêè - Ãëàññà è Èêåäû ïîñâÿùåíî áîëüøîå

÷èñëî èññëåäîâàíèé. Îäíàêî â áîëüøèíñòâå ðàáîò àíàëèç ïðîâîäèëñÿ íà îñíîâà-

íèè ÷èñëåííîãî èíòåãðèðîâàíèÿ. Â äèññåðòàöèîííîé ðàáîòå ðåçóëüòàòû ïîëó÷åíû ñ

ïîìîùüþ êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé, ÷òî ïîçâîëèëî ïîëó-

÷èòü ñòðîãèå òåîðåìû îá óñëîâèÿõ áèôóðêàöèé ïåðèîäè÷åñêèõ ðåøåíèé è ïîñòðîèòü

àñèìïòîòè÷åñêèå ôîðìóëû ïåðèîäè÷åñêèõ ðåøåíèé.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå êîëåáàòåëüíûõ ðåøåíèé òðåõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, áèôóðöèðóþùèõ èç

ñîñòîÿíèé ðàâíîâåñèÿ ïðè èçìåíåíèè ïàðàìåòðîâ óðàâíåíèÿ.

Â ïåðâîé ãëàâå ïðåäïîëàãàëîñü ïðîàíàëèçèðîâàòü êîëåáàòåëüíûå ðåøåíèÿ äèô-

ôåðåíöèàëüíî - ðàçíîñòíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, ñîäåðæàùåãî çàïàçäûâàþ-

ùèå ñëàãàåìûå îò íåèçâåñòíîé ôóíêöèè è îò åå ïðîèçâîäíîé. Ñ ïîìîùüþ àíàëèçà

ëèíåéíîé ÷àñòè óðàâíåíèÿ ìîæíî âûäåëèòü êðèòè÷åñêèé ñëó÷àé, ñâÿçàííûé ñ ïðî-

õîæäåíèåì ÷åðåç ìíèìóþ îñü äâóõ ïàð ÷èñòî ìíèìûõ êîðíåé õàðàêòåðèñòè÷åñêîãî

êâàçèïîëèíîìà, íàõîäÿùèõñÿ â ðåçîíàíñíîì ñîîòíîøåíèè 1:3. Áûëà ïîñòàâëåíà öåëü

èçó÷èòü áèôóðöèðóþùèå àâòîêîëåáàòåëüíûå ðåøåíèÿ è ïðîàíàëèçèðîâàòü âîçìîæ-

íîñòü õàîòè÷åñêèõ êîëåáàíèé â ýòîì êðèòè÷åñêîì ñëó÷àå.

Âî âòîðîé è òðåòüåé ãëàâàõ ïðåäïîëàãàëîñü ïðîâåñòè àíàëèç ïåðèîäè÷åñêèõ ðåøå-

íèé óðàâíåíèÿ Ìýêêè - Ãëàññà è óðàâíåíèÿ Èêåäû ñ ïîìîùüþ ìåòîäà ðàâíîìåðíîé

íîðìàëèçàöèè. Äëÿ ýòîãî ïëàíèðîâàëîñü ïîñòðîèòü íîðìàëüíóþ ôîðìó óðàâíåíèé,

ñîäåðæàùóþ óðàâíåíèÿ äëÿ �áûñòðûõ� è �ìåäëåííûõ� ïåðåìåííûõ, è ïðîàíàëèçè-

ðîâàòü ñîñòîÿíèÿ ðàâíîâåñèÿ óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ, ÷òî ïîçâîëèò ïî-

ñòðîèòü ïåðèîäè÷åñêèå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ è èçó÷èòü èõ áèôóðêàöèè â

çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ.

Íàó÷íàÿ íîâèçíà ðàáîòû.

Âñå îñíîâíûå ðåçóëüòàòû äàííîé ðàáîòû ÿâëÿþòñÿ íîâûìè. Íàó÷íàÿ íîâèçíà ïðî-

ÿâëÿåòñÿ â ñëåäóþùåì:

Ãëàâà 1. Â ýòîé ãëàâå ðàññìîòðåíî íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòî-

ðîãî ïîðÿäêà. Äëÿ ýòîãî óðàâíåíèÿ ïðîâåäåí àíàëèç óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ
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è ïîñòðîåíà ïîëíàÿ êàðòèíàD -ðàçáèåíèé ïðîñòðàíñòâà ïàðàìåòðîâ. Âûäåëåí êðèòè-

÷åñêèé ñëó÷àé âíóòðåííåãî ðåçîíàíñà 1:3 ïðè ïîòåðå óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ.

Äëÿ ýòîãî êðèòè÷åñêîãî ñëó÷àÿ èññëåäîâàíû áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé.

Ïîêàçàíà âîçìîæíîñòü ïåðåõîäà ïåðèîäè÷åñêèõ ðåøåíèé ÷åðåç áèôóðêàöèþ óäâîå-

íèÿ ïåðèîäà ê õàîñó.

Ãëàâà 2. Èçó÷åíû ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Ìýêêè - Ãëàññà ìåòîäîì ðàâ-

íîìåðíîé íîðìàëèçàöèè. Ïîñòðîåíà íîðìàëüíàÿ ôîðìà óðàâíåíèÿ è ïîëó÷åíû ñòðî-

ãèå òåîðåìû îá óñëîâèÿõ áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé. Ïðèâåäåíà àñèìïòî-

òè÷åñêàÿ ôîðìóëà ïåðèîäè÷åñêèõ ðåøåíèé è àëãîðèòì íàõîæäåíèÿ ïåðèîäè÷åñêèõ

ðåøåíèé óðàâíåíèÿ Ìýêêè - Ãëàññà, áèôóðöèðóþùèõ èç ñîñòîÿíèÿ ðàâíîâåñèÿ ïðè

èçìåíåíèè ïàðàìåòðà. Ñ ïîìîùüþ ýòîãî àëãîðèòìà ïîñòðîåíû ïåðèîäè÷åñêèå ðå-

øåíèÿ óðàâíåíèÿ. Â ðåçóëüòàòå ÷èñëåííîãî ìîäåëèðîâàíèÿ ïîêàçàíà âîçìîæíîñòü

ïåðåõîäà ê õàîòè÷åñêèì êîëåáàíèÿì è õàîòè÷åñêîé ìóëüòèñòàáèëüíîñòè.

Ãëàâà 3. Ïðîâåäåí àíàëèç ñîñòîÿíèé ðàâíîâåñèÿ óðàâíåíèÿ Èêåäû â çàâèñèìîñòè

îò ïàðàìåòðîâ. Ñ èñïîëüçîâàíèåì ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè èçó÷åíû áè-

ôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé. Ïîêàçàíà âîçìîæíîñòü ÿâëåíèé ìóëüòèñòàáèëü-

íîñòè è õàîòè÷åñêîé ìóëüòèñòàáèëüíîñòè.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü.

Äèññåðòàöèÿ íîñèò â îñíîâíîì òåîðåòè÷åñêèé õàðàêòåð. Ìåòîäû, ïðèìåíÿåìûå â

äèññåðòàöèîííîé ðàáîòå, ìîãóò áûòü èñïîëüçîâàíû ïðè ðåøåíèè àíàëîãè÷íûõ çàäà÷.

Âî âòîðîé ãëàâå ïðèâåäåí àëãîðèòì, ïîçâîëÿþùèé ïîñòðîèòü ïåðèîäè÷åñêèå ðåøåíèÿ

äðóãèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñîäåðæàùèõ ìàëûé ïàðàìåòð

ïðè ñòàðøåé ïðîèçâîäíîé.

×àñòü ðåçóëüòàòîâ èìååò ïðàêòè÷åñêóþ çíà÷èìîñòü. Ðåãóëÿðíûå è õàîòè÷åñêèå

êîëåáàíèÿ ïðèâëåêàþò ê ñåáå ïðèñòàëüíîå âíèìàíèå èññëåäîâàòåëåé, ðàáîòàþùèõ

â îáëàñòè ìåõàíèêè, ðàäèîôèçèêè, õèìèè, áèîëîãèè, ÷òî îáóñëîâëåíî êàê áîëüøèì

ôóíäàìåíòàëüíûì çíà÷åíèåì èçó÷åíèÿ ýòèõ êîëåáàíèé, òàê è øèðîêèì êðóãîì ïðàê-

òè÷åñêèõ ïðèëîæåíèé. Õàîòè÷åñêèå ðåæèìû, âîçíèêàþùèå â ðàçëè÷íûõ ïðàêòè÷å-

ñêèõ çàäà÷àõ, ìîãóò îêàçûâàòü êàê âðåäíîå, òàê è ïîëåçíîå âîçäåéñòâèå. Èçó÷åí-

íîå äëÿ óðàâíåíèÿ Ìýêêè -Ãëàññà è óðàâíåíèÿ Èêåäû ÿâëåíèå ìóëüòèñòàáèëüíîñòè

â ñèñòåìàõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì íàõîäèò ïðèìåíåíèå â
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ðàçëè÷íûõ îáëàñòÿõ íàóêè è òåõíèêè.

Ìåòîäèêà èññëåäîâàíèÿ.

Â ðàáîòå èñïîëüçóþòñÿ òàêèå ìåòîäû êà÷åñòâåííîãî àíàëèçà äèôôåðåíöèàëüíûõ

óðàâíåíèé êàê ìåòîä èíòåãðàëüíûõ(èíâàðèàíòíûõ) ìíîãîîáðàçèé, ìåòîä íîðìàëü-

íûõ ôîðì äèôôåðåíöèàëüíûõ óðàâíåíèé è ìåòîä ðàâíîìåðíîé íîðìàëèçàöèè ñèí-

ãóëÿðíî âîçìóùåííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì

àðãóìåíòîì. ×èñëåííûå ýêñïåðèìåíòû è âèçóàëèçàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ïðî-

âîäèëèñü ñ ïîìîùüþ ïàêåòà ïðîãðàìì äëÿ àíàëèçà äèíàìè÷åñêèõ ñèñòåì �Tracer� [28]

è ïðîãðàìì, íàïèñàííûõ íà ÿçûêå Python.

Íà çàùèòó äèññåðòàöèè âûíîñÿòñÿ ñëåäóþùèå îñíîâíûå ïîëîæåíèÿ è ðåçóëü-

òàòû:

1. Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãó-

ìåíòîì, ñîäåðæàùåãî íåëèíåéíûå çàïàçäûâàþùèå ñëàãàåìûå îò èñêîìîé ôóíê-

öèè è åå ïðîèçâîäíîé, ïîñòðîåíà êàðòèíà D - ðàçáèåíèé ïðîñòðàíñòâà ïàðàìåò-

ðîâ êâàçèïîëèíîìà ëèíåéíîé ÷àñòè óðàâíåíèÿ. Èññëåäîâàíû âîçìîæíûå êðè-

òè÷åñêèå ñëó÷àè ïîòåðè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ. Ïðîâåäåí àíàëèç áè-

ôóðêàöèé àâòîêîëåáàòåëüíûõ ðåøåíèé â êðèòè÷åñêîì ñëó÷àå âíóòðåííåãî ðå-

çîíàíñà 1:3. Ïîêàçàíà âîçìîæíîñòü ñóùåñòâîâàíèÿ ñëîæíûõ, â òîì ÷èñëå õàî-

òè÷åñêèõ, êîëåáàòåëüíûõ ðåøåíèé.

2. Èçó÷åíû ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Ìýêêè - Ãëàññà, áèôóðöèðóþùèå

èç åäèíñòâåííîãî ïîëîæèòåëüíîãî ñîñòîÿíèÿ ðàâíîâåñèÿ. Ïîëó÷åíû ñòðîãèå

òåîðåìû îá óñëîâèÿõ áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé, ïîñòðîåíû àñèìïòî-

òè÷åñêèå ôîðìóëû ïåðèîäè÷åñêèõ ðåøåíèé. ×èñëåííûì ìîäåëèðîâàíèåì ïîêà-

çàíî, ÷òî ïðè óâåëè÷åíèè áèôóðêàöèîííîãî ïàðàìåòðà ýòè ðåøåíèÿ ñòàíîâÿòñÿ

õàîòè÷åñêèìè.

3. Èçó÷åíà äèíàìèêà ñîñòîÿíèé ðàâíîâåñèÿ óðàâíåíèÿ Èêåäû â çàâèñèìîñòè îò

ïàðàìåòðîâ óðàâíåíèÿ è èññëåäîâàíà èõ óñòîé÷èâîñòü. Ïîñòðîåíû àñèìïòîòè-

÷åñêèå ôîðìóëû ïåðèîäè÷åñêèõ ðåøåíèé. Èçó÷åíû áèôóðêàöèè ïåðèîäè÷åñêèõ

ðåøåíèé èç ðàçëè÷íûõ ñîñòîÿíèé ðàâíîâåñèÿ.

4. Ïîêàçàíà âîçìîæíîñòü ñóùåñòâîâàíèÿ îäíîâðåìåííî áîëüøîãî ÷èñëà óñòîé÷è-
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âûõ ïåðèîäè÷åñêèõ ðåøåíèé, ò.å. ÿâëåíèÿ ìóëüòèñòàáèëüíîñòè, äëÿ óðàâíåíèÿ

Ìýêêè - Ãëàññà è óðàâíåíèÿ Èêåäû.

5. Ïîêàçàíî, ÷òî â óðàâíåíèÿõ Ìýêêè - Ãëàññà è Èêåäû ìîæåò íàáëþäàòüñÿ õàîòè-

÷åñêàÿ ìóëüòèñòàáèëüíîñòü, ò.å. ñóùåñòâîâàíèÿ îäíîâðåìåííî áîëüøîãî ÷èñëà

õàîòè÷åñêèõ êîëåáàòåëüíûõ ðåøåíèé.

Äîñòîâåðíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ îáåñïå÷èâàåòñÿ ñòðîãîé ïîñòàíîâ-

êîé çàäà÷, èñïîëüçîâàíèåì ñòðîãèõ ìàòåìàòè÷åñêèõ ìåòîäîâ, ïîëíûìè è ñòðîãèìè

ìàòåìàòè÷åñêèìè äîêàçàòåëüñòâàìè. Ïîëó÷åííûå ðåçóëüòàòû íå ïðîòèâîðå÷àò èç-

âåñòíûì òåîðåòè÷åñêèì ïðåäñòàâëåíèÿì. Íàéäåííûé â ïåðâîé ãëàâå áèôóðêàöèîí-

íûé ñöåíàðèé, ïðèâîäÿùèé ê ïîÿâëåíèþ õàîòè÷åñêîãî àòòðàêòîðà, ïîäòâåðæäàåòñÿ

ñîîòâåòñòâóþùèìè âû÷èñëåíèÿìè ñòàðøèõ ëÿïóíîâñêèõ ïîêàçàòåëåé ðåøåíèé èñõîä-

íîãî óðàâíåíèÿ. Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèé Ìýêêè - Ãëàññà è Èêåäû, ïîëó-

÷åííûå ñ ïîìîùüþ ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè õîðîøî ñîâïàäàþò ñ ðåøåíè-

ÿìè, ïîëó÷åííûìè ïóòåì ÷èñëåííîãî èíòåãðèðîâàíèÿ ñ ïîìîùüþ àïðîáèðîâàííûõ

÷èñëåííûõ ñõåì.

Àïðîáàöèÿ ðàáîòû.

Îñíîâíûå ðåçóëüòàòû ðàáîòû äîêëàäûâàëèñü è îáñóæäàëèñü íà Ìåæäóíàðîäíîé

ìîëîäåæíîé íàó÷íî-ïðàêòè÷åñêîé êîíôåðåíöèè �Ïóòü â íàóêó�, ßðîñëàâëü, 2012;

Ìåæäóíàðîäíîé ìîëîäåæíîé íàó÷íî-ïðàêòè÷åñêîé êîíôåðåíöèè �Ïóòü â íàóêó�, ßðî-

ñëàâëü, 2013; Ìåæäóíàðîäíîé ñòóäåí÷åñêîé êîíôåðåíöèè ¾Science and Progress¿, Ñàíêò-

Ïåòåðáóðã, 2013; Ìåæäóíàðîäíîé êîíôåðåíöèè �Íåëèíåéíàÿ äèíàìèêà è åå ïðèëî-

æåíèÿ�, ïîñâÿùåííîé 150- ëåòèþ ñî äíÿ ðîæäåíèÿ Ïîëÿ Ïåíëåâå, ßðîñëàâëü, 2013;

Ìåæäóíàðîäíîé êîíôåðåíöèÿ ¾Íåëèíåéíûå ÿâëåíèÿ â çàäà÷àõ ñîâðåìåííîé ìàòå-

ìàòèêè è ôèçèêè¿, ïîñâÿùåííîé 210-ëåòèþ Äåìèäîâñêîãî óíèâåðñèòåòà, ßðîñëàâëü,

2013; Ìåæäóíàðîäíîé ìîëîäåæíîé íàó÷íî-ïðàêòè÷åñêîé êîíôåðåíöèè �Ïóòü â íàó-

êó�, ßðîñëàâëü, 2014; IV-îé Ìåæäóíàðîäíîé ìîëîäåæíîé íàó÷íî-ïðàêòè÷åñêîé êîí-

ôåðåíöèè �Ïóòü â íàóêó�, ßðîñëàâëü, 2015; Ìåæäóíàðîäíîé êîíôåðåíöèè ¾Íåëèíåé-

íûå ìåòîäû â ôèçèêå è ìåõàíèêå¿ ïîñâÿùåííîé 90-ëåòèþ ñî äíÿ ðîæäåíèÿ Ìàðòèíà

Êðóñêàëà, ßðîñëàâëü, 2015; International Workshop: Waves, Solitons and Turbulence

in Optical Systems, Áåðëèí, 2015; V-îé Ìåæäóíàðîäíîé êîíôåðåíöèè �Ïðîáëåìû ìà-

òåìàòè÷åñêîé è òåîðåòè÷åñêîé ôèçèêè è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå�, Ìîñêâà,
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2016.

Ïðåäñòàâëåííûå ðåçóëüòàòû íåîäíîêðàòíî äîêëàäûâàëèñü íà ñåìèíàðå �Íåëèíåé-

íàÿ äèíàìèêà è ñèíåðãåòèêà� êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ßðîñëàâñêî-

ãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Ï.Ã. Äåìèäîâà.

×àñòè÷íî ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû ïîëó÷åíû â ïðîöåññå âûïîëíåíèÿ

ðàáîò ïî ãîñçàäàíèþ � 1.5722.2017/Á×.

Ïóáëèêàöèè àâòîðà.

Ïî òåìå ðàáîòû îïóáëèêîâàíî 13 ïå÷àòíûõ ðàáîò, â òîì ÷èñëå 4 ñòàòüè â æóðíàëàõ

èç ñïèñêà ÂÀÊ [29�32] è 9 ðàáîò â ñáîðíèêàõ òðóäîâ è òåçèñîâ äîêëàäîâ ìåæäóíà-

ðîäíûõ êîíôåðåíöèé.

Îáúåì è ñòðóêòóðà äèññåðòàöèè.

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà öèòèðóåìîé

ëèòåðàòóðû. Ðàáîòà èçëîæåíà íà 112 ñòðàíèöàõ ìàøèíîïèñíîãî òåêñòà, ñîäåðæèò 27

ðèñóíêîâ. Áèáëèîãðàôè÷åñêèé ðàçäåë âêëþ÷àåò 50 íàèìåíîâàíèé.

Îáúåêò èññëåäîâàíèÿ è ñòðóêòóðà äèññåðòàöèè.

Â ïåðâîé ãëàâå ðàññìàòðèâàåòñÿ óðàâíåíèå

ẍ+ Aẋ+ x+ f(x(t− h)) + g(ẋ(t− h)) = 0, (1)

â êîòîðîì A, h > 0, f(x) = f1x+ f2x
2 + f3x

3 + o(x3), g(x) = g1x+ g2x
2 + g3x

3 + o(x3)

ãëàäêèå ïðè |x| ≤ x0 ôóíêöèè. Èçó÷àåòñÿ õàðàêòåð ïîòåðè óñòîé÷èâîñòè íóëåâîãî

ðåøåíèÿ óðàâíåíèÿ (1) è áèôóðêàöèè àâòîêîëåáàòåëüíûõ ðåøåíèé â îäíîì êðèòè÷å-

ñêîì ñëó÷àå ïîòåðè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ëèíåéíîé ÷àñòè óðàâíåíèÿ (1) èìååò âèä

P (λ) ≡ λ2 + Aλ+ 1 + (f1 + λg1) exp(−λh) = 0. (2)

Àíàëèç ðàñïîëîæåíèÿ êîðíåé óðàâíåíèÿ (2) ïðîâîäèòñÿ ñ ïîìîùüþ ìåòîäà D -

ðàçáèåíèé. Ïîñòðîåíû êàðòèíû D - ðàçáèåíèé äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ.

Ïîêàçàíî, ÷òî âîçìîæíû ñëåäóþùèå ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè êâàçèïîëèíî-

ìîì (2): ïðè ïðîõîæäåíèè êîðíÿ óðàâíåíèÿ (2) ÷åðåç òî÷êó λ = 0, ïðè ïðîõîæäåíèè

ïàðû êîìïëåêñíî ñîïðÿæåííûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2) ÷åðåç òî÷-

êè ±iω(ω > 0), ïðè îäíîâðåìåííîì ïðîõîæäåíèè êîðíåé óðàâíåíèÿ (2) ÷åðåç òî÷êè
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λ = 0 è ±iω(ω > 0), ïðè îäíîâðåìåííîì ïðîõîæäåíèè äâóõ ïàð êîìïëåêñíî ñîïðÿ-

æåííûõ êîðíåé ÷åðåç òî÷êè ±iω1,±iω2(0 < ω1 < ω2). Â ïîñëåäíåì ñëó÷àå âîçìîæíà

ðåàëèçàöèÿ ñîîòíîøåíèÿ ω1/ω2 = 1/3, ò.å. èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé âíóòðåí-

íåãî ðåçîíàíñà 1:3. Îáîçíà÷èì A = A0, f1 = f10, g1 = g10, h = h0 çíà÷åíèÿ ïàðàìåò-

ðîâ, ïðè êîòîðûõ óðàâíåíèå (2) èìååò êîðíè ±iω1,±iω2(0 < ω1 < ω2, ω1/ω2 = 1/3).

Ïîëîæèì A = A0 +εA1, f1 = f10 +εf11, g1 = g10 +εg11, h = h0 +εh1, 0 < ε << 1. Èçó-

÷èì ïîâåäåíèå ðåøåíèé óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè èç íåêîòîðîãî øàðà

S(r0) ðàäèóñà r0 ôàçîâîãî ïðîñòðàíñòâàH = C[−h, 0]⊕C1[−h, 0] óðàâíåíèÿ ñ öåíòðîì

â íóëå. Â îêðåñòíîñòè íóëÿ ôàçîâîãî ïðîñòðàíñòâà H óðàâíåíèå (1) èìååò ëîêàëüíîå

àñèìïòîòè÷åñêè óñòîé÷èâîå ãëàäêîå èíâàðèàíòíîå ÷åòûðåõìåðíîå öåíòðàëüíîå ìíî-

ãîîáðàçèå ïîâåäåíèå ðåøåíèé íà êîòîðîì îïðåäåëÿåò ïîâåäåíèå ðåøåíèé óðàâíåíèÿ

(1) èç øàðà S(r0). Â ñâîþ î÷åðåäü ïîâåäåíèå ðåøåíèé íà èíòåãðàëüíîì ìíîãîîáðàçèè

îïðåäåëÿåòñÿ ïîâåäåíèåì ðåøåíèé ñëåäóþùåé íîðìàëèçîâàííîé ñèñòåìû îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ż1 = (iω1 + λ1
1ε + d11|z1|2 + d12|z2|2)z1 + d1z̄

2
1z2 + · · · = Z1(z1, z2, z̄1, z̄2; ε), (3)

ż2 = (iω2 + λ1
2ε + d21|z1|2 + d22|z2|2)z2 + d2z̄

3
1 + · · · = Z2(z1, z2, z̄1, z̄2; ε), (4)

â êîòîðîé λ1
j = τ 1

j + iω1
j , êîìïëåêñíûå ïîñòîÿííûå djk = ajk + icjk, dj(j, k = 1, 2)

ýôôåêòèâíî âû÷èñëÿþòñÿ ñ ïîìîùüþ ïðåäëîæåííîãî â [33] àëãîðèòìà è òî÷êàìè

îáîçíà÷åíû ñëàãàåìûå, èìåþùèå áîëåå âûñîêèé ïîðÿäîê ìàëîñòè ïî εzj, εz̄j, zj z̄j.

Ïîëîæèì â (3)-(4) zj = ε1/2ρj exp(iτj), ρj ≥ 0,−∞ < τj < ∞(j = 1, 2), dj =

|dj| exp(iγj), 0 ≤ γj < 2π. Ââåäåì �ìåäëåííûå� ïåðåìåííûå ρ1, ρ2, θ = 2τ1 − τ2 è

áûñòðóþ ïåðåìåííóþ τ1 è âûïîëíèì íîðìèðîâêè ρj = ρj/(−djj)1/2, j = 1, 2, t→ t/ε.

Âûáåðåì A1, f11, g11, h1 òàêèì îáðàçîì, ÷òîáû τ 1
1 = τ 1

2 = 1. Â ðåçóëüòàòå �ãëàâíàÿ�

÷àñòü ñèñòåìû óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ ïðèìåò âèä

ρ̇1 = (1− ρ2
1 + a1ρ

2
2)ρ1 + b1 cos(−θ + γ1)ρ2

1ρ2, (5)

ρ̇2 = (1 + a2ρ
2
1 − ρ2

2)ρ2 + b2 cos(θ + γ2)ρ3
1, (6)

θ̇ = ω + c1ρ
2
1 + c2ρ

2
2 − 3b1 sin(−θ + γ1)ξ1ξ2 − b2 sin(θ + γ2)ρ3

1/ρ2, (7)
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ãäå a1 = d12/(−d22), a2 = d21/(−d11), b1 = |d1|/(a11a22)1/2, b2 = |d2|/(−d11)3/2(−d22)1/2,

c1 = (3c11 − c21)/(−d11), c2 = (3c12 − c22)/(−d22), ω = 2ω1
1 − ω1

2.

Îòìåòèì, ÷òî �ãðóáûì�, ò.å. ýêñïîíåíöèàëüíî óñòîé÷èâûì (íåóñòîé÷èâûì) ñîñòî-

ÿíèÿì ðàâíîâåñèÿ ñèñòåìû óðàâíåíèé (5)-(7) ïðè ìàëûõ ε â ñèñòåìå óðàâíåíèé (3)-

(4) [34] (óðàâíåíèè (1)) ñîîòâåòñòâóåò ïåðèîäè÷åñêîå ðåøåíèå ïåðèîäà áëèçêîãî ê

2π/ω1, òîãî æå õàðàêòåðà óñòîé÷èâîñòè. �Ãðóáûì� ïåðèîäè÷åñêèì ðåøåíèÿì ñèñòåìû

óðàâíåíèé ïðè ìàëûõ ε â ñèñòåìå óðàâíåíèé (3)-(4) (óðàâíåíèè (1)) ñîîòâåòñòâóþò

äâóìåðíûå èíâàðèàíòíûå òîðû.

Ñèñòåìà (5)-(7) àíàëèçèðîâàëàñü ÷èñëåííî. Îòìå÷åíî ñóùåñòâîâàíèå óñòîé÷è-

âûõ ñîñòîÿíèé ðàâíîâåñèÿ, ÷òî ñîîòâåòñòâóåò óñòîé÷èâûì ïåðèîäè÷åñêèì ðåøåíè-

ÿì ñèñòåìû óðàâíåíèé (3)-(4) (óðàâíåíèÿ (1)), îò êîòîðûõ â ðåçóëüòàòå áèôóðêà-

öèè Àíäðîíîâà- Õîïôà âåòâÿòñÿ óñòîé÷èâûå ïåðèîäè÷åñêèå ðåøåíèÿ, êîòîðûå ñîîò-

âåòñòâóþò óñòîé÷èâûì äâóìåðíûì èíâàðèàíòíûì òîðàì ñèñòåìû óðàâíåíèé (3)-(4)

(óðàâíåíèÿ (1)). ×åðåç ñåðèþ áèôóðêàöèé óäâîåíèÿ ïåðèîäà ïåðèîäè÷åñêèå ðåøå-

íèÿ ïåðåõîäÿò â õàîòè÷åñêèé àòòðàêòîð. Äëÿ àòòðàêòîðà âû÷èñëåíû ëÿïóíîâñêèå

ïîêàçàòåëè è ëÿïóíîâñêàÿ ðàçìåðíîñòü.

Âòîðàÿ ÷àñòü ðàáîòû ïîñâÿùåíà èññëåäîâàíèþ äâóõ óðàâíåíèé, ïðèíàäëåæàùèõ

øèðîêîìó êëàññó ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïî-

ðÿäêà ñ çàïàçäûâàíèåì

ε1ẋ+ x(t) + f(x(t− τ)) = 0, (8)

ãäå f = f1x+f2x
2 +f3x

3 +o(x3) - íåëèíåéíàÿ ôóíêöèÿ, ε1 - ìàëûé ïàðàìåòð. Ñ ïîìî-

ùüþ ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè ïðîâîäèòñÿ àíàëèç ïåðèîäè÷åñêèõ ðåøåíèé,

áèôóðöèðóþùèõ èç ðàçëè÷íûõ ñîñòîÿíèé ðàâíîâåñèÿ.

Îáúåêòîì èññëåäîâàíèÿ ãëàâû 2 ÿâëÿåòñÿ èçâåñòíîå óðàâíåíèå Ìýêêè -Ãëàññà

ẋ = −γx+ βxτθ
n(θn + xnτ )−1, xτ = x(t− τ), (9)

ãäå x(t) - ïëîòíîñòü öèðêóëèðóþùèõ íåéòðîôèëîâ, γ - ñêîðîñòü ñëó÷àéíîãî ðàñïàäà

íåéòðîôèëîâ, τ, θ - íåêîòîðûå ïîëîæèòåëüíûå ïàðàìåòðû, n - íàòóðàëüíîå ÷èñëî,

ïàðàìåòðû β, γ, θ ïî ôèçèêå çàäà÷è ïðèíèìàþò çíà÷åíèå ïîðÿäêà åäèíèöû. Ïàðàìåòð

τ ïî ñâîèì çíà÷åíèÿì çíà÷èòåëüíî ïðåâîñõîäèò îñòàëüíûå ïàðàìåòðû, âõîäÿùèå â

(9). Ïåðåéäåì â óðàâíåíèè (9) ê áåçðàçìåðíûì ïåðåìåííûì, íîðìèðîâàâ x→ θx, t→
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τt, β → β/γ. Â îêðåñòíîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ x∗ = (β − 1)1/n óðàâíåíèå (9)

ïðèìåò âèä

ε1ẏ + y(t) + b1y(t− 1) + f(y(t− 1)) = 0, (10)

ãäå ε1 = (τ)−1, f(y) = b2y
2 + b3y

3 +o(y3) àíàëèòè÷åñêàÿ â îêðåñòíîñòè y = 0 ôóíêöèÿ,

b1 = n− 1− n/β,−1 ≤ b1, b2 = n(1 + (1− n)(β − 1))(β − 1)(n−1)/n/(2β),

b3 = (6n2 − (5n2 + 1)β)(β − 1)(n−2)/n/(6β2). (11)

Â ðàáîòå èçó÷àþòñÿ ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (10), áèôóöèðóþùèå èç

ñîñòîÿíèÿ ðàâíîâåñèÿ x∗ ïðè èçìåíåíèè ïàðàìåòðîâ óðàâíåíèÿ.

Áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé ñâÿçàíû ñ ïîòåðåé óñòîé÷èâîñòè íóëåâîãî

ðåøåíèÿ, ÷òî îïðåäåëÿåòñÿ ðàñïîëîæåíèåì êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ëèíåéíîé ÷àñòè óðàâíåíèÿ (10)

P (λ; ε1) = ε1λ+ 1 + b1 exp(−λ) = 0, λ ∈ C. (12)

Ïðè −1 < b1 < 1 è 0 < ε1 < ε0, ãäå ε0 ìàëî, âñå êîðíè óðàâíåíèÿ (12) ëåæàò

â ëåâîé êîìïëåêñíîé ïîëóïëîñêîñòè, ïðè b1 > 1 - èìåþòñÿ êîðíè, ëåæàùèå â ïðà-

âîé êîìïëåêñíîé ïîëóïëîñêîñòè. Â ñîîòâåòñòâèè ñ ýòèì, íóëåâîå ðåøåíèå óðàâíåíèÿ

(10) â ïåðâîì ñëó÷àå áóäåò àñèìïòîòè÷åñêè óñòîé÷èâî, âî âòîðîì - íåóñòîé÷èâî. Ïî-

ãðàíè÷íîé ÿâëÿåòñÿ òî÷êà b1 = 1. Ýòî îïðåäåëÿåò ñîãëàñíî (11) ïîñëåäîâàòåëüíîñòü

êðèòè÷åñêèõ çíà÷åíèé βn = n/(n− 2).

Ïîëîæèì

β = βn(1 + ε2/(n− 2− ε2)), |ε2| � 1 (13)

èìååì b1 = 1 + ε2, b2 = b2(ε2), b3 = b3(ε2).

Òåîðåìà 1. Ñóùåñòâóåò ε0 > 0, ÷òî ïðè |ε| < ε0 (ε = (ε1, ε2), |ε| = (ε2
1 + ε2

2)1/2) âñå

ìíîæåñòâî êîðíåé óðàâíåíèÿ (12) îïðåäåëÿåòñÿ ôîðìóëîé

λk(ε) = iπk + ln (1 + ε2) + λ1(iπk + ln (1 + ε2); ε1),

λ−k(ε) = λ̄k(ε), k = 1, 3, 5 . . . ,
(14)

ãäå λ1(w; ε) ≡ − ln(1 − ε1(w − ln(1 + ε1(w − ln (1 + ε1(w − . . . )))))) (lnw = ln|w| +

iargw, −π < argw < π)- íåïðåðûâíàÿ ïî ñîâîêóïíîñòè ïåðåìåííûõ, àíàëèòè÷åñêàÿ
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ïî ε1 ïðè êàæäîì ôèêñèðîâàííîì w ∈ {w : −x0 < Re < x0, Imw ≥ π, x0-ìàëîå

ôèêñèðîâàííîå ÷èñëî} è àíàëèòè÷åñêàÿ ïî w ïðè êàæäîì 0 < ε < ε0, |Rew| < δ0

ôóíêöèÿ.

Ïðè ýòîì ðàâíîìåðíî îòíîñèòåëüíî k

λk(ε) = γk(ε) + i(πk + σk(ε)), (15)

γk(ε) = ln (1 + ε2)− ln ((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)/2 +O(|ε|2),

σk(ε) = − arccos ((1 + ε1 ln (1 + ε2))/((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)1/2) +O(|ε|2). (16)

Îòêóäà ñëåäóåò, ÷òî ïðè ìàëûõ ε è ε2 > ε2
1(πk)2/2 n-ûé êîðåíü õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ èìååò ïîëîæèòåëüíóþ âåùåñòâåííóþ ÷àñòü è íóëåâîå ðåøåíèå óðàâíåíèÿ

(10) íåóñòîé÷èâî.

Ôàçîâûì ïðîñòðàíñòâîì óðàâíåíèÿ (10) ÿâëÿåòñÿ ïðîñòðàíñòâî íåïðåðûâíûõ âå-

ùåñòâåííûõ ôóíêöèé C[−1; 0]. Ïåðåéäåì îò óðàâíåíèÿ (10) ê ýêâèâàëåíòíîé íà÷àëü-

íî - êðàåâîé çàäà÷å â ïîëîñå −1 ≤ s ≤ 0, t ≥ 0

∂u

∂t
=
∂u

∂s
, (17)

ε1
∂u

∂s

∣∣∣∣
s=0

= −u(0, t)− (1 + ε2)u(1, t)− f(u(1, t)), u(s, 0) = y0(s) (18)

ïîëîæèâ u(s, t) = y(t+ s)

Ïðîèçâîäÿùèì îïåðàòîðîì ïîëóãðóïïû ëèíåéíûõ âïîëíå íåïðåðûâíûõ îïåðàòî-

ðîâ T (t; ε) (T (t1 + t2; ε) = T (t1; ε)T (t2; ε) = T (t2; ε)T (t1; ε), T (0; ε) = I- åäèíè÷íûé

îïåðàòîð), äåéñòâóþùèõ â ïðîñòðàíñòâå C[−1, 0] è îïðåäåëÿþùèõ ðåøåíèå ëèíåéíîé

÷àñòè çàäà÷è (17)-(18), áóäåò îïåðàòîð

A(ε)v =

 dv/ds,−1 ≤ s < 0,

− ε−1
1 (v(0) + (1 + ε2)v(−1)), s = 0

(19)

ñ îáëàñòüþ îïðåäåëåíèÿ D(A) = {v(s) ∈ C1[−1, 0], εv′(0) + v(0)+ (1 + ε2)v(−1) = 0}.

Ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà A(ε) ÿâëÿþòñÿ âåëè÷èíû λk = λk(ε), à ñî-

îòâåòñòâóþùèìè ñîáñòâåííûìè ôóíêöèÿìè áóäóò ôóíêöèè

ek(s; ε) = eλk(ε)s/P ′(λk(ε); ε) = eλk(ε)s/(1 + ε1 + ε1λk(ε)), k = ±1,±3, . . . ||ek(s; ε)||C ∼ 1

ïðè n→∞.
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Íàðÿäó ñ (19) ââåäåì â ðàññìîòðåíèå îïåðàòîð

A∗(ε)h =

 dh/ds, 0 ≤ s < 1,

− ε−1
1 (h(0) + (1 + ε2)h(1)), s = 0

(20)

äåéñòâóþùèé â ïðîñòðàíñòâå C[0, 1], ñ îáëàñòüþ îïðåäåëåíèÿD(A∗) = {h(s) ∈ C1[0, 1],

−εh′(0)+h(0)+(1+ε2)v(1) = 0}. Îïåðàòîð (20) ÿâëÿåòñÿ ñîïðÿæåííûì ñ (19) â ñìûñëå

ñêàëÿðíîãî ïðîèçâåäåíèÿ Ñ.Í. Øèìàíîâà [35], êîòîðîå äëÿ êðàåâîé çàäà÷è (17)-(18)

ïðèíèìàåò âèä

< v(s), h(s) >= ε1v(0)h̄(0)− (1 + ε2)

∫ 0

−1

h̄(ξ + 1)v(ξ)dξ.

Ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà A∗(ε) ÿâëÿþòñÿ âåëè÷èíû −λ̄k(ε), à ñîîòâåò-

ñòâóþùèìè ñîáñòâåííûìè ôóíêöèÿìè áóäóò ôóíêöèè hk = hk(s; ε) = e−λ̄k(ε)s. Ìåæäó

ôóíêöèÿìè ek(s; ε) è hk(s; ε) âûïîëíåíû ñëåäóþùèå óñëîâèÿ îðòîãîíàëüíîñòè

< ek1(s; ε), hk2(s; ε) >= δk1k2 , (21)

ãäå δk1k2- ñèìâîë Êðîíåêåðà.

Ïóñòü l2 êîìïëåêñíîå ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé âèäà

z = (z1, z−1, z3, z−3, . . . ), zk ∈ C, z−k = z̄k, ||z||2l2 =
∑∞

k=1 |zk|2 < ∞, l12- êîìïëåêñíîå

ïîäïðîñòðàíñòâî l2 ïîñëåäîâàòåëüíîñòåé z = (z1, z−1, z3, z−3, . . . ), äëÿ êîòîðûõ ||z||2l12 =∑∞
k=1 |λk(ε)|2|zk|2 <∞ è ||

∑∞
k=1 zkλk(ε)ek(s; ε)||C <∞.

Ââîäèòñÿ â ðàññìîòðåíèå ôóíêöèÿ-îïåðàòîð

u(s, z; ε) =
∑

k=±1,±3,...

zkek(s; ε) +
∑

(k1,k2)∈Ω2

zk1zk2uk1k2(s; ε)+

+
∑

(k1,k2,k3)∈Ω3

zk1zk2zk3uk1k2k3(s; ε), (22)

ãäå Ω2 = {(k1, k2) : k1, k2 = ±1,±3, . . . , k1 ≤ k2}, Ω3 = {(k1, k2, k3) : k1, k2, k3 =

±1,±3, . . . , k1 ≤ k2 ≤ k3}, äåéñòâóþùàÿ èç s1(r0) ⊗ {|ε| < ε0} â C[−1, 0] è ãëàäêî

çàâèñÿùàÿ îò ñâîèõ ïåðåìåííûõ, è ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

żk = λk(ε)zk +
∑

(k1,k2,k3)∈Ω3
k

dk1k2k3(ε)zk1zk2zk3 (23)

â ïðîñòðàíñòâå l2 ñ îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè s1(r0), ãëàäêî çàâèñÿùåé îò

ε.
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Ôóíêöèè uk1k2(s; ε), uk1k2k3(s; ε), dk1k2k3(ε) ýôôåêòèâíî è îäíîçíà÷íî îïðåäåëÿþòñÿ

èç óñëîâèé ïðèíàäëåæíîñòè òðàåêòîðèé ñèñòåìû (23) â ñèëó (22) êðàåâîé çàäà÷è

(17)-(18) è èìåþò âèä [31]:

uk1k2(s; ε) = −pk1k2b2(ε2)e(λk1 (ε)+λk2 (ε))s/P (λk1(ε) + λk2(ε); ε), (24)

uk1k2k3(s; ε) = eλk1k2k3(ε)s(c+ dk1k2k3(ε)(1 + ε1 + ε1λk(ε))(1− e(λk(ε)−λk1k2k3 (ε))s)∗

∗ (λk(ε)− λk1k2k3(ε))−1), (25)

dk1k2k3(s; ε)(s; ε) = (ε1 + (1 + ε2)(e−λk1k2k3 (ε) − e−λk(ε)/(λk1k2k3(ε)− λk(ε)))−1∗

∗ (1 + ε1 + λk(ε))fk1k2k3(ε), (26)

ãäå pk1k2 = 1 ïðè k1 = k2 è pk1k2 = 2 ïðè k1 6= k2, pk1k2k3 = 1, åñëè k1 = k2 =

k3, pk1k2k3 = 3, åñëè k1 = k2 6= k3, ëèáî k1 = k3 6= k2, ëèáî k2 = k3 6= k1, pk1k2k3 = 6,

åñëè k1 6= k2 6= k3, λk1k2k3(ε) = λk1(ε) + λk2(ε) + λk3(ε), c− ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ïóñòü ρ = (ρ1, ρ3, . . . ), ρj ≥ 0, j = 1, 3, . . . ,
∑∞

j=1 k
2ρ2
j <∞ è θ = (θ1, θ2, . . . ), 0 ≤

θj < 2π, j = 1, 3, . . . - âåùåñòâåííûå ïîñëåäîâàòåëüíîñòè. Ââåäåì â îáëàñòè {(ε1, ε2),

ε1 > 0, |ε| < ε0} ïåðåìåííûå ζ ≥ 0 è π/2 < ψ < π/2, ïîëîæèâ

ζ = (ε2
1 + |ε2|)1/2, ε1 = ζ cosψ, ε2 = ζ2 sinψ2signψ. (27)

Ñòðóêòóðà ñèñòåìû óðàâíåíèé (23) ïîçâîëÿåò ââåñòè âçàìåí zk (k = ±1, . . . ) îäíó

�áûñòðóþ� ïåðåìåííóþ è ñ÷åòíîå ÷èñëî �ìåäëåííûõ� ïåðåìåííûõ âèäà ρ è θ. Íîðìè-

ðóåì ρk → ζρk, t → t/ζ2 è óñðåäíÿÿ çàòåì ïîëó÷åííóþ ñèñòåìó óðàâíåíèé ïî �áûñò-

ðîé� ïåðåìåííîé, ïîëó÷èì ñèñòåìó óðàâíåíèé, ãëàâíàÿ ÷àñòü êîòîðîé (ïðè ζ → 0)

áóäåò èìåòü âèä

ρ̇k = γk(ψ, ξ)ρk +Rk(ρ, θ)(γk = sin2 ψsignψ − 2 cos2 ψ(πk)2), (28)

θ̇k = Θk(ρ, θ), k = 1, 3, . . . , (29)

â êîòîðîé ôóíêöèîíàëû Rk(·),Θk(·) - 2π ïåðèîäè÷åñêèå ïî θj, Rk(·) ÿâëÿåòñÿ îäíî-

ðîäíîé ôîðìîé ïîðÿäêà 3 ïî ρj.
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Ïóñòü (ρ∗(ψ), θ∗(ψ)) ∈ l12 ⊗ C0 ðåøåíèå ñèñòåìû óðàâíåíèé

Rk(ρ
∗(ψ), θ∗(ψ)) = 0, k = 1, 3 . . . , (30)

Θk(ρ
∗(ψ), θ∗(ψ)) = 0, k = 1, 3, . . . . (31)

Ââåäåì â ðàññìîòðåíèå áåñêîíå÷íóþ ìàòðèöó

B(ψ) =

γk(ψ)δkj + ∂Rk/∂ρj ∂Rk/∂θj

∂θk/∂ρj ∂Rk/∂θj

 (k, j = 1, 3, . . . ), (32)

âû÷èñëåííóþ â òî÷êå ρ∗(ψ), θ∗(ψ), ãäå δkj ñèìâîë Êðîíåêåðû. Ìàòðèöà îïðåäåëÿåò

ëèíåéíûé îïåðàòîð

B(ψ)v (v = (ρ, θ)) : E1 = l12 ⊗ C → E = l2 ⊗ C, (33)

||v||E = ||ρ||l2 + ||θ||C , ||v||E1 = ||ρ||l12 + ||θ||C .

Ïóñòü

z∗1(t;ψ, ζ) = ρ∗1(ψ, ζ)eiτ , z∗3(t;ψ, ζ) = ρ∗3(ψ, ζ)ei3τ+θ∗1(ψ),

z∗5(t;ψ, ζ) = ρ∗5(ψ, ζ)ei5τ+θ∗1(ψ)+θ∗3(ψ), z∗−k(t;ψ, ζ) = z̄∗k(t;ψ, ζ) k = 1, 3, . . . (34)

Äîêàçàíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 2. Ïóñòü ïðè íåêîòîðîì ψ ñèñòåìà óðàâíåíèé (28)-(29) èìååò ðåøåíèå

(ρ∗(ψ), θ∗(ψ)) ∈ E1
0 , à ïîñòðîåííàÿ ïî ýòîìó ðåøåíèþ ìàòðèöà (32) îïðåäåëÿåò

îïåðàòîð (33), êîòîðûé íå èìååò ñîáñòâåííûõ çíà÷åíèé ëåæàùèõ íà ìíèìîé êîì-

ïëåêñíîé ïëîñêîñòè. Òîãäà ñóùåñòâóåò òàêîå ζ0 > 0, ÷òî ïðè 0 < ζ < ζ0 êðàåâàÿ

çàäà÷à (17)-(18), â êîòîðîé ε1 è ε2 îïðåäåëåíû ñîãëàñíî (27) èìååò ïåðèîäè÷åñêîå

ðåøåíèå u∗(s, τ ;ψ, ζ), äîïóñêàþùåå ïðåäñòàâëåíèå

u∗(s, τ ;ψ, ζ) = u∗0(s, τ ;ψ, ζ) +O(ζ4) =

= ζ
∑

k=±1,±3

ek(s;ψ, ζ)z∗k(τ ;ψ, ζ) + ζ2
∑

(k1,k2)∈Ω2

uk1k2(s;ψ, ζ)z∗k1(τ ;ψ, ζ)z∗k2(τ ;ψ, ζ)+

+ ζ3
∑

(k1,k2,k3)∈Ω3

uk1k2k3(s;ψ, ζ)z∗k1(τ ;ψ, ζ)z∗k2(τ ;ψ, ζ)z∗k3(τ ;ψ, ζ) +O(ζ4), (35)

τ̇ = π + σ1(ψ, ζ) + ζ2T1(ρ∗(ψ, ζ), θ∗(ψ, ζ);ψ, ζ) =

= π + σ1(ψ, ζ) + ζ2∆2(ψ, ζ) = π + σ(ψ, ζ), (σ(ψ, ζ) ≡ 0), (36)
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â êîòîðîì Ω2,Ω3 îïðåäåëåíû â (22), ôóíêöèè ek(·), uk1k2(·), uk1k2k3(·) îïðåäåëåíû âûøå

ñ ó÷åòîì çàìåíû (27), ôóíêöèè z∗k(·) îïðåäåëåíû â (34).

Àëãîðèòì íàõîæäåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé êðàåâîé çàäà÷è (17)-(18)(óðàâíåíèÿ

(10)) ïîçâîëÿåò ñòðîèòü ðåøåíèÿ â âèäå ðÿäà

u∗(s, τ ;ψ, ζ) =
∞∑
j=1

ζjuj(s, τ, ρ, θ,∆;ψ, ζ), (37)

â êîòîðîì uj(·) ãëàäêî çàâèñÿùèå îò ñâîèõ ïåðåìåííûõ ôóíêöèîíàëû ρ ∈ l12, θ ∈

c0, 2π- ïåðèîäè÷åñêèå ïî τ ïðè −1 ≤ s ≤ 0,∆ ∈ R,−π/2 < ψ < π/2, 0 < ζ ≤ ζ0.

Ïðè ýòîì

ρ = ρ∗ + ζ2ρ∗2 + ζ4ρ∗4 + · · · = (ρ1, ρ2, . . . ), ρj > 0, ρj = ρj(ψ, ζ) =

= ρ∗j(ψ, ζ) + ζ2ρ∗j2(ψ, ζ) + ζ4ρ∗j4(ψ, ζ) + . . . , θ = θ∗ + ζ2θ∗2 + ζ4θ∗4 + · · · = (θ1, θ2, . . . ),

θj = θj(ψ, ζ) = θ∗j (ψ, ζ) + ζ2θ∗j2(ψ, ζ) + ζ4θ∗j4(ψ, ζ) + . . . ,

∆ = ∆(ψ; ζ) = ζ2∆2(ψ; ζ) + ζ4∆4(ψ; ζ) + . . . , (38)

ρ∗∗(ψ; ζ), θ∗∗(ψ; ζ),∆∗(ψ; ζ) ãëàäêèå ïî ψ è ζ ôóíêöèè,

u1(·) ≡ u1(s, τ, ρ, θ;ψ, ζ) =
∑

k=1,3,...

ρk(ψ, ζ)[ek(s;ψ, ζ)ei(τ+θ∨k (ψ;ζ))+

e−n(s;ψ, ζ)e−i(τ+θ∨k (ψ;ζ))], θ∨k (ψ, ζ) =
n−1∑
j=0

θj(ψ, ζ), θ0(ψ, ζ) ≡ 0. (39)

Ïîäñòàâëÿÿ ðÿä (37) â êðàåâóþ çàäà÷ó (17)-(18) ñ ó÷åòîì (27) è ïðèðàâíèâàÿ â

ïîëó÷åííûõ ðàâåíñòâàõ ñëåâà è ñïðàâà êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ζ,

îïðåäåëèì ôóíêöèè, âõîäÿùèå â (37)-(39).

Òåîðåìà 3. Â óñëîâèÿõ òåîðåìû 2, ñóùåñòâóåò òàêîå ζ0 > 0, ïðè êîòîðîì ðÿä

u∗(s, τ ;ψ, ζ) =
∞∑
j=1

ζju∗j(s, τ ;ψ, ζ). (40)

ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî 0 ≤ ζ ≤ ζ0 è (s, τ) ∈ {(s, τ) : −1 ≤ s ≤ 0,−∞ <

τ < ∞} è îïðåäåëÿåò ïåðèîäè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è (17)-(18), óñòîé÷è-

âîñòü êîòîðîãî îïðåäåëÿåòñÿ óñëîâèÿìè òåîðåìû 2. Ïåðåìåííàÿ τ îïðåäåëÿåòñÿ â

ñîîòâåòñòâèè ñî ñëåäóþùèì óðàâíåíèåì

τ̇ = π + σ1(ψ, ζ) + ζ2∆2(ψ, ζ) (41)
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Òåîðåìà ïîçâîëÿåò îïðåäåëÿòü ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (10) äëÿ ðàç-

ëè÷íûõ çíà÷åíèé ïàðàìåòðîâ. Íèæå ïðèâåäåíû íåêîòîðûå ðåçóëüòàòû ÷èñëåííûõ

ýêñïåðèìåíòîâ. Ïðè ψ = 1.51, ζ = 0.1 áûëî íàéäåíî ïÿòü óñòîé÷èâûõ ïåðèîäè÷åñêèõ

ðåøåíèé. Ïðè óâåëè÷åíèè ïàðàìåòðà ψ äî 1.55 ê óæå íàéäåííûì ïåðèîäè÷åñêèì

ðåøåíèÿì äîáàâëÿþòñÿ åùå äâà. Èçó÷àëñÿ âîïðîñ âîçìîæíîñòè ïåðåõîäà ïåðèîäè÷å-

ñêèõ ðåøåíèé â õàîòè÷åñêèå êîëåáàíèÿ ïðè ôèêñèðîâàííîì ψ è óâåëè÷åíèè çíà÷åíèÿ

ïàðàìåòðà ζ, à òàêæå âîïðîñ âîçìîæíîñòè ñîñóùåñòâîâàíèÿ íåñêîëüêèõ õàîòè÷åñêèõ

àòòðàêòîðîâ äëÿ îäèíàêîâûõ çíà÷åíèé ïàðàìåòðîâ.

Â òðåòüåé ãëàâå ðàññìàòðèâàåòñÿ èçâåñòíîå óðàâíåíèå Èêåäû

ẋ = µ sin(x(t− τ)− c)− x, (42)

îïèñûâàþùåå äèíàìèêó ïàññèâíîãî îïòè÷åñêîãî ðåçîíàòîðà. Çäåñü ïåðåìåííàÿ x(t)

îïðåäåëÿåò ñäâèã ôàçû ýëåêòðè÷åñêîãî ïîëÿ â íåëèíåéíîé ñðåäå êîëüöåâîãî ðåçî-

íàòîðà, τ � âðåìÿ ðàñïðîñòðàíåíèÿ ñâåòà â êîëüöåâîì ðåçîíàòîðå, 0 ≤ c < 2π �

ïîñòîÿííûé ôàçîâûé ñäâèã, µ > 0 � áåçðàçìåðíûé êîýôôèöèåíò, õàðàêòåðèçóþùèé

èíòåíñèâíîñòü ëàçåðíîãî èçëó÷åíèÿ.

Ïåðåéäåì â óðàâíåíèè (42) ê áåçðàçìåðíîìó âðåìåíè t′ = t/τ (øòðèõ â äàëüíåé-

øåì îïóñòèì). Ïîëîæèâ ε1 = τ−1 � 1, èìååì óðàâíåíèå â áåçðàçìåðíûõ ïåðåìåííûõ

ε1ẋ(t) + x(t) = µ sin(x(t− 1)− c). (43)

Ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(c, µ) óðàâíåíèÿ (43) îïðåäåëÿþòñÿ êîðíÿìè óðàâíåíèÿ

x = µ sin(x− c) (44)

â çàâèñèìîñòè îò c è µ. Óñòîé÷èâîñòü x∗(c, µ) îïðåäåëÿåòñÿ ðàñïîëîæåíèåì êîðíåé

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P (λ; ε1) = ε1λ+ 1− µ cos(x∗(µ, c)− c) exp(−λ) = 0. (45)

Ïðè |µ cos(x∗(µ, c) − c)| < 1 âñå êîðíè óðàâíåíèÿ (45) ëåæàò â ëåâîé îòêðûòîé

êîìïëåêñíîé ïîëóïëîñêîñòè. Ñîñòîÿíèå ðàâíîâåñèÿ x∗(c, µ) àñèìïòîè÷åñêè óñòîé÷è-

âî. Ïðè |µ cos(x∗(µ, c)− c)| > 1 óðàâíåíèå (45) èìååò êîðíè, ïðèíàäëåæàùèå ïðàâîé

îòêðûòîé êîìïëåêñíîé ïîëóïëîñêîñòè, ò.å. ñîñòîÿíèå ðàâíîâåñèÿ x∗(c, µ) íåóñòîé÷è-

âî. Ïîãðàíè÷íûì ÿâëÿåòñÿ ñëó÷àé |µ cos(x∗(µ, c)− c)| = 1. Ýòî ðàâåíñòâî îïðåäåëÿåò
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â ïëîñêîñòè c, µ ìíîæåñòâî òî÷åê áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé èç ñîñòîÿíèÿ

ðàâíîâåñèÿ x∗(c, µ).

Óðàâíåíèå (44) èìååò åäèíñòâåííîå ðåøåíèå âèäà x∗(µ, c), limµ→0 x∗(µ, c) = 0 ïðè

0 < c < 2π. Ïðè ýòîì −π < x∗(µ, c) < 0, åñëè 0 < c < π, x∗(µ, π) ≡ 0, 0 < x∗(µ, c) < π,

åñëè π < c < 2π. Ïðè c = 0 óðàâíåíèå (44) èìååò ðåøåíèå x∗(µ, c) ≡ 0, à òàêæå ïðè

µ > 1 äâà ðåøåíèÿ ±x∗(µ, c), x∗(µ, c) > 0, limµ→1 x∗(µ, c) = 0.

Êðîìå òîãî, ïðè êàæäîì c ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü çíà÷åíèé 0 < µ1(c) ≤

µ2(c) ≤ ..., ïðè êîòîðûõ â óðàâíåíèè (44) ïîÿâëÿþòñÿ êðàòíûå êîðíè x−∗ (µk(c), c) =

x+
∗ (µk(c), c), µk(c) cos(x±∗ (µk(c), c) − ) = 1, êîòîðûì ïðè µ > µk(c) îòâå÷àþò ïàð-

íûå (óñòîé÷èâîå è íåóñòîé÷èâîå) ñîñòîÿíèÿ ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c) óðàâíåíèÿ

(43). Ïðè äàëüíåéøåì óâåëè÷åíèè ïàðàìåòðà µ ñîñòîÿíèå ðàâíîâåñèÿ x−∗ (µ, c) òåðÿåò

óñòîé÷èâîñòü ïðè íåêîòîðîì µ∗ è ïðè ýòîì µ∗ cos(x−∗ (µ∗, c)− ) = −1.

Â ïàðàãðàôå 3.2 ïîêàçàíî, ÷òî áèôóðêàöèîííûé àíàëèç ïîòåðè óñòîé÷èâîñòè ñî-

ñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, c), limµ→0 x∗(µ, c) = 0, 0 < c < 2π ïðîâîäèòñÿ àíàëîãè÷íî

óðàâíåíèþ (10).

Â ïàðàãðàôå 3.3. ïðîâîäèòñÿ áèôóðêàöèîííûé àíàëèç ïîòåðè óñòîé÷èâîñòè ñî-

ñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, 0) ≡ 0 â ñëó÷àå c = 0. Ïîòåðÿ óñòîé÷èâîñòè ñîñòîÿíèåì

ðàâíîâåñèÿ x∗(µ, 0) ≡ 0 ïðîèñõîäèò â òî÷êå µ∗ = 1. Ïóñòü µ = 1 + ε2, |ε2| << 1.

Óðàâíåíèå (43) â îêðåñòíîñòè x∗(µ, 0) ≡ 0 ïðèìåò âèä

ε1ẏ(t) + y(t)− (1 + ε2)y(t− 1) + f(y(t− 1); ε) = 0, (46)

ãäå f(y) = (1 + ε2)/6y3 + o(y3) àíàëèòè÷åñêàÿ ôóíêöèÿ.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ëèíåéíîé ÷àñòè óðàâíåíèÿ (46) èìååò âèä

P (λ; ε1) = ε1λ+ 1− (1 + ε2) exp(−λ) = 0, λ = γ + iσ. (47)

Òåîðåìà 4. Ñóùåñòâóåò ε0 > 0, ÷òî ïðè |ε| < ε0 (ε = (ε1, ε2), |ε| = (ε2
1 + ε2

2)1/2)

âñå ìíîæåñòâî êîðíåé óðàâíåíèÿ (47) îïðåäåëÿåòñÿ ôîðìóëîé (14), â êîòîðîé k =

0, 2, 4, . . . .

Îòìåòèì, ÷òî λ0(ε)(λ0(0) = 0) - âåùåñòâåííûé êîðåíü óðàâíåíèÿ (47).

Îáîçíà÷èì ÷åðåç l2 - ïðîñòðàíñòâî êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé âèäà z =

(z0, z2, z−2, z4, z−4, . . . ), z0 ∈ R, zk ∈ C, k = 2, 4, . . . , z−n = z̄k, ||z||2l2 =
∑∞

k=0 |zk|2 <
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∞. ×åðåç l12 îáîçíà÷èì ïîäïðîñòðàíñòâî l2 êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé z =

(z0, z2, z−2, z4, z−4, . . . ) äëÿ êîòîðûõ ||z||2l12 =
∑∞

k=0 |λk(ε)|2|zk|2 <∞ è ||
∑∞

k=−∞ zkλk(ε)∗

∗ek(s; ε)||C <∞.

Â ðàññìàòðèâàåìîì ñëó÷àå íîðìàëüíîé ôîðìîé óðàâíåíèÿ (46) áóäåò ñèñòåìà

âèäà (23) â ïðîñòðàíñòâå l2 ñ îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè s1(r0), ãëàäêî

çàâèñÿùàÿ îò ε, â êîòîðîé Ω3
k = {(k1, k2, k3), k1, k2, k3 = 0,±2,±4, . . . , k1 ≤ k2 ≤

k3, k1 + k2 + k3 = n},

dk1k2k3(s; ε)(s; ε) = (ε1 − (1 + ε2)(e−λk1k2k3 (ε) − e−λn(ε))/(λk1k2k3(ε)− λn(ε)))−1∗

∗ (1 + ε1 + λk(ε))fk1k2k3(ε).

fk1k2k3(ε) = −pk1k2k3(1 + ε2)ek1(−1; ε)ek2(−1; ε)ek3(−1; ε)/6, en(s; ε) = eλk(ε)/(1 + ε1 +

λk(ε)), pk1k2k3 = 1, åñëè k1 = k2 = k3; pk1k2k3 = 3, åñëè k1 = k2 6= k3, ëèáî k1 = k3 6= k2,

ëèáî k2 = k3 6= k1; pk1k2k3 = 6, åñëè k1 6= k2 6= k3. Ñõåìà åå ïîñòðîåíèÿ àíàëîãè÷íà

ñõåìå ïîñòðîåíèÿ ñèñòåìû óðàâíåíèé (23)

Ââåäåì â îáëàñòè {(ε1, ε2), ε1 > 0, |ε| < ε0} ïåðåìåííûå ζ ≥ 0 è π/2 < ψ < π/2

ñîãëàñíî (27).

Ââåäåì âçàìåí ïåðåìåííûõ zk (k = 0,±2, . . . ) îäíó �áûñòðóþ� ïåðåìåííóþ è ñ÷åò-

íîå ÷èñëî �ìåäëåííûõ� ïåðåìåííûõ âèäà ρ = (ρ0, ρ2, . . . ) è θ = (θ2, θ4, . . . ). Óñðåä-

íèì ïîëó÷åííóþ ñèñòåìó óðàâíåíèé ïî �áûñòðîé� ïåðåìåííîé, ðàññìîòðèì �ãëàâíóþ�

÷àñòü ïîëó÷åííîé ñèñòåìû (ïðè ζ → 0) è ïîëó÷èì ñèñòåìó, àíàëîãè÷íóþ (28)-(29)

ρ̇n = γ∗k(ψ)ρk +Rk(ρ, θ), k = 0, 2, . . . (48)

θ̇n = Θk(ρ, θ), k = 2, 4, . . . , (49)

ãäå γ∗k(ψ) = sin2 ψsignψ − π2k2 cos2 ψ/2.

Òåîðåìà 5. Ïóñòü ïðè íåêîòîðîì ψ ñèñòåìà óðàâíåíèé (48)-(49) èìååò ýêñïîíåí-

öèàëüíî óñòîé÷èâîå èëè íåóñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ (ρ∗(ψ), θ∗(ψ)) ∈ E1
0 . Â

ïîñëåäíåì ñëó÷àå m õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé (ñ ó÷åòîì êðàòíîñòåé) ëèíå-

àðèçîâàííîé íà (ρ∗(ψ), θ∗(ψ)) ñèñòåìû óðàâíåíèé ïîëîæèòåëüíû. Òîãäà ñóùåñòâó-

åò òàêîå ζ0 > 0, ÷òî ïðè 0 < ζ < ζ0 óðàâíåíèå (46) ñ ó÷åòîì âûðàæåíèé (27) èìååò

ïåðèîäè÷åñêîå ðåøåíèå òîãî æå õàðàêòåðà óñòîé÷èâîñòè. Ïðè ýòîì ðàçìåðíîñòü
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íåóñòîé÷èâîãî ìíîãîîáðàçèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ ðàâíà m. Äëÿ ïåðèîäè÷åñêîãî

ðåøåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

y∗(τ ;ψ, ζ) = ζ(ρ∗0(ψ) + 2
∞∑
k=1

ρ∗2k(ψ) cos (kτ +
2k−2∑
j=1

θ∗2j(ψ)) + O(ζ3), (50)

τ̇ = 2π − ζ cosψ + ζ2 cosψ2 +O(ζ3). (51)

Â çàêëþ÷èòåëüíîé ÷àñòè ïàðàãðàôà äëÿ íåêîòîðûõ çíà÷åíèé ïàðàìåòðîâ ψ è ζ

ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ïåðèîäè÷åñêèõ ðåøåíèé, ïîëó÷åííûõ ñîãëàñíî (50)

è íåïîñðåäñòâåííîãî ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèÿ (43). Ïîêàçàíà âîçìîæ-

íîñòü áèôóðêàöèè îäíîâðåìåííî íåñêîëüêèõ ïåðèîäè÷åñêèõ ðåøåíèé, êîòîðûå ïðè

äàëüíåéøåì óâåëè÷åíèè ïàðàìåòðà ζ ïåðåõîäÿò â õàîòè÷åñêèå êîëåáàíèÿ.

Â ïàðàãðàôå 3.4 àíàëèçèðóþòñÿ áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ

(43) ïðè ðîæäåíèè ïàðíûõ ñîñòîÿíèé ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c). Äëÿ îïðåäåëåí-

íîñòè ðàññìîòðèì ñëó÷àé c = π/3, µ∗ ≈ 2.4, x∗ ≈ 2.2.

Óðàâíåíèå (43) â îêðåñòíîñòè ðàññìàòðèâàåìûõ ñîñòîÿíèé ðàâíîâåñèÿ ïðèìåò âèä

ε1ẏ(t) + y(t)− (1 + ε2)y(t− 1) + f(y(t− 1)), (52)

ãäå f(y) = 1/2x∗y
2 + 1/6(1 + ε2)y3 + o(y4)

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ëèíåéíîé ÷àñòè óðàâíåíèÿ (52) îïðåäåëÿ-

þòñÿ ôîðìóëîé (14), â êîòîðîé k = 0, 2, 4, . . . ..

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

żk = λk(ε)zk +
∑

(k1k2)∈Ω2
k

dk1k2(ε)zk1zk2 , (53)

â êîòîðîé Ω2
k = {(k1, k2) : kj = 0,±2, ±4, . . . , k = k1 + k2}, íàçûâàåòñÿ íîðìàëüíîé

ôîðìîé óðàâíåíèÿ (52).

Ôóíêöèè dk1k2(s; ε) èìåþò ñëåäóþùèé âèä

dk1k2(s; ε) = (ε1 − (1 + ε2)(e−λk1k2 (ε) − e−λn(ε)/(−λk1k2(ε) + λn(ε)))−1(1 + ε1 + ελk(ε))∗

∗ (−1

2
)p, p = 1, 2, (54)

λk1k2(ε) = λk1(ε) + λk2(ε).
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Ñòðóêòóðà ñèñòåìû óðàâíåíèé (53) ïîçâîëÿåò ââåñòè âçàìåí zk (k = 0,±2, . . . )

îäíó �áûñòðóþ� ïåðåìåííóþ è ñ÷åòíîå ÷èñëî �ìåäëåííûõ� ïåðåìåííûõ âèäà ρ è θ.

Óñðåäíÿÿ çàòåì ïîëó÷åííóþ ñèñòåìó óðàâíåíèé ïî �áûñòðîé� ïåðåìåííîé, ïîëó÷èì

ñèñòåìó óðàâíåíèé, �ãëàâíàÿ� ÷àñòü êîòîðîé (ïðè ζ → 0) áóäåò èìåòü âèä (48)-(49)

Âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 6. Ïóñòü ïðè íåêîòîðîì ψ ñèñòåìà óðàâíåíèé (48)-(49) èìååò èìååò ýêñ-

ïîíåíöèàëüíî óñòîé÷èâîå èëè íåóñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ (ρ∗(ψ), θ∗(ψ)) ∈

E1
0 . Â ïîñëåäíåì ñëó÷àå m õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé(ñ ó÷åòîì êðàòíîñòåé)

ëèíåàðèçîâàííîé íà (ρ∗(ψ), θ∗(ψ)) ñèñòåìû óðàâíåíèé ïîëîæèòåëüíû. Òîãäà ñóùå-

ñòâóåò òàêîå ζ0 > 0, ÷òî ïðè 0 < ζ < ζ0 óðàâíåíèå (52) ñ ó÷åòîì âûðàæåíèé (27)

èìååò ïåðèîäè÷åñêîå ðåøåíèå òîãî æå õàðàêòåðà óñòîé÷èâîñòè. Ïðè ýòîì ðàç-

ìåðíîñòü íåóñòîé÷èâîãî ìíîãîîáðàçèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ ðàâíà m. Äëÿ ïåðè-

îäè÷åñêîãî ðåøåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

y∗(τ ;ψ, ζ) = ζ2(ρ∗0(ψ) + 2
∞∑
k=1

ρ∗2k(ψ) cos (kτ +
2k−2∑
j=1

θ∗2j(ψ)) + O(ζ3), (55)

τ̇ = 2π − ζ cosψ + ζ2 cosψ2 +O(ζ3). (56)

Äëÿ çíà÷åíèé ïàðàìåòðîâ ψ = 1.51, ζ = 0.1 âûïîëíåí ñðàâíèòåëüíûé àíàëèç

ïåðèîäè÷åñêèõ ðåøåíèé, ïîëó÷åííûõ ñîãëàñíî (55) è íåïîñðåäñòâåííîãî ÷èñëåííîãî

èíòåãðèðîâàíèÿ óðàâíåíèÿ (43). Ïîêàçàíà âîçìîæíîñòü áèôóðêàöèè îäíîâðåìåííî

íåñêîëüêèõ ïåðèîäè÷åñêèõ ðåøåíèé.
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Ãëàâà 1

Èññëåäîâàíèå êîëåáàòåëüíûõ

ðåøåíèé äèôôåðåíöèàëüíî-

ðàçíîñòíîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà â îäíîì êðèòè÷åñêîì ñëó÷àå

Â äàííîé ãëàâå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíî- ðàçíîñòíîå óðàâíåíèå âòîðî-

ãî ïîðÿäêà, ñîäåðæàùåå çàïàçäûâàíèå îò íåèçâåñòíîé ôóíêöèè è îò åå ïðîèçâîäíîé,

âîçíèêàþùåå ïðè ìîäåëèðîâàíèè ðàáîòû ðÿäà ýëåêòðîííûõ óñòðîéñòâ. Ñ ïîìîùüþ

àíàëèçà ëèíåéíîé ÷àñòè èñõîäíîãî óðàâíåíèÿ, ïîêàçàíà âîçìîæíîñòü ïîòåðè óñòîé-

÷èâîñòè íóëåâîãî ðåøåíèÿ, ñâÿçàííàÿ ñ ïðîõîæäåíèåì ÷åðåç ìíèìóþ îñü äâóõ ïàð

÷èñòî ìíèìûõ êîðíåé õàðàêòåðèñòè÷åñêîãî êâàçèïîëèíîìà, íàõîäÿùèõñÿ â ðåçîíàíñ-

íîì ñîîòíîøåíèè 1:3. Èçó÷àþòñÿ áèôóðöèðóþùèå ïðè ýòîì àâòîêîëåáàòåëüíûå ðå-

øåíèÿ. Îòìå÷åíî ñóùåñòâîâàíèå ñëîæíûõ, â òîì ÷èñëå õàîòè÷åñêèõ, êîëåáàòåëüíûõ

ðåøåíèé. Íàéäåíû çíà÷åíèÿ ïàðàìåòðîâ, âáëèçè êîòîðûõ ìîæåò áûòü íàéäåí õàî-

òè÷åñêîãî àòòðàêòîð. Äëÿ íåãî âû÷èñëåíû ëÿïóíîâñêèå ïîêàçàòåëè è ëÿïóíîâñêàÿ

ðàçìåðíîñòü. Â êà÷åñòâå ìåòîäîâ èññëåäîâàíèÿ èñïîëüçóåòñÿ òåîðèÿ èíòåãðàëüíûõ

ìíîãîîáðàçèé è ìåòîä íîðìàëüíûõ ôîðì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé.
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1.1 Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíî- ðàçíîñòíîå óðàâíåíèå

ẍ+ Aẋ+ x+ f(x(t− h)) + g(ẋ(t− h)) = 0, (1)

â êîòîðîì A, h > 0, f(x) = f1x+f2x
2 +f3x

3 + ..., g(x) = g1x+ g2x
2 + g3x

3 + ... ãëàäêèå

ïðè |x| ≤ x0 ôóíêöèè.

Ýòî óðàâíåíèå ìîæåò áûòü èñïîëüçîâàíî äëÿ îïèñàíèÿ äèíàìèêè ðÿäà ýëåêòðîí-

íûõ óñòðîéñòâ c çàïàçäûâàþùåé îáðàòíîé ñâÿçüþ [6,36,37].

Ñ ïîìîùüþ ìåòîäà èíòåãðàëüíûõ ìíîãîîáðàçèé è ìåòîäà íîðìàëüíûõ ôîðì äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì èçó÷àåòñÿ õàðàêòåð ïîòåðè óñòîé÷èâî-

ñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ (1) è áèôóðêàöèè àâòîêîëåáàòåëüíûõ ðåøåíèé â

îäíîì êðèòè÷åñêîì ñëó÷àå ïîòåðè óñòîé÷èâîñòè.

1.2 Àíàëèç óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

ẍ+ Aẋ+ x+ f1x(t− h) + g1ẋ(t− h) = 0, (2)

ïîëó÷åííîå èç (1) â ðåçóëüòàòå ëèíåàðèçàöèè â îêðåñòíîñòè ðåøåíèÿ x(t) ≡ 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå óðàâíåíèÿ (2) èìååò âèä è èçó÷èì ðàñïîëîæåíèå

êîðíåé åå õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P (λ) ≡ λ2 + Aλ+ 1 + (f1 + λg1) exp(−λh) = 0. (3)

Èçó÷èì ðàñïîëîæåíèå êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3) ñ ïîìîùüþ ìå-

òîäà D-ðàçáèåíèé [38]. Ýòîò ìåòîä ïîçâîëÿåò èññëåäîâàòü äâèæåíèå êîðíåé óðàâ-

íåíèÿ (3) ïðè èçìåíåíèè ïàðàìåòðîâ è ïîñòðîèòü â ïðîñòðàíñòâå ïàðàìåòðîâ îáëà-

ñòè óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ðåøåíèé óðàâíåíèÿ (2). Àíàëèç ïðîâîäèòñÿ íà

îñíîâàíèè ìåòîäà, èçëîæåííîãî â [29]. Ïîëîæèì â õàðàêòåðèñòè÷åñêîì óðàâíåíèè

λ = iω, ω > 0, i =
√
−1 è âûäåëèì âåùåñòâåííóþ è ìíèìóþ ÷àñòè. Â ðåçóëüòàòå

ïîëó÷èì ñèñòåìó óðàâíåíèé

−ω2 + 1 + f1 cos (ωh) + ωg1 sin (ωh) = 0,
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Aω − f1 sin (ωh) + ωg1 cos (ωh) = 0.

Ïðåîáðàçóÿ ýòó ñèñòåìó, íàõîäèì

f1 = ±
√
Aω2 + (1− ω2)2 − ω2g2

1, (4)

hn(ω) =


ω−1(arctg((ω(ω − 1)g1 + Af1)/((ω2 − 1)f1 − ω2Ag1)) + πn), 0 < ω < ω1,

ω−1(arctg((ω(ω − 1)g1 + Af1)/((ω2 − 1)f1 − ω2Ag1)− π + πn),

ω1 < ω <∞,

(5)

ãäå ω1 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

ω8 + (A− 4− g2
1)ω6 + ω4(6− 2A+ 2g2

1 − Ag2
1) + ω2(A− 4− g2

1) + 1 = 0,

hn(ω1) = lim
ω→ω1

(ω−1(arctg((ω(ω−1)g1 +Af1)/((ω2−1)f1−ω2Ag1))+πn)), n = 0, 1, 2, . . . .

Ðàññìàòðèâàÿ òåïåðü (4), (5) êàê ôóíêöèè ïàðàìåòðà ω, ïîñòðîèì â ïëîñêîñòè (f1;

h) êðèâûå, íà êîòîðûõ óðàâíåíèå (3) èìååò êîðíè, ëåæàùèå íà ìíèìîé îñè (ãðàíèöû

îáëàñòåé D-ðàçáèåíèé). Óðàâíåíèå (3) òàêæå èìååò êîðåíü λ = 0 ïðè f1 = −1. Íà

ðèñ. 1.1 ïðèâåäåíû óêàçàííûå êðèâûå äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà A.

Ïðîâåäåì èññëåäîâàíèå äâèæåíèÿ íóëåé êâàçèïîëèíîìà P (λ) ÷åðåç ìíèìóþ îñü

êîìïëåêñíîé ïîëóïëîñêîñòè. Çàôèêñèðóåì çíà÷åíèå A = A0 è òî÷êó (f10, h0), ïðèíàä-

ëåæàùóþ îäíîé èç êðèâûõ, ïðèâåäåííûõ íà ðèñ. 1.1. Ïóñòü ýòà òî÷êà ñîîòâåòñòâóåò

çíà÷åíèþ ω = ω0. Ïîëîæèì â (3) f1 = f10(1 + ε), 0 < ε� 1 è ðàññìîòðèì õàðàêòåðè-

ñòè÷åñêîå óðàâíåíèå

P1(λ; ε) ≡ λ2 + Aλ+ 1 + (f1(1 + ε) + λg1) exp(−λh) = 0. (6)

Îáîçíà÷èì ÷åðåç λ(ε) = iω0 + ελ1 àíàëèòè÷åñêè çàâèñÿùèé îò ìàëîãî ïàðàìåòðà

ε êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (6), îáðàùàþùèéñÿ â iω0 ïðè ε = 0.

Èç òîæäåñòâà P1(λ(ε); ε) ≡ 0 ñ íåîáõîäèìîñòüþ èìååì

λ1 = −P1ε(iω0, 0)

P1λ(iω0, 0)
=

f10e
−iω0h0

2iω0 + g1e−iω0h0 − h0(f10 − iw0g1)e−iω0h
.

Îòñþäà

Reλ1 =
ω2

0 + iω0A0 − 1 + iω0g1e
−iω0h0

2
=

=
A0 + h0 + A0ω

2
0 − 2h0ω

2
0 + A2

0h0ω
2
0 + h0w

4
0 + g1(1 + (1 + Ah0)ω2

0) cos (h0ω0)−
A2

0 + g2
1 + 2A0h0 + h2

0 + 4ω2
0 + 2A0h0ω2

0 − 2h2
0ω

2
0 + A2

0h
2
0ω

2
0 + h2

0ω
4
0+

−g1h0ω0(−1 + ω2
0) sin (h0ω0)

+2g1(A0 + h0 − h0ω2
0) cos (h0ω0)− 2g1(2 + A0h0)ω0 sin (h0ω0)

.
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Ðèñ. 1.1: D-ðàçáèåíèÿ äëÿ êâàçèïîëèíîìà (3)

Ó÷èòûâàÿ, ÷òî A0 > 0, h0 > 0 ïîëó÷àåì Reλ1 > 0. Òàêèì îáðàçîì íóëè êâàçè-

ïîëèíîìà (3) ïðè óâåëè÷åíèè |f1| ïåðåõîäÿò èç ëåâîé êîìïëåêñíîé ïîëóïëîñêîñòè â

ïðàâóþ.

Â ñîîòâåòñòâèè ñ ýòèì ïîñòðîåíà êàðòèíà D-ðàçáèåíèé ïëîñêîñòè (f1, h) íà îáëà-
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ñòè, ñîîòâåòñòâóþùèå ðàçëè÷íîìó êîëè÷åñòâó íóëåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

(3), ïðèíàäëåæàùèõ ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè. Êàðòèíû D-ðàçáèåíèé ïðè

A = 1 äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà g1 ïðèâåäåíû ðèñ. 1.1. Îáëàñòü Dj ñîîò-

âåòñòâóåò íàëè÷èþ j êîðíåé óðàâíåíèÿ (3) â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè. Â

îáëàñòè D0 âñå êîðíè óðàâíåíèÿ (3) íàõîäÿòñÿ â ëåâîé êîìïëåêñíîé ïîëóïëîñêîñòè,

à çíà÷àò íóëåâîå ðåøåíèå óðàâíåíèÿ (2) óñòîé÷èâî. Îáëàñòè óñòîé÷èâîñòè îòìå÷åíû

æèðíîé ëèíèåé.

Ïðè ïðîõîæäåíèè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3) èç îáëàñòè D0 â

îáëàñòü Dj, j > 0, ïðîèñõîäèò äâèæåíèå íóëåé ÷åðåç ìíèìóþ îñü è ïîòåðÿ óñòîé-

÷èâîñòè íóëåâîãî ðåøåíèÿ. Âîçìîæíû ñëåäóþùèå ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè

íóëåâîãî ðåøåíèÿ óðàâíåíèÿ (2), ñâÿçàííûå ñ ïðîõîæäåíèåì êîðíåé õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ (3) èç ëåâîé êîìïëåêñíîé ïîëóïëîñêîñòè â ïðàâóþ:

1) ïðîõîæäåíèå ïàðû êîìïëåêñíî ñîïðÿæåííûõ êîðíåé (èç îáëàñòè D0 â îáëàñòü

D2),

2) ïðîõîæäåíèå îäíîâðåìåííî äâóõ ïàð êîìïëåêñíî ñîïðÿæåííûõ êîðíåé (èç îá-

ëàñòè D0 â îáëàñòü D4),

3) ïðîõîæäåíèå îäíîãî íóëåâîãî êîðíÿ(èç îáëàñòè D0 â îáëàñòü D1),

4) ïðîõîæäåíèå îäíîâðåìåííî íóëåâîãî êîðíÿ è ïàðû êîìïëåêñíî ñîïðÿæåííûõ

êîðíåé (èç îáëàñòè D0 â îáëàñòü D3).

Ýòè ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè èçîáðàæåíû íà ðèñ. 1.2.

Ïðîâåäåííûé ÷èñëåííûé àíàëèç ïîêàçàë, ÷òî âî âòîðîì ñëó÷àå ïðè ïðîõîæäåíèè

äâóõ ïàð êîìïëåêñíî ñîïðÿæåííûõ êîðíåé ±iω1, ±iω2, (ω1 > 0, ω2 > 0) âîçìîæåí

âíóòðåííèé ðåçîíàíñ 1:3 (ω1/ω2 = 1/3, ω1 ≈ 0.432, ω2 ≈ 1.29), ïðè ýòîì îñòàëüíûå

êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íàõîäÿòñÿ â ëåâîé êîìïëåêñíîé ïîëóïëîñêî-

ñòè. Ñîîòâåòñòâóþùèå çíà÷åíèÿ ïàðàìåòðîâ ðàâíû A = A0 ≈ 0.768, f1 = f10 ≈

0.827, g1 = g10 ≈ −0.8, h = h0 ≈ 4.996. Êàðòèíà D-ðàçáèåíèé äëÿ ýòîãî ñëó÷àÿ

êà÷åñòâåííî ïîõîæà íà êàðòèíó ïðè çíà÷åíèÿõ ïàðàìåòðîâ A = 1, g1 = −0.9. Ýòîò

êðèòè÷åñêèé ñëó÷àé ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ ñ òî÷êè çðåíèÿ òåîðèè áè-

ôóðêàöèé è èçó÷àåòñÿ â äàëüíåéøåì.
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Ðèñ. 1.2: Ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ (2)

1.3 Ïîñòðîåíèå íîðìàëüíîé ôîðìû óðàâíåíèÿ íà öåí-

òðàëüíîì ìíîãîîáðàçèè

Ïîëîæèì â (3) A = A0 + εA1, f1 = f10 + εf11, g1 = g10 + εg11, h = h0 + εh1, 0 <

ε << 1, òîãäà óðàâíåíèå (3) ïðèìåò âèä

P (λ; ε) ≡ λ2 + (A0 + εA1)λ+ 1 + (f10 + εf11 + λ(g10 + εg11)) exp(−λ(h0 + εh1)) = 0. (7)

Ñ÷èòàÿ λj(ε) = iωj + ελj1 + ε2λj2 + . . . , j = 1, 2, èç ðàâåíñòâà P (λ(ε); ε) = 0 ñ

íåîáõîäèìîñòüþ èìååì

λj1 = −P
′
ε(iωj; 0)

P ′λ(iωj; 0)
= − A1iωj − exp(−iωj)(f11 + iωjg11 + f10 + iωjg10)

2iωj + A0 − h0(f10 + iωjg10) exp(−iωj) + g10 exp(−iωj)
. (8)

Îòìåòèì, ÷òîReλj1 ìîæåò áûòü âåëè÷èíîé ëþáîãî çíàêà çà ñ÷åò âûáîðàA1, f11, g11,

h1. Èçó÷èì ïîâåäåíèå ðåøåíèé èñõîäíîãî óðàâíåíèÿ ñ íà÷àëüíûìè óñëîâèÿìè èç

íåêîòîðîãî øàðà S(r0) ðàäèóñà r0 ôàçîâîãî ïðîñòðàíñòâà H = C[−h, 0] ⊕ C1[−h, 0]

óðàâíåíèÿ (1) ñ öåíòðîì â íóëå.

Ïåðåéäåì îò óðàâíåíèÿ (1) ê ýêâèâàëåíòíîé êðàåâîé çàäà÷å

∂U

∂t
=
∂U

∂s
(9)
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∂U

∂s
|s=0 = l(u(t, s); ε). (10)

Çäåñü u(t, s) = col(u1(t, s), u2(t, s)) = col(x(t, s), ẋ(t, s)), l(u(s); ε) : H → R2- ãëàäêèé

íåëèíåéíûé ôóíêöèîíàë, èìåþùèé âèä:

l(u(s); ε) = l1(u(s); ε) + l2(u(s); ε) + l3(u(s); ε) + ... (11)

Â ïðàâîé ÷àñòè (11) âûäåëåíû ñîîòâåòñòâåííî ëèíåéíàÿ, êâàäðàòè÷íàÿ è êóáè÷å-

ñêàÿ ñîñòàâëÿþùàÿ ôóíêöèîíàëà l(u(s); ε), òî÷êàìè îáîçíà÷åíû ñëàãàåìûå, èìåþùèå

ïî u(s) áîëåå âûñîêèé ïîðÿäîê ìàëîñòè.

l1(u(s); ε) = col(u2(0),−(A0 + εA1)u2(0)− u1(0)− (f10 + εf11)u1(t,−(h0 + εh1))−

− (g10 + εg11)u2(t,−(h0 + εh1))) (12)

l2(u(s); ε) = col(0,−f2u
2
1(−(h0 + εh1))− g2u

2
2(−(h0 + εh1))) (13)

l3(u(s); ε) = col(0,−f3u
3
1(−(h0 + εh1))− g3u

3
2(−(h0 + εh1))). (14)

Â îêðåñòíîñòè íóëÿ ôàçîâîãî ïðîñòðàíñòâà H êðàåâàÿ çàäà÷à (9)-(10) èìååò [39,

40] ëîêàëüíîå àñèìïòîòè÷åñêè óñòîé÷èâîå ãëàäêîå èíâàðèàíòíîå ÷åòûðåõìåðíîå öåí-

òðàëüíîå ìíîãîîáðàçèå Φ(z1, z̄1, z2, z̄2, s; ε), z1, z2 ∈ C, −h ≤ s ≤ 0, êîòîðîå ìîæåò

áûòü ïðåäñòàâëåíî â âèäå ðàçëîæåíèÿ

Φ(z1, z̄1, z2, z̄2, s; ε) = (u10(s) + εu1
10(s) + . . . )z1 + (u01(s)+

εu1
01(s) + . . . )z2 + (u−10(s) + εu1

−10(s) + . . . )z̄1 + (u0−1(s) + εu1
0−1(s) + . . . )z̄2+

(u20(s) + εu1
20(s) + . . . )z2

1 + (u11(s) + . . . )z1z2 + . . . , (15)

ãäå u10 = col(1, iω1) exp(iω1s), u02 = col(1, iω2) exp(iω2s), u∗(s) = col(u∗1(s), u∗2(s))-

ãëàäêèå âåêòîð-ôóíêöèè.

Ïîâåäåíèå ðåøåíèé íà ìíîãîîáðàçèè Φ(∗) îïðåäåëÿåò ïîâåäåíèå ðåøåíèé êðàåâîé

çàäà÷è (9)-(10) ñ íà÷àëüíûìè óñëîâèÿìè èç íåêîòîðîãî ôèêñèðîâàííîãî øàðà S(R0)

ñ öåíòðîì â íóëå ôàçîâîãî ïðîñòðàíñòâà H. Â ñâîþ î÷åðåäü ïîâåäåíèå òðàåêòîðèé íà

èíòåãðàëüíîì ìíîãîîáðàçèè Φ(∗) îïèñûâàåòñÿ ñëåäóþùåé ãëàäêî çàâèñÿùåé îò ñâîèõ
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ïåðåìåííûõ è ïàðàìåòðîâ ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ż1 = (iω1 + λ1
1ε + d11|z1|2 + d12|z2|2)z1 + d1z̄

2
1z2 + · · · = Z1(z1, z2, z̄1, z̄2; ε) (16)

ż2 = (iω2 + λ1
2ε + d21|z1|2 + d22|z2|2)z2 + d2z̄

3
1 + · · · = Z2(z1, z2, z̄1, z̄2; ε), (17)

â êîòîðîé λ1
j = τ 1

j + iω1
j îïðåäåëåíî ñîãëàñíî (8), êîìïëåêñíûå ïîñòîÿííûå djk =

ajk + icjk, dj(j, k = 1, 2) ïîäëåæàò îïðåäåëåíèþ è òî÷êàìè îáîçíà÷åíû ñëàãàåìûå,

èìåþùèå áîëåå âûñîêèé ïîðÿäîê ìàëîñòè ïî εzj, εz̄j, zj z̄j. Ýòó ñèñòåìó áóäåì íàçû-

âàòü íîðìàëüíîé ôîðìîé óðàâíåíèÿ (1).

Èçëîæèì ìåòîäèêó ïîñòðîåíèÿ íîðìàëüíîé ôîðìû. Ïîäñòàâèì âûðàæåíèå (15),

îïðåäåëÿþùåå èíòåãðàëüíîå ìíîãîîáðàçèå, ñ ó÷åòîì (16)-(17) â êðàåâóþ çàäà÷ó (9)-

(10). Â ðåçóëüòàòå ïîëó÷èì òîæäåñòâà

∂Φ

∂z1

Z1(·) +
∂Φ

∂z̄1

Z̄1(·) +
∂Φ

∂z2

Z2(·) +
∂Φ

∂z̄2

Z̄2(·) ≡ ∂Φ

∂s
(18)

∂Φ

∂s
|s=0 ≡ l(Φ(z1, z̄1, z2, z̄2, s; ε); ε) (19)

äëÿ îïðåäåëåíèÿ ôóíêöèé u∗(s) è êîýôôèöèåíòîâ óðàâíåíèé (16)-(17). Ïðèðàâíè-

âàÿ â (18)-(19) ïîñëåäîâàòåëüíî êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ εz1, εz̄1, εz2,

εz̄2, z1z2, . . . ïîëó÷èì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü êðàåâûõ çàäà÷ âèäà

u10(s)d∗1 + u01d
∗
2 + u1∗d∗ + (p1iω1 + p2iω2)u∗ =

du∗
ds

(20)

du∗
ds
|s=0 = l1(u∗(s)) + f∗, (21)

ãäå p1, p2- öåëûå ÷èñëà, d∗1, d
∗
2- êîýôôèöèåíòû, âõîäÿùèå â (16)-(17), f∗- ïîñòîÿííûé

âåêòîð. Êðàåâàÿ çàäà÷à (20)-(21) ëèáî îäíîçíà÷íî ðàçðåøèìà, ëèáî â îáùåì ñëó÷àå

ðàçðåøèìà â çàâèñèìîñòè îò çíà÷åíèé p1, p2. Â ïåðâîì ñëó÷àå d∗ = 0. Âî âòîðîì ñëó-

÷àå óñëîâèÿ ðàçðåøèìîñòè ýòèõ êðàåâûõ çàäà÷ ïîçâîëÿþò ýôôåêòèâíî è îäíîçíà÷íî

âû÷èñëèòü êîýôôèöèåíòû ñèñòåìû óðàâíåíèé (16)-(17) è ôóíêöèè ðàçëîæåíèÿ (15).

Ðàññìîòðèì ñíà÷àëà îïðåäåëåíèå êîýôôèöèåíòîâ óðàâíåíèé (16)-(17), ñòîÿùèõ

ïðè íåëèíåéíûõ ñëàãàåìûõ. Ïîñëåäîâàòåëüíî ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êâàä-

ðàòè÷íûõ è êóáè÷åñêèõ ñòåïåíÿõ z1, z2, z̄1, z̄2, áóäåì ïîëó÷àòü êðàåâûå çàäà÷è (20)-

(21) äëÿ íàõîæäåíèÿ íåèçâåñòíûõ ôóíêöèé u∗(s) è êîýôôèöèåíòîâ óðàâíåíèé (16)-

(17).
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Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè z2
1 ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó

2iω1u20 =
du20

ds

du20

ds
|s=0 = l1(u20(s)) + l2(u10(s)),

äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u20(s). Îïðåäåëÿÿ u20(s) = col(c1, c2)e2iω1s, ñ

íåîáõîäèìîñòüþ ïîëó÷àåì c1 = G20, c2 = 2iω1G20, ãäå G20 =
(−f2+ω2

1g2) exp(−2iω1h0)

P (2iω1;0)
.

Ïðè z2
2 êðàåâàÿ çàäà÷à (20)-(21) äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u02(s) ïðè-

ìåò âèä

2iω2u02 =
du02

ds

du02

ds
|s=0 = l1(u02(s)) + l2(u01(s)).

Ïðåäñòàâèì u02(s) â âèäå u20(s) = col(c1, c2)e2iω2s è ñ íåîáõîäèìîñòüþ ïîëó÷èì

c1 = G02, c2 = 2iω2G−2, ãäå G02 =
(−f2+ω2

2g2) exp(−2iω2h0)

P (2iω2;0)
.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè z̄2
1 ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó

−2iω1u−20 =
du−20

ds

du−20

ds
|s=0 = l1(u−20(s)) + l2(u10(s)),

äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u−20(s). Îïðåäåëÿÿ u−20(s) = col(c1, c2)e−2iω1s,

ñ íåîáõîäèìîñòüþ ïîëó÷àåì c1 = G−20, c2 = −2iω1G−20, ãäå G−20 =
(−f2+ω2

1g2) exp(2iω1h0)

P (−2iω1;0)
.

Ïðè z1z̄1 äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u1−1(s) èìååì ñëåäóþùóþ êðàå-

âóþ çàäà÷ó

0 =
du1−1

ds

du1−1

ds
|s=0 = l1(u1−1(s)) + l2(u10(s) + u−10(s)).

Çàïèñûâàÿ u1−1(s) â âèäå u1−1(s) = col(c1, c2) ñ íåîáõîäèìîñòüþ ïîëó÷èì c1 =

G1−1, c2 = 0, ãäå G1−1 =
(−2f2−2ω2

1g2)

1+f10
.

Ïðè z2z̄2 êðàåâàÿ çàäà÷à (20)-(21) äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u2−2(s)

ïðèìåò âèä

0 =
du2−2

ds

du2−2

ds
|s=0 = l1(u2−2(s)) + l2(u20(s) + u−20(s)).
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Ïðåäñòàâèì u2−2(s) â âèäå u2−2(s) = col(c1, c2) ñ íåîáõîäèìîñòüþ ïîëó÷èì c1 =

G2−2, c2 = 0, ãäå G1−1 =
(−2f2−2ω2

2g2)

1+f10
.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè z1z2 ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó

(iω1 + iω2)u11 =
du11

ds

du11

ds
|s=0 = l1(u11(s)) + l2(u10(s) + u01(s)),

äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u11(s). Îïðåäåëÿÿ u11(s) = col(c1, c2)ei(ω1+iω2)s,

ñ íåîáõîäèìîñòüþ ïîëó÷àåì c1 = G12, c2 = i(ω1 + iω2)G12, ãäå G12 =

= (−2f2+2ω1ω2g2) exp(−i(ω1+iω2)
P (i(ω1+iω2);0)

.

Ïðè z1z̄2 êðàåâàÿ çàäà÷à (20)-(21) äëÿ íàõîæäåíèÿ íåèçâåñòíîé ôóíêöèè u1−1(s)

ïðèìåò âèä

(iω1 − iω2)u1−2 =
du1−2

ds

du1−2

ds
|s=0 = l1(u1−2(s)) + l2(u10(s) + u0−1(s)).

Ïðåäñòàâèì u1−2(s) â âèäå u1−2(s) = col(c1, c2)ei(ω1−iω2)s ñ íåîáõîäèìîñòüþ ïîëó÷èì

c1 = G1−2, c2 = i(ω1 − iω2)G1−2, ãäå G1−2 = −(2f2+2ω1ω2g2)e−i(ω1−iω2)s

P (i(ω1−iω2);0)
.

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè z2
1 z̄1, çàïèøåì êðàåâóþ çàäà÷ó (20)-(21) â ñëåäóþ-

ùåì âèäå

iω1u2−1 + d11u10 =
du2−1

ds

du2−1

ds
|s=0 = l1(u1−2(s)) + l2(u20(s) + u−10(s)).

Èç óñëîâèé ðàçðåøèìîñòè ýòîé êðàåâîé çàäà÷è íàéäåì çíà÷åíèå êîýôôèöèåíòà

d11. Ïðèðàâíÿâ êîýôôèöèåíòû ïðè z̄1z2, z
3
1 , z1z2z̄2, z1z2z̄1, z

2
2 z̄2, èç óñëîâèé ðàçðåøèìî-

ñòè ýôôåêòèâíî è îäíîçíà÷íî âû÷èñëèì êîýôôèöèåíòû ñèñòåìû óðàâíåíèé (16)-(17)
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è ôóíêöèè ðàçëîæåíèÿ (15). Ñ íåîáõîäèìîñòüþ èìååì

d11 = iω1 exp(−iω1h0)(G11(−2f2 − 4g2ω
2)− 2G1−1f2 − 3(f3 + ig3ω

3
1))/P ′λ(iω1; 0),

d12 = − exp(−iω1h0)((−G12(f2 + g2ω2(ω1 + ω2))− 2G1−2(f2 + (ω2 − ω1)ω2g2))+

+ (f2G2−2 + 3(f3 + ig3ω1ω
2
2))/P ′λ(iω1; 0)),

d21 = −iω2 exp(−iω2h0)((−2G1−2(f2 − (ω2 − ω1)ω1g2))−

− (2G12(f2 + g2ω1(ω1 + ω2))2f2G1−1 + 3(f3 + ig3ω
2
1ω2)))/P ′λ(iω2; 0),

d22 = −iω2 exp(−iω2h0)(−2G02(f2 + 2g2ω
2
2)− 2G2−2f2 − 3(f3 + ig3ω

3
2))/P ′λ(iω2; 0),

d1 = i(2ω1 − ω2) exp(i(2ω1 − ω2)h0)((−(2f2 − 4g2ω1(ω2 − ω1))G−12)+

+ ((−f2 − 4g2ω1ω2)G−20 − 3f3 + 3g3iω
2
1ω2))/P ′λ(iω2; 0),

d2 = −3iω1 exp(3iω1h0)((−2f2 + 4g2ω
2
1)G−20 − 3f3 exp(3iω1h0)− 3g3iω

3
1)/P ′λ(iω2; 0),

ãäå

G11 = (−f2 + ω2
1g2) exp(−2iω1h0)/P (2iω1; 0); G1−1 = (−2f2 + 2ω2

1g2)(1 + f10),

G12 = −2(f2+ω1ω2g2) exp(−i(ω1+ω2)h0)/P (i(ω1+ω2); 0); G2−2 = (−2f2−2ω2
2g2)/(1+f10),

G1−2 = −2(f2 + ω1ω2g2) exp(−i(ω2 − ω1)h0)/P (i(ω1 − ω2); 0),

G−20 = (−f2 + ω2
1g2) exp(2iω1h0)/P (−2iω1; 0).

Çàâèñèìîñòü êîýôôèöèåíòîâ djk è dj, j, k = 1, 2 îò ïàðàìåòðîâ f2, g2, f3, g3

âåñüìà ñëîæíàÿ. Âûáåðåì ýòè ïàðàìåòðû òàêèì îáðàçîì, ÷òîáû a11, a22 < 0. Ýòî â

÷àñòíîñòè áóäåò âûïîëíåíî ïðè

f2 = −0.6, f3, = −0.9, g2 = 0.6, g3 = 0.2. (22)

1.4 Àíàëèç íîðìàëüíîé ôîðìû óðàâíåíèÿ

Ðàññìîòðèì �ãëàâíóþ� ÷àñòü ñèñòåìû óðàâíåíèé (16)-(17) è âûïîëíèì â íåé çà-

ìåíó zj = ε1/2ρj exp(iτj), ρj ≥ 0,−∞ < τj < ∞(j = 1, 2). Ââîäÿ òåïåðü �ìåäëåííûå�

ïåðåìåííûå ρ1, ρ2, θ = 2τ1 − τ2 è áûñòðóþ ïåðåìåííóþ τ1, ïðåäâàðèòåëüíî ïîëîæèâ

dj = |dj| exp(iγj), 0 ≤ γj < 2π è âûïîëíèâ íîðìèðîâêè ρj = ρj/(−djj)1/2, j = 1, 2, t→
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t/ε, à òàêæå âûáðàâ A1, f11, g11, h1 òàêèì îáðàçîì, ÷òîáû τ 1
1 = τ 1

2 = 1, ïîëó÷èì

ñëåäóþùóþ ñèñòåìó óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ

ρ̇1 = (1− ρ2
1 + a1ρ

2
2)ρ1 + b1 cos(−θ + γ1)ρ2

1ρ2, (23)

ρ̇2 = (1 + a2ρ
2
1 − ρ2

2)ρ2 + b2 cos(θ + γ2)ρ3
1, (24)

θ̇ = ω + c1ρ
2
1 + c2ρ

2
2 − 3b1 sin(−θ + γ1)ξ1ξ2 − b2 sin(θ + γ2)ρ3

1/ρ2, (25)

ãäå a1 = d12/(−d22), a2 = d21/(−d11), b1 = |d1|/(a11a22)1/2, b2 = |d2|/(−d11)3/2(−d22)1/2,

c1 = (3c11 − c21)/(−d11), c2 = (3c12 − c22)/(−d22), ω = 2ω1
1 − ω1

2.

Êàê èçâåñòíî, �ãðóáûì�, ò.å. ýêñïîíåíöèàëüíî óñòîé÷èâûì (íåóñòîé÷èâûì) ñîñòî-

ÿíèÿì ðàâíîâåñèÿ ñèñòåìû óðàâíåíèé (23)-(25) ïðè ìàëûõ ε â ñèñòåìå óðàâíåíèé

(16)-(17) è ñîîòâåòñòâåííî â êðàåâîé çàäà÷å (9)-(10) ñîîòâåòñòâóåò ïåðèîäè÷åñêîå ðå-

øåíèå ïåðèîäà áëèçêîãî ê 2π/ω1, òîãî æå õàðàêòåðà óñòîé÷èâîñòè. �Ãðóáûì� ïåðèî-

äè÷åñêèì ðåøåíèÿì ñèñòåìû óðàâíåíèé ïðè ìàëûõ ε â ñèñòåìå óðàâíåíèé (16)-(17)

è êðàåâîé çàäà÷å (9)-(10) ñîîòâåòñòâóþò äâóìåðíûå èíâàðèàíòíûå òîðû.

Èçó÷èì õàðàêòåð ôàçîâûõ ïåðåñòðîåê ñèñòåìû (23) - (25). Ñ÷èòàÿ a1 < 0, a2 < 0,

çàôèêñèðóåì çíà÷åíèÿ ïàðàìåòðîâ f2, f3 = 0.2, g2 = 0.3 ñîãëàñíî (22) è âîçüìåì

â êà÷åñòâå áèôóðêàöèîííîãî ïàðàìåòðà ïàðàìåòð g3. Áûëî îòìå÷åíî ñóùåñòâîâàíèå

ñëåäóþùåãî áèôóðêàöèîííîãî ñöåíàðèÿ:

1. Ïðè g3 < κ0, κ0 ≈ 0.2 ñóùåñòâóåò óñòîé÷èâûé öèêë.

2. Íà ïðîìåæóòêå κ0 < g3 < κ1, κ1 ≈ 0.3 ïðîèñõîäèò êàñêàä áèôóðêàöèé óäâîåíèÿ

ïåðèîäà óñòîé÷èâîãî öèêëà.

3. Êàñêàä áèôóðêàöèé óäâîåíèÿ ïåðèîäà ïðèâîäèò ê ïîÿâëåíèþ õàîòè÷åñêîãî àò-

òðàêòîðà ïðè g ≈ κ1.

4. Ïîëó÷åííûé õàîòè÷åñêèé àòòðàêòîð ñóùåñòâóåò äëÿ çíà÷åíèé ïàðàìåòðà g3 èç

ïðîìåæóòêà κ0 < g3 < κ2, κ2 ≈ 0.9.

5. Ïðè g3 ≈ κ2 õàîòè÷åñêèé àòòðàêòîð èñ÷åçàåò è âîçíèêàåò óñòîé÷èâîå ñîñòîÿíèå

ðàâíîâåñèÿ.
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à) á)

â)

Ðèñ. 1.3: à) Ïðîåêöèÿ óñòîé÷èâîãî öèêëà íà ïëîñêîñòü (ρ1; ρ2); á) ïðîåêöèÿ öèêëà

óäâîåííîãî ïåðèîäà íà ïëîñêîñòü (ρ1; ρ2), âîçíèêàþùåãî ïîñëå ïåðâîé áèôóðêàöèè

óäâîåííîãî ïåðèîäà; â) ïðîåêöèÿ öèêëà ïåðèîäà 4 íà ïëîñêîñòü (ρ1; ρ2), âîçíèêàþ-

ùåãî ïîñëå âòîðîé áèôóðêàöèè óäâîåííîãî ïåðèîäà

Íà ðèñ. 1.3 à) ïðåäñòàâëåí óñòîé÷èâûé öèêë, êîòîðûé ñóùåñòâóåò ïðè g3 < κ0.

Ïðè óâåëè÷åíèè áèôóðêàöèîííîãî ïàðàìåòðà ïðîèñõîäÿò äâå áèôóðêàöèè óäâîåíèÿ

ïåðèîäà. Öèêëû óäâîåííîãî ïåðèîäà è ïåðèîäà 4 ïðåäñòàâëåíû íà ðèñ. 1.3 á) - â).

Íà ðèñ. 1.4 à) - â) ïðèâåäåíû ïðîåêöèè àòòðàêòîðà äèíàìè÷åñêîé ñèñòåìû (23)-

(25) íà ïëîñêîñòü ρ1, ρ2. Íà ðèñ. 1.4 à) çíà÷åíèå áèôóðêàöèîííîãî ïàðàìåòðà g3 âû-

áðàíî âáëèçè ìîìåíòà ðîæäåíèÿ õàîòè÷åñêîãî àòòðàêòîðà è ïîýòîìó òðàåêòîðèè ñè-

ñòåìû äîëãîå âðåìÿ îñòàþòñÿ â îêðåñòíîñòè ïîòåðÿâøåãî óñòîé÷èâîñòü öèêëà. Äëÿ

ýòîãî ñëó÷àÿ ñòàðøèé ëÿïóíîâñêèé ïîêàçàòåëü áëèçîê ê 0. Íà ðèñ. 1.4 á) êîëåáàíèÿ

óæå áîëåå íå óïîðÿäî÷åíû, à íà ðèñ. 1.4 â) ìîæíî íàáëþäàòü ðàçâèòîé õàîñ. Ïðè
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äàëüíåéøåì óâåëè÷åíèè áèôóðêàöèîííîãî ïàðàìåòðà g3 õàîòè÷åñêèé àòòðàêòîð ïå-

ðåõîäèò â öèêë, êîòîðûé çàòåì ñòÿãèâàåòñÿ â ñîñòîÿíèå ðàâíîâåñèÿ.

Äëÿ èçó÷åíèÿ õàðàêòåðà õàîòè÷åñêèõ êîëåáàíèé áûëî ïðîâåäåíî ÷èñëåííîå èñ-

ñëåäîâàíèå ñòàðøåãî ëÿïóíîâñêîãî ïîêàçàòåëÿ â çàâèñèìîñòè îò ïàðàìåòðà g3 íà

îñíîâàíèè ìåòîäà äèíàìè÷åñêîé ïåðåíîðìèðîâêè äëÿ íàõîæäåíèÿ ìàêñèìàëüíîãî

ëÿïóíîâñêîãî ïîêàçàòåëÿ õàîòè÷åñêîãî àòòðàêòîðà [41]. Ðåçóëüòàòû ýòîãî èññëåäî-

âàíèÿ ïðèâåäåíû íà ðèñ. 1.4 ã) â âèäå ãðàôèêà. Âû÷èñëåíèÿ âûïîëíåíû ñ øàãîì

1/100 ïî ïàðàìåòðó. Âèäíî, ÷òî â ìîìåíòû ïðîèñõîæäåíèÿ êàñêàäà óäâîåíèÿ ïåðèî-

äà è èñ÷åçíîâåíèÿ õàîòè÷åñêîãî àòòðàêòîðà ñòàðøèå ëÿïóíîâñêèå ïîêàçàòåëè ðàâíû

0, à â çîíå õàîòè÷åñêèõ êîëåáàíèé îíè ïîëîæèòåëüíû. Ìàêñèìàëüíîå çíà÷åíèå äî-

ñòèãàþò ïðè çíà÷åíèè áèôóðêàöèîííîãî ïàðàìåòðà g3 ≈ 0.42. Â ýòîì ñëó÷àå ìîæíî

íàáëþäàòü ðàçâèòîé õàîñ, çíà÷åíèÿ ëóïóíîâñêèõ ïîêàçàòåëåé äëÿ êîòîðîãî ðàâíû

λ1 ≈ 0.68, λ2 ≈ 0, λ3 ≈ −2.58, dL ≈ 2.63. Ïðîåêöèÿ äàííîãî àòòðàêòîðà ïðèâåäåíà

íà ðèñ. 1.4 ã).

1.5 Âûâîäû

Â äàííîé ãëàâå èññëåäîâàíû êîëåáàòåëüíûå ðåøåíèé îäíîãî íåëèíåéíîãî äèôôå-

ðåíöèàëüíî - ðàçíîñòíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, ñîäåðæàùåãî çàïàçäûâàíèå îò

íåèçâåñòíîé ôóíêöèè è îò åå ïðîèçâîäíîé. Ïðîâåäåí àíàëèç ëèíåéíîé ÷àñòè óðàâ-

íåíèÿ ñ ïîìîùüþ ìåòîäà D-ðàçáèåíèé, ïîñòðîåíû êàðòèíû D-ðàçáèåíèé è âûäåëåí

êðèòè÷åñêèé ñëó÷àé âíóòðåííåãî ðåçîíàíñà 1:3. Ïîñòðîåíà íîðìàëüíàÿ ôîðìà èñõîä-

íîãî óðàâíåíèÿ äëÿ äàííîãî ñëó÷àÿ. Ïîêàçàíà âîçìîæíîñòü ñóùåñòâîâàíèå ñëîæíûõ,

â òîì ÷èñëå õàîòè÷åñêèõ, êîëåáàòåëüíûõ ðåøåíèé è íàéäåíû çíà÷åíèÿ ïàðàìåòðîâ

ïðè êîòîðûõ ðåàëèçóåòñÿ áèôóðêàöèîííûé ñöåíàðèé, ïðèâîäÿùèé ê ðîæäåíèþ õà-

îòè÷åñêîãî àòòðàêòîðà â ñëó÷àå ðåçîíàíñà 1:3. Äëÿ õàîòè÷åñêîãî àòòðàêòîðà ïîñ÷è-

òàíû çíà÷åíèÿ ëÿïóíîâñêèõ ïîêàçàòåëåé è ëÿïóíîâñêîé ðàçìåðíîñòè.
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à) á)

â) ã)

Ðèñ. 1.4: à) Ïðîåêöèÿ õàîòè÷åñêîãî àòòðàêòîðà íà ïëîñêîñòü (ρ1; ρ2) âáëèçè ìî-

ìåíòà ðîæäåíèÿ õàîòè÷åñêèõ êîëåáàíèé; á) ïðîåêöèè õàîòè÷åñêîãî àòòðàêòîðà íà

ïëîñêîñòü (ρ1; ρ2); â) ïðîåêöèÿ õàîòè÷åñêîãî àòòðàêòîðà íà ïëîñêîñòü (ρ1; ρ2) ïðè

g3 ≈ 0.42; ã) ãðàôèê çàâèñèìîñòè ñòàðøåãî ëÿïóíîâñêîãî ïîêàçàòåëÿ îò áèôóðêàöè-

îííîãî ïàðàìåòðà g3
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Ãëàâà 2

Àíàëèç áèôóðêàöèé ïåðèîäè÷åñêèõ

ðåøåíèé óðàâíåíèÿ Ìýêêè - Ãëàññà

Â ýòîé ãëàâå áóäåò ðàññìîòðåíî äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäûâàþùèì

àðãóìåíòîì, îïèñûâàþùåå ìàòåìàòè÷åñêóþ ìîäåëü ïðîöåññîâ êðîâåòâîðåíèÿ. Óðàâ-

íåíèå, çàïèñàííîå â áåçðàçìåðíûõ ïåðåìåííûõ, ñîäåðæèò ìàëûé ïàðàìåòð ïðè ïðî-

èçâîäíîé, à çíà÷èò ÿâëÿåòñÿ ñèíãóëÿðíûì. Â êà÷åñòâå ìåòîäà èññëåäîâàíèÿ èñïîëü-

çóåòñÿ ìåòîä ðàâíîìåðíîé íîðìàëèçàöèè. Ìåòîä ñâîäèò çàäà÷ó íàõîæäåíèÿ ïåðèî-

äè÷åñêèõ ðåøåíèé èñõîäíîãî óðàâíåíèÿ ê àíàëèçó ñ÷åòíîé ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùåé óðàâíåíèÿ äëÿ �áûñòðûõ� è �ìåäëåí-

íûõ� ïåðåìåííûõ. Àíàëèç ñîñòîÿíèé ðàâíîâåñèÿ óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ

ïîçâîëÿåò ïîñòðîèòü ïåðèîäè÷åñêèå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ è èçó÷èòü èõ áè-

ôóðêàöèè â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ è èõ óñòîé÷èâîñòü. Ïîêàçàíà âîç-

ìîæíîñòü îäíîâðåìåííîé áèôóðêàöèè áîëüøîãî ÷èñëà óñòîé÷èâûõ ïåðèîäè÷åñêèõ

ðåøåíèé - ÿâëåíèÿ ìóëüòèñòàáèëüíîñòè.

2.1 Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíî-ðàçíîñòíîå óðàâíåíèå âèäà

ẋ = −γx+ v(xτ ), xτ = x(t− τ), x(t) > 0, (1)
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â êîòîðîì x- ïëîòíîñòü öèðêóëèðóþùèõ íåéòðîôèëîâ, γ - ñêîðîñòü ñëó÷àéíîãî ðàñ-

ïàäà íåéòðîôèëîâ, ïðèòîê íîâûõ êëåòîê â êðîâü v ìîæåò áûòü ïðåäñòàâëåí â âèäå

v(xτ ) = βxτθ
k(θk + xkτ )

−1, (2)

ãäå τ, θ, β - íåêîòîðûå ïîëîæèòåëüíûå ïàðàìåòðû, n ≥ 3- íàòóðàëüíîå ÷èñëî. Ïà-

ðàìåòð τ ïî ñâîèì çíà÷åíèÿì çíà÷èòåëüíî ïðåâîñõîäèò îñòàëüíûå ïàðàìåòðû, ïà-

ðàìåòð β ïðèíèìàåò çíà÷åíèå ïîðÿäêà åäèíèöû. Ýòî óðàâíåíèå ïðåäëîæåíî Ìýêêè

è Ãëàññîì â ìîíîãðàôèè [7] â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà îáðàçîâà-

íèÿ íåéòðîôèëîâ (áåëûõ êðîâÿíûõ òåëåö). Âñå ïàðàìåòðû, âõîäÿùèå â óðàâíåíèå

(1), èìåþò ÷åòêèé áèîëîãè÷åñêèé ñìûñë. Â [7] ïðîâåäåíî ÷èñëåííîå èíòåãðèðîâàíèå

óðàâíåíèÿ è ïîêàçàíà âîçìîæíîñòü ñóùåñòâîâàíèÿ ðàçëè÷íûõ ïåðèîäè÷åñêèõ ðåøå-

íèé, èç ÷åãî ñäåëàí âûâîä î ïåðèîäè÷åñêîì èçìåíåíèè ïëîòíîñòè áåëûõ êðîâÿíûõ

òåëåö â îðãàíèçìå ÷åëîâåêà.

Óðàâíåíèå (1) äåìîíñòðèðóåò ïðè ÷èñëåííîì àíàëèçå áîãàòóþ äèíàìèêó. Â ðà-

áîòàõ [16], [42�48] ñ ïîìîùüþ ÷èñëåííîãî èíòåãðèðîâàíèÿ ïîêàçàíî ñóùåñòâîâàíèå

ðàçëè÷íûõ ïåðèîäè÷åñêèõ ðåøåíèé, à òàêæå ñëîæíûõ, â òîì ÷èñëå õàîòè÷åñêèõ

êîëåáàíèé. Â [45] ðàññìîòðåíû íåêîòîðûå îáîáùåíèÿ óðàâíåíèÿ (1). Â ðàáîòå [47]

ïðèâåäåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ äèíàìèêè óðàâíåíèÿ (1) ïîñðåäñòâîì ýëåê-

òðîííîãî óñòðîéñòâà. Îòìå÷åíî ñóùåñòâîâàíèå õàîòè÷åñêèõ êîëåáàíèé, èçó÷àþòñÿ

èõ ñïåêòðàëüíûå ñâîéñòâà.

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (1), áèôóðöè-

ðóþùèå èç åãî åäèíñòâåííîãî ïîëîæèòåëüíîãî ñîñòîÿíèÿ ðàâíîâåñèÿ ïðè èçìåíåíèè

ïàðàìåòðîâ óðàâíåíèÿ, èññëåäóåòñÿ èõ óñòîé÷èâîñòü. Ïîëó÷åíû ñòðîãèå òåîðåìû îá

óñëîâèÿõ áèôóðêàöèé ïåðèîäè÷åñêèõ ðåøåíèé, à òàêæå ïîñòðîåíû àñèìïòîòè÷åñêèå

ôîðìóëû ïåðèîäè÷åñêèõ ðåøåíèé. Ïîêàçàíà âîçìîæíîñòü áèôóðêàöèè îäíîâðåìåííî

áîëüøîãî ÷èñëà óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé - áèôóðêàöèè ìóëüòèñòàáèëüíî-

ñòè. Â êà÷åñòâå ìåòîäà èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä ðàâíîìåðíîé íîðìàëèçàöèè,

ïðåäëîæåííûé â [26].

Ïîäñòàâëÿÿ (2) â (1) èìååì

ẋ = −γx+ βxτθ
k(θk + xkτ )

−1. (3)
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Ïåðåéäåì â óðàâíåíèè (3) ê áåçðàçìåðíûì ïåðåìåííûì è ïàðàìåòðàì, ïîëîæèâ

x′(t) = x(t)/θ, t′ = t/τ, ε1 = (γτ)−1, β′ = β/γ. Â ðåçóëüòàòå, îïóñòèâ øòðèõ, ïîëó÷èì

óðàâíåíèå

ε1ẋ(t) + x(t)− βx(t− 1)(1 + xk(t− 1))−1 = 0, x(t) > 0, (4)

â êîòîðîì ïî ôèçèêå çàäà÷è ïàðàìåòð β ïðèíèìàåò çíà÷åíèå ïîðÿäêà åäèíèöû, à

0 < ε1 << 1.

Óðàâíåíèå èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ñîñòîÿíèå ðàâíîâåñèÿ

x∗ = (β − 1)1/n, (5)

óñòîé÷èâîñòü êîòîðîãî îïðåäåëÿåòñÿ çíà÷åíèÿìè ïàðàìåòðîâ β è n. Íèæå èçó÷àþòñÿ

ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (4), áèôóðöèðóþùèå èç ñîñòîÿíèÿ ðàâíîâåñèÿ (5)

ïðè èçìåíåíèè ïàðàìåòðîâ ε1 è β, èññëåäóåòñÿ èõ óñòîé÷èâîñòü.

Âûïîëíèì çàìåíó ïåðåìåííûõ x(t) = x∗ + y(t), ïðåäñòàâèì íåëèíåéíóþ ÷àñòü

óðàâíåíèÿ (4) â âèäå ðÿäà Òåéëîðà è ñãðóïïèðóåì ñëàãàåìûå ïî ñòåïåíÿì yτ . Â ðå-

çóëüòàòå ïîâåäåíèå ðåøåíèé óðàâíåíèÿ (4) â îêðåñòíîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ (5)

áóäåò îïðåäåëÿòüñÿ ñëåäóþùèì óðàâíåíèåì

ε1ẏ(t) + y(t) + b1y(t− 1) + f(y(t− 1)) = 0, (6)

â êîòîðîì f(y) = b2y
2 + b3y

3 + o(y3) àíàëèòè÷åñêàÿ â îêðåñòíîñòè y = 0 ôóíêöèÿ,

b1 = n− 1− n/β,−1 ≤ b1 b2 = n(1 + (1− n)(β − 1))(β − 1)(n−1)/n/(2β),

b3 = (6n2 − (5n2 + 1)β)(β − 1)(n−2)/n/(6β2). (7)

2.2 Àíàëèç óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíå-

íèÿ

Óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ (6) îïðåäåëÿåòñÿ ïîâåäåíèåì ðåøåíèé åãî ëèíåé-

íîé ÷àñòè

ε1ẏ(t) + y(t) + b1y(t− 1) = 0, (8)

41



êîòîðîå, â ñâîþ î÷åðåäü, îïðåäåëÿåòñÿ ðàñïîëîæåíèåì êîðíåé õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ

P (λ; ε1) = ε1λ+ 1 + b1 exp(−λ) = 0, λ ∈ C. (9)

óðàâíåíèÿ (8).

Ïðè −1 ≤ b1 < 1 è 0 < ε1 < ε0 âñå êîðíè óðàâíåíèÿ (9) ëåæàò â ëåâîé êîìïëåêñíîé

ïîëóïëîñêîñòè [49], à çíà÷èò íóëåâîå ðåøåíèå (6) áóäåò àñèìïòîòè÷åñêè óñòîé÷èâî.

Ïðè b1 > 1- èìåþòñÿ êîðíè, ëåæàùèå â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè. Â ýòîì

ñëó÷àå íóëåâîå ðåøåíèå (6) áóäåò íåóñòîé÷èâî. Ñëó÷àé b1 = 1 ÿâëÿåòñÿ ïîãðàíè÷íûì.

Ýòî îïðåäåëÿåò ñîãëàñíî (7) ïîñëåäîâàòåëüíîñòü êðèòè÷åñêèõ çíà÷åíèé βn = n/(n−

2).

Ïðè

β = βn(1 + ε2/(n− 2− ε2)), |ε2| � 1

èìååì b1 = 1 + ε2, b2 = b2(ε2), b3 = b3(ε2).

Èçó÷èì ðàñïîëîæåíèå êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ P (λ; ε1) = 0 è ñòðóê-

òóðó ðåøåíèé óðàâíåíèÿ (8) ïðè |ε| ≤ ε0(ε = (ε1, ε2), |ε| = (ε2
1 + ε2

2)1/2). Â ðàññìàò-

ðèâàåìîì ñëó÷àå õàðàêòåðèñòè÷åñêîå óðàâíåíèå (9) íå èìååò êîðíåé, ëåæàùèõ íà

âåùåñòâåííîé îñè, ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü îáëàñòü Imλ > 0.

Ïåðåïèøåì óðàâíåíèå (9) â ñëåäóþùåì âèäå

eλ(ε1λ+ 1) = −(1 + ε2).

Ýòî óðàâíåíèå ýêâèâàëåíòíî ñëåäóþùåé ïîñëåäîâàòåëüíîñòè

eλ+ln(ε1λ+1) = eln(1+ε2)+iπn, k = 1, 3, 5 . . . , (10)

ãäå ln(z) = ln(|z|) + iarg(z)(−π < iarg(z) < π), i =
√
−1.

Äëÿ îïðåäåëåíèÿ êîðíåé óðàâíåíèÿ (9) äîñòàòî÷íî ðàññìîòðåòü ïîñëåäîâàòåëü-

íîñòü óðàâíåíèé

λ+ ln(ε1λ+ 1) = ln(1 + ε2) + iπn, n = 1, 3, 5, . . . (11)

Îòìåòèì, òàê êàê ëåâàÿ ÷àñòü óðàâíåíèÿ (9) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé

êîìïëåêñíîãî ïåðåìåííîãî λ, òî â ëþáîé îãðàíè÷åííîé îáëàñòè óðàâíåíèå (9) ìîæåò

èìåòü ëèøü êîíå÷íîå ÷èñëî êîðíåé êîíå÷íîé êðàòíîñòè. Ïðè ýòîì öåïî÷êà êîðíåé
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âèäà λp(ε) = γp(ε)+ iσp(ε) (σp(ε) > 0), |λp(ε)| → ∞ (p = 1, 3, . . . ) ìîæåò ñóùåñòâîâàòü

â óðàâíåíèè (9) ëèøü ïðè óñëîâèè limp→∞ γp(ε) = −∞, limp→∞ |σp(ε)/γp(ε)| =∞ (ñì,

íàïðèìåð, [49]). Â ñâÿçè ñ ýòèì, ñóùåñòâóåò òàêîå ϕ0 > c, ïîçâîëÿþùåå îïðåäåëèòü

îáëàñòü ñóùåñòâîâàíèÿ êîðíåé óðàâíåíèÿ

Λϕ0 = {λ : 0 < argλ < π − ϕ0}.

Ðàññìîòðèì óðàâíåíèå

F (λ; ε1) ≡ λ+ ln (1 + ε1λ) = w, (12)

ñ÷èòàÿ λ ∈ Λϕ0 , w ∈ Wx0 = {w : −x0 < Rew < x0, Imw ≥ π, x0 > 0− íåêîòîðîå

ìàëîå ôèêñèðîâàííîå ÷èñëî }. Òàê êàê ε1/|1 + ε1λ| ≤ q < 1 ïðè 0 ≤ ε1 ≤ ε0 <

sinϕ0 è λ ∈ Λϕ0 , òî ðàâíîìåðíî îòíîñèòåëüíî ε1 è λ âûïîëíÿåòñÿ m0 < |Fλ(λ; ε1)| <

m∞, ãäå m0, m∞- ôèêñèðîâàííûå ïîëîæèòåëüíûå ïîñòîÿííûå. Îòñþäà ñëåäóåò, ÷òî

óðàâíåíèå (12) ïðè 0 ≤ ε ≤ ε0 èìååò åäèíñòâåííîå ðåøåíèå λ(w; ε), êîòîðîå ìîæåò

áûòü ïîëó÷åíî ïîñðåäñòâîì èòåðàöèîííîãî ïðîöåññà

λp + ln (1 + ε1λp−1) = w, p = 1, 3, . . . , λ0 = w. (13)

Èòåðàöèîííûé ïðîöåññ ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî 0 ≤ ε ≤ ε0 è w èç ëþáîé

îãðàíè÷åííîé ïîäîáëàñòè Wx0 . Ïðåäåëüíàÿ ôóíêöèÿ

λ(w; ε1) = w + λ1(w; ε1),

λ1(w; ε1) = − ln (1 + ε1(w − ln (1 + ε1(w − ln (1 + ε1(w − . . . )))))) (14)

áóäåò íåïðåðûâíîé ïî ñîâîêóïíîñòè ïåðåìåííûõ, àíàëèòè÷åñêîé ïî w ïðè êàæäîì

0 < ε2 ≤ ε0 è àíàëèòè÷åñêîé ïî ε1 ïðè êàæäîì ôèêñèðîâàííîì w ∈ Wx0 .

Îòìåòèì ñëåäóþùåå

λ(w; ε)− λ1(w; ε) = − ln (1 + ε1w
∗) + ln (1 + ε1w) = ε2

1(1 + ε1λ
∗)−1 ln (1 + ε1w

∗), (15)

ãäå ñîãëàñíî (13)-(14) λ(w; ε) = w − ln (1 + ε1w), w∗ = w − ln (1 + ε1(w−

− ln (1 + ε1(w − . . . )))), òî÷êà λ∗ íàõîäèòñÿ íà ïðÿìîé, ñîåäèíÿþùåé òî÷êè w è w∗.

Ñ ó÷åòîì òîãî, ÷òî âûðàæåíèå |(1 + ε1λ
∗)−1 ln (1 + ε1w

∗)| îãðàíè÷åíî ðàâíîìåðíî îò-

íîñèòåëüíî 0 < |ε| ≤ ε0, w ∈ Wx, èìååì îöåíêó

|λ(w; ε)− λ1(w; ε)| < Kε2
1 (K > 0). (16)

Îòñþäà ñïðàâåäëèâî
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Òåîðåìà 7. Ñóùåñòâóåò ε0 > 0, ÷òî ïðè |ε| < ε0 (ε = (ε1, ε2), |ε| = (ε2
1 + ε2

2)1/2) âñå

ìíîæåñòâî êîðíåé óðàâíåíèÿ (9) îïðåäåëÿåòñÿ ôîðìóëîé

λk(ε) = iπk + ln (1 + ε2) + λ1(iπk + ln (1 + ε2); ε1),

λ−k(ε) = λ̄k(ε), k = 1, 3, 5 . . . ,
(17)

ãäå λ1(w; ε) ≡ − ln(1− ε1(w − ln(1 + ε1(w − ln (1 + ε1(w − . . . ))))))

(lnw = ln|w| + iargw, −π < argw < π)- àíàëèòè÷åñêàÿ ïî ε è w ïðè 0 < ε <

ε0, |Rew| < δ0 ôóíêöèÿ.

Ïðè ýòîì íà îñíîâàíèè (16) ðàâíîìåðíî îòíîñèòåëüíî k

λk(ε) = γk(ε)+i(πk+σk(ε)) = iπk+ln (1 + ε2)− ln (1 + ε1(iπk + ln (1 + ε2)))+O(|ε|2),

γk(ε) = ln (1 + ε2)− ln ((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)/2 +O(|ε|2),

σk(ε) = − arccos ((1 + ε1 ln (1 + ε2))/((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)1/2) +O(|ε|2). (18)

Òàêèì îáðàçîì, âîïðîñ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèÿ (8) ñâîäèòñÿ ê àíàëèçó

ïîâåäåíèÿ ôóíêöèé

γk(ε) = ε2 − ε2
1(πk)2/2− ε1ε2 − ε2

2/2 + o(|ε|3), k = 1, 3, 5, . . . , (19)

ÿâëÿþùèõñÿ àíàëèòè÷åñêèìè â òî÷êå ε = 0 è èìåþùèõ ðàäèóñ ñõîäèìîñòè ñîîòâåò-

ñòâóþùèõ ðÿäîâ rk = O(n−1).

Èç (19) ñëåäóåò, ÷òî ïðè ìàëûõ ε è âûïîëíåíèè íåðàâåíñòâà ε2 > ε2
1(πk)2/2 n-

ûé êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (9) èìååò ïîëîæèòåëüíóþ âåùåñòâåííóþ

÷àñòü.

2.3 Ïîñòðîåíèå íîðìàëüíîé ôîðìû

Îïèøåì òåïåðü ñòðóêòóðó ðåøåíèé óðàâíåíèÿ (8). Ôàçîâûì ïðîñòðàíñòâîì óðàâ-

íåíèÿ (8) ÿâëÿåòñÿ ïðîñòðàíñòâî íåïðåðûâíûõ âåùåñòâåííûõ ôóíêöèé C[−1; 0], íîð-

ìó â êîòîðîì îïðåäåëÿåì ñòàíäàðòíûì ñïîñîáîì è îáîçíà÷èì || · ||C . Ïîä ðåøåíè-

åì óðàâíåíèÿ (8)(óðàâíåíèÿ (6)), îïðåäåëåííîì ïðè t ≥ 0, ñ íà÷àëüíûì óñëîâèåì

y0(s) ∈ C[−1; 0] áóäåì ïîíèìàòü ôóíêöèþ y(t + s; ε)(−1 ≤ s ≤ 0), êîòîðàÿ îáðàùà-

åò óðàâíåíèå (8)(óðàâíåíèå (6)) â òîæäåñòâî è óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ

y(s; ε) ≡ y0(s).
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Ïåðåéäåì îò óðàâíåíèÿ (8) ê ýêâèâàëåíòíîé íà÷àëüíî - êðàåâîé çàäà÷å â ïîëîñå

−1 ≤ s ≤ 0, t ≥ 0, ïîëîæèâ u(s, t) = y(t+ s):

∂u

∂t
=
∂u

∂s
, (20)

ε1
∂u

∂s

∣∣∣∣
s=0

= −u(0, t)− (1 + ε2)u(−1, t), u(s, 0) = y0(s). (21)

Ïðîèçâîäÿùèì îïåðàòîðîì ïîëóãðóïïû ëèíåéíûõ îïåðàòîðîâ T (t; ε) (T (t1 + t2; ε) =

T (t1; ε)T (t2; ε) = T (t2; ε)T (t1; ε), T (0; ε) = I - åäèíè÷íûé îïåðàòîð), äåéñòâóþùèõ

â ïðîñòðàíñòâå C[−1, 0] è îïðåäåëÿþùèõ ðåøåíèå êðàåâîé çàäà÷è (20)-(21), áóäåò

îïåðàòîð

A(ε)v =

 dv/ds,−1 ≤ s < 0,

− ε−1
1 (v(0) + (1 + ε2)v(−1)), s = 0

(22)

ñ îáëàñòüþ îïðåäåëåíèÿ D(A) = {v(s) ∈ C1[−1, 0], εv′(0) + v(0)+ (1 + ε2)v(−1) = 0}.

Ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà A(ε) áóäóò âåëè÷èíû λk = λk(ε), à ñîîòâåò-

ñòâóþùèìè ñîáñòâåííûìè ôóíêöèÿìè áóäóò ôóíêöèè ek(s; ε) = eλk(ε)s/P ′(λk(ε); ε) =

eλk(ε)s/(1 + ε1 + ε1λk(ε))
1/2, k = ±1,±3, . . . , ||ek(s; ε)||C ∼ 1 ïðè n→∞.

Íàðÿäó ñ (22) ââåäåì â ðàññìîòðåíèå îïåðàòîð

A∗(ε)h =

 dh/ds, 0 ≤ s < 1,

− ε−1
1 (h(0) + (1 + ε2)h(1)), s = 0

(23)

äåéñòâóþùèé â ïðîñòðàíñòâå C[0, 1], ñ îáëàñòüþ îïðåäåëåíèÿD(A∗) = {h(s) ∈ C1[0, 1],

−εh′(0)+h(0)+(1+ε2)v(1) = 0}. Îïåðàòîð (23) ÿâëÿåòñÿ ñîïðÿæåííûì ñ (22) â ñìûñ-

ëå ñêàëÿðíîãî ïðîèçâåäåíèÿ Øèìàíîâà [35], êîòîðîå äëÿ êðàåâîé çàäà÷è (20)-(21)

ïðèíèìàåò âèä

< v(s), h(s) >= ε1v(0)h̄(0)− (1 + ε2)

∫ 0

−1

h̄(ξ + 1)v(ξ)dξ.

Çàìåòèì, ÷òî ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà A∗(ε) ÿâëÿþòñÿ âåëè÷èíû −λ̄k(ε),

à ñîîòâåòñòâóþùèìè ñîáñòâåííûìè ôóíêöèÿìè áóäóò ôóíêöèè hk = hk(s; ε) = e−λ̄k(ε)s.

Ìåæäó ôóíêöèÿìè ek(s; ε) è hk(s; ε) âûïîëíåíû ñëåäóþùèå óñëîâèÿ îðòîãîíàëüíîñòè

< ek1(s; ε), hk2(s; ε) >= δk1k2 , (24)
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ãäå δk1k2- ñèìâîë Êðîíåêåðà. Îòìåòèì, ÷òî âûðàæåíèÿ

pk(v; ε) =< v(s), hk(s, ε) >=

∫ 0

−1

v(s)drk(s, ε), p−k(v; ε) = p̄k(v; ε),

rk(s; ε) =

λ−1
k (ε), s = 0,

− (ε−1
1 + λ−1

k (ε))e−λk(ε)s,−1 ≤ s < 0, k = ±1,±3, . . . ,

îïðåäåëÿþò ïîñëåäîâàòåëüíîñòü ëèíåéíûõ íåïðåðûâíûõ êîìïëåêñíîçíà÷íûõ ôóíê-

öèîíàëîâ â ïðîñòðàíñòâå â ïðîñòðàíñòâå C[−1; 0], íîðìû êîòîðûõ

||pk(v; ε)|| = sup
||v(s)||C=1

≤
0

V
−1
|rk(s; ε)| = O(1), k →∞ (25)

Òåîðåìà 8. Ñèñòåìà ôóíêöèé ek(s, ε) ïîëíà â C[−1, 0] â ñëåäóþùåì ñìûñëå: íå

ñóùåñòâóåò ôóíêöèè q(s) ∈ C[−1, 0], q(s) 6≡ 0, äëÿ êîòîðîé < q(s), hk(s) >= 0, k =

±1,±3, . . .

Äîêàçàòåëüñòâî. Îïåðàòîð A−1(ε), äåéñòâóþùèé â C[−1, 0], èìååò ñëåäóþùèé âèä

A−1(ε)f(s) =

∫ 0

−1

f(s1)ds1R(s, s1; ε), (26)

ãäå

R(s, s1; ε) =
1

2 + ε2


(1 + ε2)(s+ 1),−1 ≤ s1 < s,

1 + ε2 − s1, s ≤ s1 < 0,

1− ε1 + ε+ 2, s1 = 0,

ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì îïåðàòîðîì, êîòîðûé èìååò îäíîêðàòíûå ñîáñòâåííûå

çíà÷åíèÿ λ−1
k (ε), k = ±1,±3, . . . , |λ−1

1 (0)| > |λ−1
2 (0)| > . . . , êîòîðûì îòâå÷àþò ñîá-

ñòâåííûå ôóíêöèè ek(s), k = ±1,±3, . . . . Èç âèäà A−1(ε) ñëåäóåò, ÷òî A−1(ε)f(s) ≡ 0

òîãäà è òîëüêî òîãäà, êîãäà f(s) ≡ 0. Äëÿ îïåðàòîðà (26) â C[−1, 0] ñóùåñòâóåò

ýêâèâàëåíòíàÿ íîðìà || · ||∗C , äëÿ êîòîðîé ||A−1(ε)||∗C = sup||f ||∗C=1 ||A−1(ε)f(s)||∗C =

maxn |λ−1
k (ε)| = λ−1

1 (ε)| (ñì, íàïðèìåð, [35] ñòð. 15-16).

Ïðåäïîëîæèì, ÷òî íàøëàñü q(s) ∈ C[−1, 0], q(s) 6≡ 0, < q(s), hk(s) >= 0 k =

±1,±3, . . . Íîðìèðóåì q(s)→ q(s)/||q(s)||∗C , ò.å. ||q(s)||∗C = 1. Îáîçíà÷èì

||A−1(ε)q(s)||∗C = δ(ε) > 0. Ðàññìîòðèì âñå ñîáñòâåííûå çíà÷åíèÿ λ−1
k (ε) äëÿ êî-

òîðûõ |λ−1
k (ε)| ≥ δ(ε)/2, |λ−1

n+1(ε)| < δ(ε)/2, à èõ ìîæåò áûòü êîíå÷íîå ÷èñëî k =

±1,±3, . . . ,±l. Îáîçíà÷èì ÷åðåç Cl+1[−1, 0] ïîäïðîñòðàíñòâî ôóíêöèé C[−1, 0], äëÿ

êîòîðûõ < v(s), hk(s, ε) >= 0, k = ±1,±3, . . . ,±l. Ïðè ýòîì

46



sup||f(s)||∗C=1,f(s)∈Cl+1[−1,0] ||A−1(ε)f(s)||∗C = |λ−1
l+1(ε)| < δ(ε)/2, íî q(s) ∈ Cl+1[−1, 0] è

||A−1(ε)q(s)||∗C = δ(ε). Ïîëó÷èëè ïðîòèâîðå÷èå. Òåîðåìà äîêàçàíà. �

Îáîçíà÷èì ÷åðåç l2 êîìïëåêñíîå ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé âèäà z =

(z1, z−1, z3, z−3, . . . ), zk ∈ C, z−n = zk, ||z||2l2 =
∑∞

k=1 |zk|2 <∞. ×åðåç l12 îáîçíà÷èì êîì-

ïëåêñíîå ïîäïðîñòðàíñòâî l2 ïîñëåäîâàòåëüíîñòåé z = (z1, z−1, z3, z−3, . . . ) äëÿ êîòî-

ðûõ ||z||2
l12

=
∑∞

k=1 |λk(ε)|2|zk|2 <∞ è ||
∑∞

k=1 zkλk(ε)ek(s; ε)||C <∞. Ïîäïðîñòðàíñòâî

C[−1, 0] ôóíêöèé óêàçàííîãî âèäà îáîçíà÷èì D∗(A).

Â äàëüíåéøåì s(r0) = {z ∈ l2, ||z||l2 ≤ r0}, s1(r0) = {z ∈ l12, ||z||l12 ≤ r0}.

Òåîðåìà 9. Ðåøåíèå u(s, t; ε) êðàåâîé çàäà÷è (20)-(21) ñ íà÷àëüíûì óñëîâèåì

u(s, 0; ε) = y0(s) ∈ C[−h, 0] ïðè t ≥ t0 (t0 ≥ 3) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(s, t; ε) =
∑

k=±1,±3,...

zk(t; ε)ek(s; ε), z(t; ε) = (z1(t; ε), z−1(t; ε), . . . ) ∈ l12, (27)

ãäå z(t; ε) ðåøåíèå óðàâíåíèÿ

ż = Λ(ε)z, Λ(ε)z = (λ1(ε)z1, λ−1(ε)z−1, . . . ), (28)

â ïðîñòðàíñòâå l2 ñ íà÷àëüíûì óñëîâèåì z(t0; ε) = (z1(t0; ε), z−1(t0; ε), . . . ),

zk(t0; ε) =< u(s, t0; ε), hk(s; ε) >, k = ±1,±3, . . . .

Îáðàòíî, åñëè z(t; ε) ïðè t ≥ t0 ðåøåíèå óðàâíåíèÿ (28) ñ íà÷àëüíûì óñëîâèåì

z(t0; ε) ∈ l12, òî âûðàæåíèå (27) îïðåäåëÿåò ïðè t ≥ t0 ðåøåíèå íà÷àëüíî - êðàåâîé

çàäà÷è (20)-(21) ñ íà÷àëüíûì óñëîâèåì u(s, t0; ε), îïðåäåëÿåìûì (27).

Äîêàçàòåëüñòâî.Ïðè t0 ≥ 3 ðåøåíèå íà÷àëüíî - êðàåâîé çàäà÷è (20)-(21)(óðàâíåíèÿ

(8)) u(s, t0; ε) = y(t0 + s; ε) ∈ C3[−1, 0] è ε1y
′′′(t0) + y′′(t0) + (1 + ε2)y′′(t0) = 0. Ñ ó÷åòîì

ýòîãî è ðàâåíñòâ (17), (25) èìååì

zk(t0; ε) =< y′′′(t0 + s; ε), hk(s; ε) > λk(ε)
−3, |zk(t0; ε)| = O(n−3), n→∞.

Òàêèì îáðàçîì, z(t0; ε) ∈ l12 è zk(t, ε) = eλk(ε)(t−t0)zk(t0; ε), k = ±1,±3, . . . Ïîäñòàâèâ

zk(t; ε) â (27) çàìå÷àåì, ÷òî ðÿä è åãî ïðîèçâîäíàÿ ïî t ïðè t ≥ 0 ðàâíîìåðíî îòíîñè-

òåëüíî −1 ≤ s ≤ 0 ñõîäèòñÿ è óäîâëåòâîðÿþò íà÷àëüíî - êðàåâîé çàäà÷å (20)-(21) ïðè

t ≥ t0 íà îñíîâàíèè òåîðåìû 1. Îáðàòíî, åñëè z(t; ε) ÿâëÿåòñÿ ðåøåíèåì (28) ñ íà÷àëü-

íûì óñëîâèåì zk(t0; ε) ∈ l12, òî îïðåäåëÿåìàÿ ðÿäîì (27) ôóíêöèÿ y(t0 + s) ∈ D∗(A),
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è ïðè t > t0 óäîâëåòâîðÿåò íà÷àëüíî - êðàåâîé çàäà÷å (20)-(21), â ÷åì ëåãêî óáåäèòñÿ

íåïîñðåäñòâåííîé ïîäñòàíîâêîé. Òåîðåìà äîêàçàíà. �

Îòìåòèì ñëåäóþùåå ñâîéñòâî ôóíêöèé λk(ε).

Òåîðåìà 10. Ñóùåñòâóþò òàêèå ε0 > 0, c0 > 0, ÷òî ïðè 0 ≤ ε ≤ ε0 ðàâíîìåðíî

îòíîñèòåëüíî nj = ±1,±3, . . . (j = 1, . . . ) âûïîëíåíû ðàâåíñòâà

|λk1(ε) + λk2(ε) + λk3(ε)|, |λk1(ε) + λk2(ε) + λk3(ε) + λk4(ε)| ≥ c0, (29)

âòîðûå ïðè óñëîâèè k1 + k2 + k3 + k4 6= 0.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç ôîðìóë (17), (18).

Ðàññìîòðèì ñíà÷àëà ïåðâîå íåðàâåíñòâî (29). Ñîãëàñíî (18) |λk1(0)+λk2(0)+λk3(0)| ≥

π. Ðàññìîòðèì ñëó÷àé ðàâåíñòâà, è ïóñòü äëÿ îïðåäåëåíèÿ k1, k2 > 0, à k3 = −k1−n2+

1. Ïðè ε 6= 0 ñîãëàñíî (18) πnj −π/2 < Imλj(ε) < πnj è Imλnj
→ πnj −π/2 ïðè nj →

∞(j = 1, 2). Íî òîãäà infk1,k2,|ε|≤ε0(Im(λk1(ε) + λk2(ε) + λk3(ε)))
2 > 0. Òåì ñàìûì

ñóùåñòâóåò c0 > 0 ñ óêàçàííûìè â (29) ñâîéñòâàìè. Ñòðîãîå íåðàâåíñòâî è äðóãèå

êîìáèíàöèè k1, k2, k3 ðàññìàòðèâàþòñÿ àíàëîãè÷íî. Äëÿ âòîðîãî íåðàâåíñòâà (29) ïðè

k1+k2+k3+k3 6= 0 |λk1(0)+λk2(0)+λk3(0)+λk4(0)| ≥ 2π. Ñ ó÷åòîì ýòîãî è ñîãëàñíî (18)

èìååì infk1,k2,k3,k4,|ε|<ε0(Im(λk1(ε) +λk2(ε) +λk3(ε) +λk4(ε)))
2 ≥ π2. Òåîðåìà äîêàçàíà.

�

Ïåðåéäåì îò óðàâíåíèÿ (6) ê ýêâèâàëåíòíîé íà÷àëüíî - êðàåâîé çàäà÷å â ïîëîñå

−1 ≤ s ≤ 0, t ≥ 0
∂u

∂t
=
∂u

∂s
, (30)

ε1
∂u

∂s

∣∣∣∣
s=0

= −u(0, t)− (1 + ε2)u(1, t)− f(u(1, t)), u(s, 0) = y0(s) (31)

ïîëîæèâ u(s, t) = y(t+ s).

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ îïåðàòîð

u(s, z; ε) =
∑

k=±1,±3,...

zken(s; ε)+
∑

(n1,k2)∈Ω2

zk1zk2uk1k2(s; ε)+
∑

(k1,k2,k3)∈Ω3

zk1zk2zk3uk1k2k3(s; ε),

(32)

ãäå Ω2 = {(k1, k2) : k1, k2 = ±1,±3, . . . , k1 ≤ k2}, Ω3 = {(k1, k2, k3) : k1, k2, k3 =

±1,±3, . . . , k1 ≤ k2 ≤ k3}, äåéñòâóþùóþ èç s1(r0) ⊗ {|ε| < ε0} â C[−1, 0] è ãëàäêî

çàâèñÿùóþ îò ñâîèõ ïåðåìåííûõ, è ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

żk = λk(ε)zk +
∑

(k1,k2,k3)∈Ω3
k

dk1k2k3(ε)zk1zk2zk3 (33)
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â ïðîñòðàíñòâå l2 ñ îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè s1(r0), ãëàäêî çàâèñÿùåé îò

ε. Ôóíêöèè uk1k2(s; ε), uk1k2k3(s; ε), dk1k2k3(ε) ïîäëåæàò îïðåäåëåíèþ.

Óñëîâèå ïðèíàäëåæíîñòè òðàåêòîðèé (33) êðàåâîé çàäà÷è (30)-(31) â ñèëó âûðà-

æåíèÿ (32) èìååò âèä:

∑
k=±1,±3,...

∂u(s, z; ε)

∂zk
(λk(ε)zk +

∑
(k1,k2,k3)∈Ω3

k

dk1k2k3(ε)zk1zk2zk3) =
∂u(s, z; ε)

∂s
, (34)

ε1
∂u(s, z; ε)

∂s

∣∣∣∣
s=0

= −u(0, z; ε)− (1 + ε2)u(−1, z; ε)− f(u(−1, z; ε)). (35)

Ñîîòíîøåíèÿ (34)-(35) îïðåäåëÿþò òîæäåñòâà, êîòîðûå äîëæíû ðàâíîìåðíî ïî

|ε| < ε0 âûïîëíÿòüñÿ ñ òî÷íîñòüþ äî âåëè÷èíû o(|z|3l2). Ïðè ïåðâûõ ñòåïåíÿõ zk

îíè âûïîëíÿþòñÿ â ñèëó îïðåäåëåíèÿ ôóíêöèé ek(s; ε) è λk(ε). Ñîîòíîøåíèÿ (34)-

(35) ïîçâîëÿþò ïîñëåäîâàòåëüíî îïðåäåëÿòü ôóíêöèè uk(s; ε) è dk(ε), ïðèðàâíèâàÿ

êîýôôèöèåíòû ñïðàâà è ñëåâà ïðè îäèíàêîâûõ ñòåïåíÿõ zk.

Ïðèðàâíÿåì êîýôôèöèåíòû â (34)-(35) ïðè zk1zk2 . Â ðåçóëüòàòå ïîëó÷èì êðàåâóþ

çàäà÷ó

(λk1(ε) + λk2(ε))uk1k2(s; ε) =
duk1k2(s; ε)

ds
, (36)

ε1
duk1k2(s; ε)

ds

∣∣∣∣
s=0

= −uk1k2(0; ε)− (1 + ε2)uk1k2(−1; ε)− pk1k2b2(ε2)ek1(−1; ε)ek2(−1; ε)

(37)

äëÿ îïðåäåëåíèÿ uk1k2(s; ε). Â (37) pk1k2 = 1 ïðè k1 = k2 è pk1k2 = 2 ïðè k1 6= k2.

Ðåøåíèå (36)-(37) îïðåäåëÿåòñÿ îäíîçíà÷íî

uk1k2(s; ε) = −pk1k2b2(ε2)e(λk1 (ε)+λk2 (ε))s/P (λk1(ε) + λk2(ε); ε). (38)

Ïðèðàâíÿåì â (34)-(35) êîýôôèöèåíòû ïðè zk1zk2zk3 . Â ðåçóëüòàòå ïîëó÷èì êðà-

åâóþ çàäà÷ó

ek(s; ε)dk1k2k3(ε)(λk1(ε) + λk2(ε) + λk3(ε))uk1k2k3(s; ε) =
duk1k2k3(s; ε)

ds
, k = k1 + k2 + k3

(39)

ε1
duk1k2k3(s; ε)

ds

∣∣∣∣
s=0

= −uk1k2k3(0; ε)− (1 + ε2)uk1k2k3(−1; ε)− fk1k2k3(ε), (40)
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â êîòîðîé

fk1k2k3 = −pk1k2k3b3(ε2)ek1(−1; ε)ek2(−1; ε)ek3(−1; ε)− 2b2(ε2)∗

∗


ek1(−1; ε)uk2k3(−1; ε), åñëè k1 = k2 = k3

enj
(−1; ε)unmnp(−1; ε) + enm(−1; ε)unjnp(−1; ε), åñëè nj 6= nm = np, j,m, p = 1, 2, 3

ek1(−1; ε)uk2k3(−1; ε) + ek2(−1; ε)uk1k2(−1; ε) + ek3(−1; ε)uk1k2(−1; ε), k1 6= k2 6= k3,

,

ãäå pk1k2k3 = 1, åñëè k1 = k2 = k3, pk1k2k3 = 3, åñëè k1 = k2 6= k3, ëèáî k1 = k3 6= k2,

ëèáî k2 = k3 6= k1, pk1k2k3 = 6, åñëè k1 6= k2 6= k3.

Îáùåå ðåøåíèå óðàâíåíèÿ (39) èìååò âèä

uk1k2k3(s; ε)(s; ε) = eλk1k2k3(ε)s(c+ dk1k2k3(ε)(1 + ε1 + ε1λk(ε))(1− e(λk(ε)−λk1k2k3 (ε))s)∗

∗ (λk(ε)− λk1k2k3(ε))−1), (41)

ãäå èñïîëüçîâàíî îáîçíà÷åíèå λk1k2k3(ε) = λk1(ε) + λk2(ε) + λk3(ε), c− ïðîèçâîëüíàÿ

ïîñòîÿííàÿ. Ïîäñòàâëÿÿ (41) â êðàåâîå óñëîâèå (40) èìååì

dk1k2k3(s; ε)(s; ε) = (ε1+(1+ε2)(e−λk1k2k3 (ε)−e−λk(ε)/(λk1k2k3(ε)−λk(ε)))−1(1+ε1+λk(ε))∗

∗ fk1k2k3(ε). (42)

Óñëîâèå íåïðåðûâíîñòè ôóíêöèè uk1k2k3(ε) ïî ε ïðè 0 ≤ |ε| < |ε0| äàåò c = 0, ÷òî

îäíîçíà÷íî åå îïðåäåëÿåò ðàâåíñòâîì (41).

Íèæå áóäåò ïîêàçàíî, ÷òî �ãðóáûì�, ò.å. ýêñïîíåíöèàëüíî óñòîé÷èâûì (íåóñòîé-

÷èâûì) ïåðèîäè÷åñêèì ðåøåíèÿì íîðìàëüíîé ôîðìû (33) â êðàåâîé çàäà÷å ñîîòâåò-

ñòâóþò ïåðèîäè÷åñêèå ðåøåíèÿ òîãî æå õàðàêòåðà óñòîé÷èâîñòè ñ áëèçêèì ïåðèîäîì.

Ýòè ðåøåíèÿ ñâÿçàíû ïîñðåäñòâîì îïåðàòîðà (32).

2.4 Àíàëèç íîðìàëüíîé ôîðìû

Ïåðåéäåì â â ñèñòåìå óðàâíåíèé (33) ê ïîëÿðíûì êîîðäèíàòàì, ïîëîæèâ zk =

ρke
iτk (ρk ≥ 0,−∞ < τk <∞). Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé âèäà

ρ̇n = γk(ε)ρk +Rk(ρ, τ ; ε), (43)

τ̇n = πn+ σk(ε) + Tk(ρ, τ ; ε), k = 1, 3, . . . , (44)
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â êîòîðîé γk(ε) è σk(ε) îïðåäåëåíû â (18), ρ = (ρ1, ρ3, . . . ), ρk ≥ 0,
∑∞

k=1 n
2ρ2
k <∞, τ =

(τ1, τ3, . . . ), ôóíêöèîíàëû Rk(·), Tk(·) ãëàäêî çàâèñÿùèå îò âõîäÿùèõ ïåðåìåííûõ è

ïàðàìåòðîâ, 2π-ïåðèîäè÷åñêèå ïî τj.

Ñòðóêòóðà ñèñòåìû (43)-(44) ïîçâîëÿåò ââåñòè îäíó �áûñòðóþ� ïåðåìåííóþ è

ñ÷åòíîå ÷èñëî �ìåäëåííûõ� ïåðåìåííûõ. Êàê ýòî ñäåëàòü, ïîêàæåì ñíà÷àëà íà ïðè-

ìåðå �óñå÷åííîé� ñèñòåìû. Ðàññìîòðèì íîðìàëüíóþ ôîðìó (33), â êîòîðîé ïîëîæèì

zk = 0, k = ±5,±7, . . . Â ðåçóëüòàòå èìååì ñèñòåìó óðàâíåíèé

ż1 = λ1(ε)z1 + d−111(ε)z−1z
2
1 + d−313(ε)z−3z1z3 + d−1−13(ε)z2

−1z3, (45)

ż3 = λ3(ε)z3 + d−113(ε)z−1z1z3 + d−333(ε)z−3z
2
3 + d111(ε)z3

1 . (46)

Óðàâíåíèÿ äëÿ z−1, z−3 ïîëó÷àþòñÿ ñîïðÿæåíèåì (45)-(46) ñ ó÷åòîì ðàâåíñòâ λ̄k(ε) =

λ−n(ε), z̄k(ε) = z−n(ε). Îáîçíà÷èâ d∗(ε) = a∗(ε)+ib∗(ε), A∗(ε) = |d∗(ε)|, β∗(ε) = argd∗(ε),

ïåðåéäåì ê ïîëÿðíûì ïåðåìåííûì ρ1, ρ3, τ1, τ3. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâ-

íåíèé

ρ̇1 = (γ1(ε)+a−111(ε)ρ2
1+a−313(ε)ρ2

3)ρ1+A−1−13(ε) cos(−3τ1+τ3+β−1−13(ε)(ε))ρ2
1ρ3, (47)

ρ̇3 = (γ3(ε) + a−1−13(ε)ρ2
1 + a−333(ε)ρ2

3)ρ3 + A111(ε) cos(3τ1 − τ3 + β111(ε)(ε))ρ3
1, (48)

τ̇1 = π+ σ1(ε) + b−111(ε)ρ2
1 + b−313ρ

2
3 +A−1−13(ε) sin(−3τ1 + τ3 + β−1−13(ε)(ε))ρ1ρ3, (49)

τ̇3 = 3π + σ3(ε) + b−1−13(ε)ρ2
1 + b−333(ε)ρ2

3 + A111(ε) sin(3τ1 − τ3 + β111(ε))ρ3
1/ρ3. (50)

Ïåðåéäåì â (47)-(50) ê ïåðåìåííûì ρ1, ρ3, θ1 = −3τ1 + τ3 è τ = τ1. Â ðåçóëüòàòå

ïîëó÷èì ñèñòåìó óðàâíåíèé

ρ̇1 = (γ1(ε)+a−111(ε)ρ2
1+a−313(ε)ρ2

3)ρ1+A−1−13(ε) cos(−3τ1+τ3+β−1−13(ε)(ε))ρ2
1ρ3, (51)

ρ̇3 = (γ3(ε) + a−1−13(ε)ρ2
1 + a−33−3(ε)ρ2

3)ρ3 + A111(ε) cos(3τ1 − τ3 + β111(ε)(ε))ρ3
1, (52)

θ̇1 = δ1(ε) + (−3b−111(ε) + b−1−13(ε))ρ2
1 + (−3b−313(ε) + b−333(ε))ρ2

3−

− 3A−1−13(ε) sin(θ1 + β−1−13(ε))ρ1ρ3 + A111(ε) sin(−θ1 + β111(ε)(ε))ρ3
1/ρ3, (53)

�ìåäëåííûõ� ïåðåìåííûõ, ãäå δ1(ε) = −3σ1(ε) + σ3(ε), è óðàâíåíèå �áûñòðîé� ïåðå-

ìåííîé

τ̇1 = π + σ1(ε) + b−111(ε)ρ2
1 + b−313(ε)ρ2

3 + A−1−13(ε) sin(θ1 + β−1−13(ε)(ε))ρ1ρ3. (54)
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Çàìåòèì, ÷òî ïðàâàÿ ÷àñòü (51)-(53) íå çàâèñèò îò τ .

Ïóñòü òåïåðü â (33) âñå zk(t) 6= 0. Ââåñòè ïåðåìåííûå θk ìîæíî íå åäèíñòâåí-

íûì ñïîñîáîì, îäíàêî îíè âñå ñâÿçàíû ìåæäó ñîáîé ëèíåéíûìè ñîîòíîøåíèÿìè. Â

êà÷åñòâå îäíîãî èç âîçìîæíûõ ñïîñîáîâ ââåäåíèå θk ìîæåò áûòü ïðåäëîæåí ñëåäó-

þùèé. Â êà÷åñòâå �áûñòðîé� ïåðåìåííîé áåðåì τ1 è ðàññìàòðèâàåì �óñå÷åííûå� êî-

íå÷íîìåðíûå ñèñòåìû, ïîñëåäîâàòåëüíî ïîëàãàÿ â (33) zk = 0, k = ±5,±7, . . . , çàòåì

k = ±7,±9, . . . è ò.ä. Ïåðâûé ñëó÷àé ðàññìîòðåí âûøå. Âî âòîðîì ñëó÷àå ê ñèñòåìå

(51)-(53) äîáàâëÿþòñÿ äâà íîâûõ óðàâíåíèÿ äëÿ ïåðåìåííûõ z5 è z−5. Ïðè ýòîì â ïðà-

âîé ÷àñòè óðàâíåíèÿ äëÿ z1 ïîÿâëÿåòñÿ ðåçîíàíñíûé ìîíîì z5z−3z−1(â óðàâíåíèè äëÿ

z−1 ïîÿâëÿåòñÿ ðåçîíàíñíûé ìîíîì −z5z−3z−1). Ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíà-

òàì ýòî ïðèâîäèò ê ïîÿâëåíèþ ñëàãàåìûõ, çàâèñÿùèõ îò âûðàæåíèÿ τ5−τ3−2τ1 = θ3,

êîòîðîå áåðåì â êà÷åñòâå íîâîé �ìåäëåííîé� ïåðåìåííîé. Â ðåçóëüòàòå èìååì äâå äî-

ïîëíèòåëüíûå �ìåäëåííûå� ïåðåìåííûå ρ5, θ3. Ñèñòåìà óðàâíåíèé äëÿ ρ1, ρ3, ρ5, θ1, θ3

áóäåò èìåòü âèä, àíàëîãè÷íûé (51)-(53), ïðàâàÿ ÷àñòü êîòîðîé òàêæå íå áóäåò çà-

âèñåòü îò τ . Â ïðàâîé ÷àñòè óðàâíåíèÿ (54) äëÿ τ ïîÿâÿòñÿ íîâûå ñëàãàåìûå. Ïðè

ðàññìîòðåíèè ñëåäóþùåé �óñå÷åííîé� ñèñòåìû â ïðàâîé ÷àñòè óðàâíåíèÿ äëÿ z1 ïî-

ÿâèòñÿ ðåçîíàíñíûé ìîíîì z7z−5z−1, à ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíàòàì ñëà-

ãàåìîå, çàâèñÿùåå îò âûðàæåíèÿ τ7 − τ5 − 2τ1 = θ5. Èìååì äâå íîâûå �ìåäëåííûå�

ïåðåìåííûå ρ7, θ5. Â îáùåì ñëó÷àå íà î÷åðåäíîì øàãå, äîáàâèâ óðàâíåíèÿ äëÿ zn0

è z−n0 , ïîëó÷èì â óðàâíåíèÿõ äëÿ z1 è z−1 ïîÿâëåíèå íîâûõ ìîíîìîâ zn0z−n0+2z−1 è

z−n0zn0−2z1 ñîîòâåòñòâåííî, à ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíàòàì ïîÿâÿòñÿ ñëàãàå-

ìûå, çàâèñÿùèå îò τn0−τn0−2−2τ1 = θn0−2. Èìååì äâå íîâûå �ìåäëåííûå� ïåðåìåííûå

ρn0 , θn0−2. Ïðîäîëæàÿ ýòîò ïðîöåññ îñóùåñòâèì ïåðåõîä ê �ìåäëåííûì� ïåðåìåííûì

ρ = (ρ1, ρ3, . . . ), θ = (θ1, θ3, . . . ) è �áûñòðîé� τ , à ñîîòâåòñòâóþùàÿ ñèñòåìà äèôôåðåí-

öèàëüíûõ óðàâíåíèé äëÿ èõ îïðåäåëåíèÿ áóäåò èìåòü âèä

ρ̇n = γk(ε)ρk +Rk(ρ, θ; ε), (55)

θ̇n = δk(ε) + Θk(ρ, θ; ε), k = 1, 3, . . . , (56)

τ̇ = π + σ1(ε) + T (ρ, θ; ε), (57)

â êîòîðîé ôóíêöèîíàëû Rk(·), Θk(·), T (·) − 2π− ïåðèîäè÷åñêèå ïî θk, îñòàëüíûå

èõ ñâîéñòâà è ôóíêöèè δk(ε)(δk(0) = 0) îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíêöèé è ôóíê-
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öèîíàëîâ, âõîäÿùèõ â (43)-(44). Îñîáî îòìåòèì, ÷òî ïðàâàÿ ÷àñòü (57) íå çàâèñèò îò

ïåðåìåííîé τ .

Ôàçîâûì ïðîñòðàíñòâîì ñèñòåìû óðàâíåíèé (55)-(57) áóäåò ïðîèçâåäåíèå ïðî-

ñòðàíñòâ l2 ⊗ c × R, çäåñü l2 = {ρ = (ρ1, ρ3, . . . ), ρk ≥ 0, ||ρ||2l2 =
∑∞

k=1 ρ
2
k < ∞}, c =

{θ = (θ1, θ3, . . . ), ||θ||c = supn |θk| <∞}. Îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè (55)-(57)

ÿâëÿåòñÿ ïðîèçâåäåíèå ïðîñòðàíñòâ l12⊗c0×R, çäåñü l12 = {ρ ∈ l2, ||ρ||2l12 =
∑∞

k=1 n
2ρ2
k <

∞}, c0 = {θ = (θ1, θ3, . . . ) ∈ c, 0 ≤ θk < 2π}.

Ââåäåì â îáëàñòè {(ε1, ε2), ε1 > 0, |ε| < ε0} ïåðåìåííûå ζ ≥ 0 è π/2 < ψ < π/2,

ïîëîæèâ

ζ = (ε2
1 + |ε2|)1/2, ε1 = ζ cosψ, ε2 = ζ2 sinψ2signψ (58)

Ïîäñòàâèì (58) â (55)-(57), íîðìèðîâàâ òàêæå ρk → ζρk. Â ðåçóëüòàòå ïîëó÷èì ñè-

ñòåìó óðàâíåíèé

ρ̇n = γk(ψ, ζ)ρk + ζ2Rk(ρ, θ; ψ, ζ); (59)

θ̇n = δk(ψ, ζ) + ζ2Θk(ρ, θ; ψ, ζ), k = 1, 3, . . . , (60)

τ̇ = π + σ1(ψ; ζ) + ζ2T (ρ, θ; ψ, ζ), (61)

â êîòîðîé ñâîéñòâà ôóíêöèé è ôóíêöèîíàëîâ îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíêöèé è

ôóíêöèîíàëîâ ñèñòåìû (55)-(57).

Îòìåòèì, ÷òî â âèäó òîãî, ÷òî ñîãëàñíî (18), (59) ðàâíîìåðíî îòíîñèòåëüíî n

γ(ψ, ζ) = O(ζ2), δk(ψ, ζ) = O(ζ3), óðàâíåíèÿ (59), (60) îïðàâäûâàþò íàçâàíèå óðàâíå-

íèé �ìåäëåííûõ� ïåðåìåííûõ, à (61) - óðàâíåíèÿ �áûñòðîé� ïåðåìåííîé.

Ðàññìîòðèì ãëàâíóþ ÷àñòü ñèñòåìû óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ (59)-

(60), ïðåäâàðèòåëüíî íîðìèðîâàâ âðåìÿ t→ t/ζ2. Â ðåçóëüòàòå èìååì

ρ̇n = γ∗k(ψ, ζ)ρk +Rk(ρ, θ; ψ, ζ); (62)

θ̇n = δ∗k(ψ, ζ) + Θk(ρ, θ; ψ, ζ), k = 1, 3, . . . , (63)

ãäå γ∗k(ψ, ζ) = γk(ψ, ζ)/ζ2, δ∗k(ψ, ζ) = δk(ψ, ζ)/ζ2 ñîãëàñíî (17)-(18) íåïðåðûâíûå ôóíê-

öèè π/2 ≤ ψ ≤ −π/2, 0 ≤ ζ ≤ ζ0. Ïðè ýòîì

γ∗k(ψ; 0) = γk(ψ) = sin2 ψsignψ − π2n2 cos2 ψ/2, δ∗k(ψ; 0) = 0. (64)

Ðàññìîòðèì â l2 ⊗ c ñèñòåìó íåëèíåéíûõ óðàâíåíèé

γ∗k(ψ)ρk +Rk(ρ, θ) = 0 (Rk(ρ, θ) ≡ Rk(ρ, θ;ψ, 0) = 0), (65)
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Θk(ρ, θ) = 0 (Θk(ρ, θ) ≡ Θk(ρ, θ;ψ, 0) = 0), k = 1, . . . , 3, (66)

ñ÷èòàÿ (ρ, θ) ∈ E1
0 = l12 ⊗ c0. Â (65) îïåðàòîð γ(ψ)ρ = (γ1(ψ)ρ1, γ3(ψ)ρ3, . . . ) ðàññìàò-

ðèâàåòñÿ íà îñíîâàíèè (64) ñèììåòðè÷íî ðàñøèðåííûì íà l12.

Ïóñòü (ρ∗(ψ), θ∗(ψ)) ∈ l12 ⊗ 0 ðåøåíèå ñèñòåìû óðàâíåíèé (65)-(66).

Ââåäåì â ðàññìîòðåíèå áåñêîíå÷íóþ ìàòðèöó

B(ψ) =

γk(ψ)δnj + ∂Rk/∂ρj ∂Rk/∂θj

∂Θk/∂ρj ∂Θk/∂θj

 (n, j = 1, 3, . . . ), (67)

âû÷èñëåííóþ â òî÷êå ρ∗(ψ), θ∗(ψ), ãäå δnj ñèìâîë Êðîíåêåðà. Ìàòðèöà îïðåäåëÿåò

ëèíåéíûé îïåðàòîð

B(ψ)v (v = (ρ, θ)) : E1 = l12 ⊗ c→ E = l2 ⊗ c, (68)

||v||E = ||ρ||l2 + ||θ||c, ||v||E1 = ||ρ||l12 + ||θ||c.

Ïóñòü µk(ψ) (B(ψ)vk(ψ) = µk(ψ)vk(ψ)) ñîáñòâåííîå çíà÷åíèå îïåðàòîðà (68). Ïî-

êàæåì, ÷òî îïåðàòîð (68) èìååò ñ÷åòíîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé µk(ψ), êîòîðûå

ìîãóò áûòü ïðîíóìåðîâàíû â ïîðÿäêå âîçðàñòàíèÿ èõ ìîäóëåé, è ëþáîé îãðàíè÷åí-

íîé îáëàñòè êîìïëåêñíîé ïëîñêîñòè ìîæåò ïðèíàäëåæàòü ëèøü êîíå÷íîå ÷èñëî ñîá-

ñòâåííûõ çíà÷åíèé êîíå÷íîé êðàòíîñòè. Ïðåäåëüíîé ìîæåò áûòü ëèøü òî÷êà áåñêî-

íå÷íîñòü, ïðè ýòîì limn→∞Reµk(ψ) = −∞.

Äåéñòâèòåëüíî, çàìåòèì, ÷òî ôóíêöèè

z1(t;ψ, ζ) = ζz∗1(τ ;ψ) = ζρ∗1(ψ)eiτ , z3(t;ψ, ζ) = ζz∗3(τ ;ψ) = ζρ∗3(ψ)ei(3τ+θ∗1(ψ)),

z5(t;ψ, ζ) = ζz∗5(τ ;ψ) = ζρ∗5(ψ)ei(5τ+θ∗1(ψ)+θ∗3(ψ)), . . . , z−n(t;ψ, ζ) = z̄n(t;ψ, ζ), k = 1, 3, . . . ,

τ̇ = π(1− ζ cosψ) (69)

îïðåäåëÿþò ïåðèîäè÷åñêèå ðåøåíèÿ ñëåäóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-

íåíèé

żk = (iπn(1− ζ cosψ) + ζ2γk(ψ))− pk1k2k3
∑

(k1,k2,k3)∈Ωk
3

zk1zk2zk3 , k = ±1,±3, . . . , (70)

â ÷åì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé (69) â (70), ñ ó÷åòîì âûïîëíåí-

íûõ äëÿ ρ∗(ψ), θ∗(ψ) çàìåí è ðàâåíñòâ (65), (66). Ñèñòåìà óðàâíåíèé (70) ÿâëÿåòñÿ
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àáñòðàêòíî ïàðàáîëè÷åñêîé â êîìïëåêñíîì ïðîñòðàíñòâå l2 ñ îáëàñòüþ îïðåäåëåíèÿ

l12. Äëÿ òàêèõ óðàâíåíèé îïåðàòîð ìîíîäðîìèè, ïîñòðîåííûé äëÿ ïåðèîäè÷åñêîãî ðå-

øåíèÿ (69), ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì îïåðàòîðîì, ñîäåðæàùèì ñ÷åòíîå ÷èñëî

ñîáñòâåííûõ çíà÷åíèé (ìóëüòèïëèêàòîðîâ) νj(ψ), limj→∞ |νj(ψ)| = 0, νj(ψ) = eµj(ψ).

Îïåðàòîð (68) îïðåäåëÿåò õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè ïåðèîäè÷åñêîãî ðåøåíèÿ

(69). Îòñþäà ñëåäóåò âñå ïåðå÷èñëåííîå.

Ðàññìîòðèì òåïåðü ñèñòåìó óðàâíåíèé (59)- (60), êîòîðóþ çàïèøåì â îïåðàòîðíîé

ôîðìå
dρ

dt
= ζ2(γ(ψ, ζ)ρ+R(ρ, θ;ψ, ζ)), (71)

dθ

dt
= ζ2(δ(ψ, ζ)ρ+ Θ(ρ, θ;ψ, ζ)) (72)

â ïðîñòðàíñòâå E, ãäå ôóíêöèÿ δ(ψ, ζ) = (δ∗1(ψ, ζ), δ∗−1(ψ, ζ)), îïåðàòîðû γ(ψ, ζ)ρ =

(γ∗1(ψ, ζ)ρ1, γ
∗
−1(ψ, ζ)ρ−1, . . . ), R(ρ, θ;ψ, ζ) = (R1(ρ, θ;ψ, ζ), R−1(ρ, θ;ψ, ζ), . . . ),

Θ(ρ, θ;ψ, ζ) = (Θ1(ρ, θ;ψ, ζ),Θ−1(ρ, θ;ψ, ζ), . . . ). Îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè

(71)-(72) ÿâëÿåòñÿ ïðîñòðàíñòâî E1
0 = l12 ⊗ c0.

Ðàññìîòðèì â E ñèñòåìó íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé

γ(ψ, ζ)ρ+R(ρ, θ;ψ, ζ) = 0, (73)

δ(ψ, ζ) + Θ(ρ, θ;ψ, ζ) = 0 (74)

ñ îáëàñòüþ îïðåäåëåíèÿ E1
0 . Ïðè ζ = 0 (73)-(74) èìååò ðåøåíèå ρ∗(ψ), θ∗(ψ). Ïðåäïî-

ëîæèì, ÷òî ïîñòðîåííàÿ ïî ýòîìó ðåøåíèþ ìàòðèöà (67) îïðåäåëÿåò îïåðàòîð (68),

êîòîðûé íå èìååò ñîáñòâåííûõ çíà÷åíèé, ëåæàùèõ íà ìíèìîé îñè êîìïëåêñíîé ïëîñ-

êîñòè, ò.å. âûïîëíåíî óñëîâèå ||Reµk(ψ)|| > µ0 > 0. Ñëåäîâàòåëüíî, ïî òåîðåìå î

íåÿâíîé ôóíêöèè äëÿ îïåðàòîðíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ (ñì, íà-

ïðèìåð, [35]) ñóùåñòâóåò òàêîå ζ0 > 0, ÷òî ïðè 0 ≤ ζ < ζ0 ñèñòåìà óðàâíåíèé (73)- (74)

èìååò ðåøåíèå ρ∗(ψ, ζ), θ∗(ψ, ζ) (ρ∗(ψ, 0) = ρ∗(ψ), θ∗(ψ, 0) = ρ∗(ψ)), ãëàäêî çàâèñÿùåå

îò ïàðàìåòðà ζ.

Ëèíåàðèçóåì (73)-(74) íà ðåøåíèè ρ∗(ψ, ζ), θ∗(ψ, ζ). Â ðåçóëüòàòå ïîëó÷èì áåñ-

êîíå÷íóþ ìàòðèöó àíàëîãè÷íóþ ìàòðèöå (67) è îáðàùàþùóþñÿ â íåå ïðè ζ = 0,

êîòîðàÿ îïðåäåëÿåò ëèíåéíûé îïåðàòîð

B(ψ, ζ)v (v = (ρ, θ), B(ψ, 0) = B(ψ)) : E1 → E. (75)
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Îòìåòèì, ÷òî ñîáñòâåííûå çíà÷åíèÿ µj(ψ, ζ)(µj(ψ, 0) = µj(ψ)) îïåðàòîðà (75) ïðè

0 ≤ ζ ≤ ζ0 óäîâëåòâîðÿþò óñëîâèþ |Reµj| > µ0 > 0.

Ïîäñòàâèì ρ∗(ψ, ζ), θ∗(ψ, ζ) â ïðàâóþ ÷àñòü óðàâíåíèÿ (61). Â ðåçóëüòàòå èìååì

τ̇ = π+σ1(ψ, ζ)+ζ2T1(ρ∗(ψ, ζ), θ∗(ψ, ζ);ψ, ζ) = π+σ1(ψ, ζ)+ζ2∆2(ψ, ζ) = π+σ(ψ, ζ),

(σ(ψ, ζ) ≡ 0). (76)

Ïîëîæèì

z∗1(t;ψ, ζ) = ρ∗1(ψ, ζ)eiτ , z∗3(t;ψ, ζ) = ρ∗3(ψ, ζ)ei(3τ+θ∗1(ψ)), z∗5(t;ψ, ζ) = ρ∗5(ψ, ζ)∗

∗ ei(5τ+θ∗1(ψ)+θ∗3(ψ)), z∗−n(t;ψ, ζ) = z̄∗k(t;ψ, ζ), k = 1, 3, . . . , (77)

Òåîðåìà 11. Ïóñòü ïðè íåêîòîðîì ψ ñèñòåìà óðàâíåíèé (62)-(63) èìååò ðåøå-

íèå (ρ∗(ψ), θ∗(ψ)) ∈ E1
0 , à ïîñòðîåííàÿ ïî ýòîìó ðåøåíèþ ìàòðèöà (67) îïðåäåëÿåò

îïåðàòîð (68), êîòîðûé íå èìååò ñîáñòâåííûõ çíà÷åíèé ëåæàùèõ íà ìíèìîé êîì-

ïëåêñíîé ïëîñêîñòè. Òîãäà ñóùåñòâóåò òàêîå ζ0 > 0, ÷òî ïðè 0 < ζ ≤ ζ0 êðàåâàÿ

çàäà÷à (30)-(31), â êîòîðîé ε1 è ε2 îïðåäåëåíû ñîãëàñíî (58) èìååò ïåðèîäè÷åñêîå

ðåøåíèå u∗(s, τ ;ψ, ζ), äîïóñêàþùåå ïðåäñòàâëåíèå

u∗(s, τ ;ψ, ζ) = u∗0(s, τ ;ψ, ζ) +O(ζ4) =

= ζ
∑

k=±1,±3

ek(s;ψ, ζ)z∗k(τ ;ψ, ζ) + ζ2
∑

(k1,k2)∈Ω2

uk1k2(s;ψ, ζ)z∗k1(τ ;ψ, ζ)z∗k2(τ ;ψ, ζ)+

+ +ζ3
∑

(k1,k2,k3)∈Ω3

uk1k2k3(s;ψ, ζ)z∗k1(τ ;ψ, ζ)z∗k2(τ ;ψ, ζ)z∗k3(τ ;ψ, ζ) +O(ζ4), (78)

â êîòîðîì Ω2,Ω3 îïðåäåëåíû â (32), ôóíêöèè ek(·), uk1k2(·), uk1k2k3(·) îïðåäåëåíû ñî-

ãëàñíî (22), (36), (41) ñ ó÷åòîì çàìåíû (58), ïåðåìåííàÿ τ îïðåäåëÿåòñÿ â ñîîò-

âåòñòâèè ñ (76), ôóíêöèè z∗k(·) îïðåäåëåíû â (77).

Äîêàçàòåëüñòâî. Ðåøåíèå ñèñòåìû óðàâíåíèé (33) â ñèëó (17)-(18) îáëàäàþò ñâîé-

ñòâàìè íàðàñòàþùåé ãëàäêîñòè. Â ñâÿçè ñ ýòèì ôóíêöèè (77) ñ ó÷åòîì (76), ÿâëÿÿñü

ïåðèîäè÷åñêèìè ðåøåíèÿìè ñèñòåìû óðàâíåíèé (33), áóäóò áåñêîíå÷íî äèôôåðåí-

öèðóåìûìè ïî τ . Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ u∗0(s, τ ;ψ, ζ) áóäåò òàêæå áåñêîíå÷íî

äèôôåðåíöèðóåìîé ïî τ , íåïðåðûâíî äèôôåðåíöèðóåìîé ïî s è äîñòàòî÷íî ãëàäêî

çàâèñÿùåé îò ψ è ζ. Îáîçíà÷èì Ω̄ = {(s, τ) : −1 ≤ s ≤ 0,−∞ < τ < ∞}. Ââåäåì
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â ðàññìîòðåíèå ïðîñòðàíñòâî C1∞(Ω̄) âåùåñòâåííûõ ôóíêöèé g(s, τ) ≡ g(s, τ + 2π),

îïðåäåëåííûõ â Ω̄, íåïðåðûâíî äèôôåðåíöèðóåìûõ ïî s è áåñêîíå÷íî äèôôåðåíöè-

ðóåìûõ ïî τ . Íîðìó â C1∞(Ω̄) îïðåäåëèì

||g(s, τ)||C1∞ = sup
(s,τ)∈Ω̄,k=0,1,...

||∂
kg(s, τ)

∂kτ
||+ sup

(s,τ)∈Ω̄,k=1,2,...

||∂
kg(s, τ)

∂s∂n−1τ
||

Ââåäåì â ðàññìîòðåíèå òàêæå ïðîñòðàíñòâî C∞(R) âåùåñòâåííûõ áåñêîíå÷íî

äèôôåðåíöèðóåìûõ ôóíêöèé q(τ) ≡ q(τ + 2π)(−∞ < τ < ∞), îïðåäåëèâ íîðìó

||q(τ)||C∞(R) = supτ,k=0,1,... |∂kq(τ)/∂τ |. Ïðîñòðàíñòâà C1∞(Ω), C∞(R) ÿâëÿþòñÿ áàíà-

õîâûìè ïðîñòðàíñòâàìè.

Ðàññìîòðèì â îáëàñòè Ω̄ êðàåâóþ çàäà÷ó

g(s, τ) + i(π + σ(ψ; ζ))uτ = us (79)

u(0, τ) + u(−1, τ) = q(s) (80)

â êîòîðîé g(s, τ) ∈ C1∞(Ω̄), q(τ) ∈ C∞(R), è âûÿâèì óñëîâèÿ ñóùåñòâîâàíèÿ 2π-

ïåðèîäè÷åñêîãî ðåøåíèÿ u∗(s, τ ;ψ, ζ), íåïðåðûâíî çàâèñÿùåãî îò 0 ≤ ζ ≤ ζ0.

Ïðåäñòàâèì â âèäå ðàâíîìåðíî ñõîäÿùèõñÿ ðÿäîâ

g(s, τ) =
∞∑

n=−∞

gn(s)einτ , gn(s) =
1

2π

∫ 2π

0

g(s, τ1)einτ1dτ1,

q(τ) =
∞∑

n=−∞

qne
inτ , qn =

1

2π

∫ 2π

0

g(τ1)einτ1dτ1.

Îïðåäåëÿÿ 2π- ïåðèîäè÷åñêîå ðåøåíèå (79)-(80) â âèäå ðÿäà

u∗(s, τ ;ψ, ζ) =
∞∑

n=−∞

un(s;ψ, ζ)einτ , (81)

ðàññìîòðèì îòäåëüíî ñëó÷àé n = 2k, k = 0,±1, . . . , è ñëó÷àé n = 2k+1, k = 0,±1, . . . .

Â ñëó÷àå n = 2k äëÿ îïðåäåëåíèÿ u2k(s;ψ, ζ) èìååì êðàåâóþ çàäà÷ó

g2k(s) + i2k(π + σ(ψ; ζ))u2k =
du2k

ds

u2k(0) + u2k(−1) = q2k,

èç êîòîðûõ îäíîçíà÷íî íàõîäèì

u2k(s, τ ;ψ, ζ) = ei2k(π+σ(ψ,ζ))s(c2k +

∫ s

0

e−i2k(π+σ(ψ,ζ))s1g2k(s1)ds1), (82)

57



ãäå

c2k = (1 + e−i2kσ(ψ,ζ))−1(q2k + e−i2kσ(ψ;ζ)

∫ 0

−1

e−2ki(π+σ(ψ,ζ))s1g2k(s1)ds1).

Ðàññìîòðèì òåïåðü ñëó÷àé n = 2k + 1. Çäåñü êðàåâàÿ çàäà÷à äëÿ îïðåäåëåíèÿ

u2k(s;ψ, ζ) áóäåò èìåòü âèä

g2k+1(s) + i(2k + 1)(π + σ(ψ; ζ))u2k+1 =
du2k+1

ds
(83)

u2k+1(0) + u2k+1(−1) = q2k+1, k = 0,±1, . . . (84)

Ïîäñòàâèâ îáùåå ðåøåíèå óðàâíåíèÿ (83)

u2k+1(s;ψ, ζ) = ei(2k+1)(π+σ(ψ,ζ))s(c2k+1 +

∫ s

0

e−i(2k+1)(π+σ(ψ,ζ))s1)g2k+1(s1)ds1 (85)

â êðàåâîå óñëîâèå (84), ïîëó÷èì äëÿ îïðåäåëåíèÿ c2k+1 ñëåäóþùåå óðàâíåíèå:

c2k+1(1− e−i(2k+1)σ(ψ,ζ)) = q2k+1− e−i(2k+1)σ(ψ,ζ)

∫ 0

−1

e−i(2k+1)(π+σ(ψ,ζ))s1)q2k+1(s1)ds1. (86)

Òàê êàê êîýôôèöèåíò ïðè c2k+1 îáðàùàåòñÿ â íóëü ïðè ζ = 0, óðàâíåíèå (86) â îáùåì

ñëó÷àå íå èìååò íåïðåðûâíîãî ïî ζ ïðè 0 ≤ ζ ≤ ζ0 ðåøåíèÿ. Ïîòðåáóåì, ÷òîáû ïðàâàÿ

÷àñòü óðàâíåíèÿ (86) îáðàùàëàñü â íóëü ïðè ζ = 0, ò.å

q2k+1 −
∫ 0

−1

e−i(2k+1)πs1g2k+1(s1)ds1 = 0. (87)

Ïðè âûïîëíåíèè (87) óðàâíåíèå (86) ìîæíî çàïèñàòü â âèäå

c2k+1(1 +O(σ(ψ, ζ))) =

∫ 0

−1

e−i(2k+1)πs1(1 + s1)g2k+1(s1)ds1 +O(σ(ψ, ζ)).

Îòñþäà c2k+1 = c2k+1(ψ, ζ) îäíîçíà÷íî îïðåäåëÿåòñÿ. Ïîäñòàâèâ ýòî âûðàæåíèå â

(84), èìååì ðåøåíèå u2k+1(s;ψ, ζ).

Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèé (87) äëÿ k = 0,±1, . . . , êðàåâàÿ çàäà÷à

(79)-(80) èìååò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå, îïðåäåëÿåìîå ðÿäîì (81). Íà

îñíîâàíèè ñâîéñòâ gn(s) è qn è âèäà ôóíêöèé un(s;ψ, ζ), îïðåäåëÿåìûõ (82), (85),

ïåðèîäè÷åñêîå ðåøåíèå (81) u∗(s, τ ;ψ, ζ) ∈ C1∞(Ω̄).

Ëèíåéíîå ïîäïðîñòðàíñòâî ôóíêöèé (g(s, τ), q(τ)) ∈ C1∞(Ω̄)⊕ C∞(R) óäîâëåòâî-

ðÿþùèõ óñëîâèÿì (87) ïðè k = 0,±1, . . . , îáîçíà÷èì C1∞
0 (Ω̄)⊕C∞0 (R). Ôîðìóëà (81)

ñ ó÷åòîì (82), (85) îïðåäåëÿåò ëèíåéíûé îãðàíè÷åííûé îïåðàòîð

Φ : C1∞
0 ⊕ C∞0 (R)→ C1∞(Ω),Φ(g, q;ψ, ζ) = u, (Φ(0, 0;ψ, ζ) ≡ 0), ||u||C1∞(Ω̄) ≤

≤ K(||g||C1∞(Ω̄) + ||q||C∞(R))(K > 0), (88)
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ãëàäêî çàâèñÿùèé îò ψ è ζ.

Åñëè ïîäñòàâèòü ôóíêöèþ u∗0(s, τ ;ψ, ζ) â êðàåâóþ çàäà÷ó (30)-(31) ñ ó÷åòîì (58),

òî êîýôôèöèåíòû ïðè ζ, ζ2, ζ3 â ëåâîé è ïðàâîé ÷àñòÿõ ðàâåíñòâ âçàèìíî ñîêðàòÿòñÿ.

Ñ ó÷åòîì ýòîãî ïîëîæèì

τ̇ = π + σ(ψ, ζ) + ζ4∆4 (89)

è çàìåíèì â (77)

ρ∗k(ψ, ζ)→ ρ∗k(ψ, ζ) + ζ2ρ̃k, θ
∗
k(ψ, ζ)→ θ∗k(ψ, ζ) + ζ2θ̃k, k = 1, 3, . . . , (90)

ãäå ∆4 è ρ̃ = (ρ̃1, ρ̃3, . . . ), θ̃ = (θ̃1, θ̃3, . . . ) ïîäëåæàùèå îïðåäåëåíèþ ôóíêöèè.

Ïðåäñòàâèì (78) ñ ó÷åòîì (89), (90) â âèäå

u∗(s, τ, ρ̃, θ̃, ψ, ζ) = u∗0(s, τ, ρ̃, θ̃, ψ, ζ) + ζ4w(s, τ),

ãäå ρ, θ è w èñêîìûå ôóíêöèè, è ïîäñòàâèì â êðàåâóþ çàäà÷ó (30)-(31) ñ ó÷åòîì

(58), (89). Â ðåçóëüòàòå, ó÷èòûâàÿ àíàëèòè÷íîñòü ôóíêöèè f(·), ïîëó÷èì ñëåäóþùóþ

êðàåâóþ çàäà÷ó:

g(s, τ, ρ̃, θ̃,∆4;ψ, ζ) + ζ4∆4wτ (s, τ) + i(π + σ(ψ, ζ))wτ = ws, (91)

w(0, τ) + w(−1, τ) = q(τ, ρ̃, θ̃, w(−1, τ);ψ, ζ) (92)

äëÿ îïðåäåëåíèÿ w(s, τ) ∈ C1∞(Ω̄). Â (91)-(92) ôóíêöèè(ôóíêöèîíàëû) g(·) ∈ C1∞(Ω̄),

q(·) ∈ C1(R). Óñëîâèÿ ðàçðåøèìîñòè (87) êðàåâîé çàäà÷è (91)-(92) äàþò ñëåäóþùóþ

ïîñëåäîâàòåëüíîñòü ôóíêöèîíàëüíûõ óðàâíåíèé∫ 2π

0

(q(τ, ρ̃, θ̃, w(−1, τ);ψ, ζ) +

∫ 0

−1

e−i(2k+1)πs(i(2k + 1)πζ4∆4w(s, τ)−

− g(s, τ, ρ̃, θ̃,∆4;ψ, ζ))ds)e−i(2k+1)πτdτ ≡ a2k+1(ρ̃, θ̃,∆4, w;ψ, ζ)+

+ ib2k+1(ρ̃, θ̃,∆4, w;ψ, ζ) = 0(a2k+1(0, 0, 0, 0;ψ, 0) + ib2k+1(0, 0, 0, 0;ψ, 0) ≡ 0),

k = 0,±1, . . . , (93)

êîòîðóþ çàïèøåì â ñëåäóþùåé ýêâèâàëåíòíîé ôîðìå:

a2k+1(ρ̃, θ̃,∆4, w;ψ, ζ) = 0, b̃2k−1(ρ̃, θ̃,∆4, w;ψ, ζ) ≡

≡ b2k+1(ρ̃, θ̃,∆4, w;ψ, ζ)− b2k−1(ρ̃, θ̃,∆4, w;ψ, ζ)−2b1(ρ̃, θ̃,∆4, w;ψ, ζ) = 0, k = 1, 3, . . . ,

b1(ρ̃, θ̃,∆4, w;ψ, ζ) = 0 (b1(0, 0,∆4, 0;ψ, ζ) = ρ∗1(ψ, ζ)∆4). (94)
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Îòìåòèì, ÷òî áåñêîíå÷íàÿ ìàòðèöà∂ak/∂ρj ∂ak/∂θj

∂b̃k/∂ρj ∂b̃k/∂θj

 (k, j = 1, 3, . . . ), (95)

âû÷èñëåííàÿ â òî÷êå ρ̃ = 0, θ̃ = 0,∆ = 0, w = 0 ñîâïàäàåò ñ ìàòðèöåé B(ψ; ζ),

âû÷èñëåííîé ïî ñèñòåìå óðàâíåíèé (73)- (74) â òî÷êå ρ∗(ψ, ζ), θ∗(ψ, ζ). Ýòî ñëåäóåò

èç ïðèâåäåííîãî âûøå çàìå÷àíèÿ è òîãî îáñòîÿòåëüñòâà, ÷òî ìàòðèöà B(ψ; ζ) è (95)

ïîëó÷åíû â ðåçóëüòàòå �ìàëîãî øåâåëåíèÿ� âåëè÷èí ρ∗k(ψ; ζ) è θ∗k(ψ; ζ).

Èç óðàâíåíèÿ (94) â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé îòíîñèòåëüíî ñâîéñòâ îïå-

ðàòîðà (75), îïðåäåëÿåìîãî ìàòðèöåé (95) ïî òåîðåìå î íåÿâíîé ôóíêöèè äëÿ îïåðà-

òîðíûõ óðàâíåíèé [50] íàõîäèì ôóíêöèîíàëû

ρ̃k = ρk(w;ψ, ζ), θ̃k = θk(w;ψ, ζ), ∆̃4 = ∆4(w;ψ, ζ)

(ρ̃k(0;ψ, ζ) = θ̃k(0;ψ, ζ) = ∆4(0;ψ, ζ) = 0). (96)

Ïîäñòàâèâ òåïåðü (96) â (91)- (92) ñ ó÷åòîì îãðàíè÷åííîñòè îïåðàòîðà äèôôåðåí-

öèðîâàíèÿ wτ (s, τ) â ïðîñòðàíñòâå C1∞(Ω̄) ñâåäåì çàäà÷ó íàõîæäåíèÿ ïåðèîäè÷åñêîãî

ðåøåíèÿ êðàåâîé çàäà÷è (91)-(92) íà îñíîâàíèè (88) ê ðàçðåøèìîñòè îïåðàòîðíîãî

óðàâíåíèÿ

w = Φ(g(s, τ, ρ̃(w;ψ, ζ), θ̃(w;ψ, ζ),∆4(w;ψ, ζ);ψ, ζ) + ζ4∆4(w;ψ, ζ)wτ (s, τ);

q(s, τ, ρ̃(w;ψ, ζ), θ̃(w;ψ, ζ), w(−1, τ ;ψ, ζ);ψ, ζ) (97)

â ïðîñòðàíñòâå C1∞(Ω̄). Îñòàëîñü ïðèìåíèòü ê óðàâíåíèþ (97) òåîðåìó î íåÿâíîé

ôóíêöèè [50]. Ïðàâàÿ ÷àñòü (97) ïîçâîëÿåò ýòî ñäåëàòü. Â ðåçóëüòàòå èìååì ðåøåíèå

w∗(s, τ ;ψ, ζ) ∈ C1∞(Ω̄).

Ðåøåíèå (78) áóäåò àñèìïòîòè÷åñêè îðáèòàëüíî óñòîé÷èâî, åñëè âñå ñîáñòâåííûå

çíà÷åíèÿ îïåðàòîðà (68) ëåæàò â ëåâîé êîìïëåêñíîé ïîëóïëîñêîñòè, è íåóñòîé÷èâî,

åñëè m êîðíåé ñ ó÷åòîì êðàòíîñòåé ïðèíàäëåæàò ïðàâîé êîìïëåêñíîé ïîëóïëîñêî-

ñòè. Â ïîñëåäíåì ñëó÷àå ïåðèîäè÷åñêîå ðåøåíèå (78) èìååò m− ìåðíîå íåóñòîé÷èâîå

èíâàðèàíòíîå ìíîãîîáðàçèå.
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2.5 Àëãîðèòì ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé óðàâ-

íåíèÿ

Òåîðåìà 11 ïîçâîëÿåò ïîñòðîèòü àëãîðèòì íàõîæäåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé

êðàåâîé çàäà÷è (30)-(31)(óðàâíåíèÿ (6)), áèôóðöèðóþùèõ èç íóëåâîãî ñîñòîÿíèÿ ðàâ-

íîâåñèÿ ïðè èçìåíåíèè ïàðàìåòðà ε.

Ïåðèîäè÷åñêèå ðåøåíèÿ êðàåâîé çàäà÷è (30)-(31) ñ ó÷åòîì (58) áóäåì ñòðîèòü â

âèäå ðÿäà

u∗(s, τ ;ψ, ζ) =
∞∑
j=1

ζjuj(s, τ, ρ, θ,∆;ψ, ζ), (98)

â êîòîðîì uj(·) ãëàäêî çàâèñÿùèå îò ñâîèõ ïåðåìåííûõ ôóíêöèîíàëû ρ ∈ l12, θ ∈

c0, 2π- ïåðèîäè÷åñêèå ïî τ ïðè −1 ≤ s ≤ 0,∆ ∈ R,−π/2 < ψ < π/2, 0 < ζ ≤ ζ0.

Ïðè ýòîì

ρ = ρ∗ + ζ2ρ∗2 + ζ4ρ∗4 + · · · = (ρ1, ρ2, . . . ), ρj > 0, ρj = ρj(ψ, ζ) =

= ρ∗j(ψ, ζ) + ζ2ρ∗j2(ψ, ζ) + ζ4ρ∗j4(ψ, ζ) + . . . , θ = θ∗ + ζ2θ∗2 + ζ4θ∗4 + · · · = (θ1, θ2, . . . ),

θj = θj(ψ, ζ) = θ∗j (ψ, ζ) + ζ2θ∗j2(ψ, ζ) + ζ4θ∗j4(ψ, ζ) + . . . ,

∆ = ∆(ψ; ζ) = ∆2(ψ; ζ) + ζ4∆4(ψ; ζ) + . . . , (99)

ïðè ýòîì ρ∗∗(ψ; ζ), θ∗∗(ψ; ζ),∆∗(ψ; ζ) ãëàäêèå ïî ψ è ζ ôóíêöèè,

u1(·) ≡ u1(s, τ, ρ, θ;ψ, ζ) =
∑

k=1,3,...

ρk(ψ, ζ)[ek(s;ψ, ζ)ei(τ+θ∨k (ψ;ζ))+

e−n(s;ψ, ζ)e−i(τ+θ∨k (ψ;ζ))], θ∨k (ψ, ζ) =
n−1∑
j=0

θj(ψ, ζ), θ0(ψ, ζ) ≡ 0. (100)

Ïîäñòàâèì ðÿä (98) â êðàåâóþ çàäà÷ó (30)-(31) ñ ó÷åòîì ïðåäñòàâëåíèÿ (58)

τ̇ = π + σ1(ψ, ζ) + ζ2∆(ψ, ζ) (101)

ïîëó÷èì êðàåâóþ çàäà÷ó

∂u∗(·)
∂τ

(π + σ1(ψ, ζ) + ζ2∆(ψ, ζ)) =
∂u∗(·)
∂s

(102)

ζ cosψ
∂u∗(·)
∂τ
|s=0 = −u∗(−1, τ ;ψ, ζ)− (1 + ζ2 sin2 ψsignψ)u∗(−1, τ ;ψ, ζ)−

− f(u∗(−1, τ ;ψ, ζ)) (103)
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äëÿ îïðåäåëåíèÿ ôóíêöèé, âõîäÿùèõ â (98)-(100).

Ïðèðàâíÿåì â ðàâåíñòâàõ (102)-(103) ñëåâà è ñïðàâà êîýôôèöèåíòû ïðè îäè-

íàêîâûõ ñòåïåíÿõ ζ, ó÷òÿ ïðè ýòîì ïðåäñòàâëåíèÿ γk(ψ, ζ) = ζ2γ∗k(ψ, ζ), σk(ψ, ζ) =

πn(−ζ cosψ + ζ2 cos2 ψ) + ζ3σ∗k(ψ, ζ), ãäå γ∗k(ψ, ζ) îïðåäåëåíû â (62) σ∗k(ψ, ζ) ãëàäêèå

ïî ψ, ζ ôóíêöèè, ðàâíîìåðíî îãðàíè÷åííûå ïî n.

Ïðè ïåðâîé ñòåïåíè ζ ðàâåíñòâà áóäóò âûïîëíåíû â ñèëó âûáîðà ek(s;ψ, ζ) è

ïðåäñòàâëåíèÿ (101) ïðè ïðîèçâîëüíûõ ρ, θ. Ïðèðàâíÿâ â (102)-(103) êîýôôèöèåíòû

ïðè ζ2, ïîëó÷èì êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ u2(·)

u2τπ = u2s, (104)

u2(0, τ ; ·) + u2(−1, τ ; ·) = q2(τ ; ρ∗, θ∗;ψ, ζ), (105)

â êîòîðîé ôóíêöèîíàë q2(τ ; ρ∗, θ∗;ψ, ζ), 2π- ïåðèîäè÷åí ïî τ è ñîäåðæèò ëèøü ÷åòíûå

ãàðìîíèêè, çàâèñèò îò ρ∗, θ∗ êàê îò ïàðàìåòðîâ. Êðàåâàÿ çàäà÷à ñîãëàñíî ï. 2.4 â ýòîì

ñëó÷àå èìååò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå u∗2(s, τ ; ρ∗, θ∗, ψ, ζ), îïðåäåëÿåìîå

ôîðìóëàìè (81)- (82).

Ïðèðàâíÿåì òåïåðü â (102)-(103) êîýôôèöèåíòû ïðè ζ3. Â ðåçóëüòàòå ïîëó÷èì

êðàåâóþ çàäà÷ó

g3(s, τ, ρ∗, θ∗;ψ, ζ) + u3τπ = u3s, (106)

u3(0, τ ; ·) + u3(−1, τ ; ·) = q3(τ, ρ∗, θ∗;ψ, ζ), (107)

äëÿ îïðåäåëåíèÿ u∗3(s, τ ; ρ∗, θ∗, ψ, ζ). Â íåé ôóíêöèîíàëû g3(·), q3(·) 2π- ïåðèîäè÷åñêèå

ïî τ è ñîäåðæàò ëèøü íå÷åòíûå ãàðìîíèêè. Â ýòîì ñëó÷àå êðàåâàÿ çàäà÷à (106)-

(107) ðàçðåøåíà ïðè âûïîëíåíèè óñëîâèé (87), êîòîðûå â ðàññìàòðèâàåìîì ñëó÷àå

çàïèøóòñÿ â âèäå∫ 2π

0

(q3(τ, ρ∗, θ∗;ψ, ζ)−
∫ 0

−1

e−ikπsg3(s, τ, ρ∗, θ∗;ψ, ζ)ds)e−ikπτdτ ≡

≡ ak(ρ
∗, θ∗;ψ, ζ) + i(ρ∗kk∆2 + bk(ρ

∗, θ∗;ψ, ζ)) = 0, k = 1, 3, . . . (108)

Ñ ó÷åòîì ñòðóêòóðû ôóíêöèè (100) è âèäà (101), èìååì ðàâåíñòâà âçàìåí (108)

ak(ρ
∗, θ∗;ψ, ζ) ≡ γ∗k(ψ; ζ)ρ∗k +Rk(ρ

∗, θ∗;ψ, ζ) = 0 (109)

bk(ρ
∗, θ∗;ψ, ζ)/ρ∗k − bk−2(ρ∗, θ∗;ψ, ζ)/ρ∗k−2 − 2b1(ρ∗, θ∗;ψ, ζ)/ρ∗1 ≡ δ∗k(ψ, ζ)+

+ Θk(ρ
∗, θ∗;ψ, ζ) = 0, (110)
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ïðàâûå ÷àñòè êîòîðûõ îïðåäåëåíû â (71)- (72), è óðàâíåíèå

ρ∗1∆2 + b1(ρ∗, θ∗;ψ, ζ) = 0, (111)

ñîîòâåòñòâåííî äëÿ îïðåäåëåíèÿ ρ∗, θ∗,∆2.

Òàêèì îáðàçîì, íà îñíîâàíèè (109)- (110) äëÿ îïðåäåëåíèÿ ρ∗k(ψ, ζ), θ∗k(ψ, ζ) èìååì

ñèñòåìó îïåðàòîðíûõ óðàâíåíèé (73)- (74). Íàéäÿ åå ðåøåíèå èç óðàâíåíèÿ (108)

∆2 = ∆2(ψ, ζ) îïðåäåëÿåòñÿ îäíîçíà÷íî.

Ýòî ïîçâîëÿåò îäíîçíà÷íî îïðåäåëèòü ôóíêöèþ u∗3(s, τ ;ψ, ζ) = u3(s, τ, ρ∗(ψ, ζ),

θ∗(ψ, ζ),∆2(ψ, ζ);ψ, ζ), à òàêæå ôóíêöèþ u∗2(s, τ ;ψ, ζ) ≡ u2(s, τ, ρ∗(ψ, ζ), θ∗(ψ, ζ);ψ, ζ).

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè ζ4, ïîëó÷èì êðàåâóþ çàäà÷ó, àíàëîãè÷íóþ (104)-

(105). Ðåøåíèå ýòîé çàäà÷è îïðåäåëÿåòñÿ îäíîçíà÷íî. Â ðåçóëüòàòå ïîëó÷èì ôóíê-

öèþ u4(s, τ, ρ∗2, θ
∗
2;ψ, ζ).

Ïðèðàâíÿåì òåïåðü â (102)- (103) êîýôôèöèåíòû ïðè ζ5. Â ðåçóëüòàòå ïîëó÷èì

êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ u5(·)

g5(s, τ, ρ∗2, θ
∗
2,∆4;ψ, ζ) + u5τπ = u5s, (112)

u5(0, τ ; ·) + u5(−1, τ ; ·) = q5(τ, ρ∗2, θ
∗
2,∆4;ψ, ζ) (113)

àíàëîãè÷íóþ (106)- (107). Óñëîâèÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è (112)- (113), àíà-

ëîãè÷íûå (108), äàäóò ðàâåíñòâà

a
(5)
k (ρ∗2, θ

∗
2;ψ, ζ) + i(ρ∗kn∆4 + b

(5)
k (ρ∗2, θ

∗
2;ψ, ζ)) = 0, k = 1, 3, . . . , (114)

ëèíåéíî çàâèñÿùèå îò ρ∗2, θ
∗
2.

Ïðèðàâíÿåì â (114) íóëþ âåùåñòâåííûå è ìíèìûå ÷àñòè. Óðàâíåíèÿ äëÿ ìíè-

ìûõ ÷àñòåé ïðåîáðàçóåì â ñîîòâåòñòâèè ñ ðàâåíñòâîì (110). Â ðåçóëüòàòå ïîëó÷èì

äëÿ îïðåäåëåíèÿ ρ∗2, θ
∗
2 áåñêîíå÷íóþ ëèíåéíóþ íåîäíîðîäíóþ ñèñòåìó àëãåáðàè÷åñêèõ

óðàâíåíèé ñ ìàòðèöåé âèäà (67), ïîñòðîåííîé ïî óðàâíåíèÿì (109)- (110) è âû÷èñëåí-

íîé â òî÷êå ρ∗(ψ, ζ), θ∗(ψ, ζ). Ýòà ñèñòåìà ìîæåò áûòü çàïèñàíà â âèäå îïåðàòîðíîãî

óðàâíåíèÿ äëÿ ïðîñòðàíñòâå E

B(ψ, ζ)v∗2 = f ∗2 (ψ, ζ), v∗2 = (ρ∗2, θ
∗
2), (115)

ãäå îïåðàòîð B(ψ, ζ) îïðåäåëåí â (75), à f ∗2 (ψ, ζ) ∈ E. Â óñëîâèÿõ òåîðåìû 11 óðàâ-

íåíèå (115) èìååò åäèíñòâåííîå ðåøåíèå v∗2(ψ, ζ) ∈ E1
0 . Èç (114) â äîïîëíåíèå ê (115)
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èìååì óðàâíåíèå ρ∗1∆4 + b
(5)
1 (ρ∗1, θ

∗
1;ψ, ζ) = 0, èç êîòîðîãî íàõîäèì ∆4(ψ, ζ). Ýòî ïîç-

âîëÿåò îäíîçíà÷íî îïðåäåëèòü ïåðèîäè÷åñêîå ðåøåíèå

u∗5(s, τ ;ψ, ζ) ≡ u∗5(s, τ, ρ∗2(ψ, ζ), θ∗2(ψ, ζ),∆∗4(ψ, ζ);ψ, ζ), à òàêæå

u∗4(s, τ ;ψ, ζ) ≡ u∗5(s, τ, ρ∗2(ψ, ζ), θ∗2(ψ, ζ);ψ, ζ).

Â äàëüíåéøåì, ïðèðàâíèâàÿ â (102)-(103) ñëåâà è ñïðàâà êîýôôèöèåíòû ïðè ÷åò-

íûõ ñòåïåíÿõ ζ, áóäåì ïîëó÷àòü äëÿ îïðåäåëåíèÿ ôóíêöèé u2k(s, τ ; ρ∗2(k−1), θ
∗
2(k−1),∆2k;

ψ, ζ), ãäå ρ∗2(k−1), θ
∗
2(k−1),∆2k ôèãóðèðóþò êàê ïàðàìåòðû, êðàåâûå çàäà÷è âèäà (104)-

(105), ïåðèîäè÷åñêîå ðåøåíèå êîòîðûõ íàõîäèòñÿ îäíîçíà÷íî. Ïðèðàâíèâàÿ â (102)-

(103) êîýôôèöèåíòû ïðè íå÷åòíûõ ñòåïåíÿõ ζ, áóäåì ïîëó÷àòü äëÿ îïðåäåëåíèÿ

ôóíêöèé u2k+1(s, τ ; ρ∗2(k−1), θ
∗
2(k−1),∆2k;ψ, ζ) êðàåâûå çàäà÷è âèäà (112)-(113), óñëîâèÿ

ðàçðåøèìîñòè êîòîðûõ äàäóò óðàâíåíèÿ âèäà (114)-(115). Ðåøàÿ ýòè óðàâíåíèÿ íàõî-

äèì ρ∗2(k−1)(ψ, ζ) = ρ∗2(k−1), θ
∗
2(k−1)(ψ, ζ) = θ∗2(k−1),∆

∗
2k(ψ, ζ) = ∆∗2k è èñêîìûå ôóíêöèè

u∗2k(s, τ ;ψ, ζ), u∗2k+1(s, τ ;ψ, ζ). Òàêèì îáðàçîì ôóíêöèè, ôèãóðèðóþùèå â (98), îäíî-

çíà÷íî îïðåäåëàþòñÿ. Äîáàâèâ ôóíêöèþ u∗1(s, τ ;ψ, ζ) = u1(s, τ ; ρ∗(ψ, ζ) + ζ2ρ∗2(ψ, ζ) +

. . . , θ∗(ψ, ζ) + ζ2θ∗2(ψ, ζ) + . . . ;ψ, ζ), áóäåì èìåòü ðÿä

u∗(s, τ ;ψ, ζ) =
∞∑
j=1

ζju∗j(s, τ ;ψ, ζ). (116)

Òåîðåìà 12. Â óñëîâèÿõ òåîðåìû 11, ñóùåñòâóåò òàêîå ζ0 > 0, ïðè êîòîðîì ðÿä

(116) ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî 0 ≤ ζ ≤ ζ0 è (s, τ) ∈ Ω̄ è ñîâìåñòíî

ñ (101) îïðåäåëÿåò ïåðèîäè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è (30)-(31), óñòîé÷èâîñòü

êîòîðîãî îïðåäåëÿåòñÿ óñëîâèÿìè òåîðåìû 11.

Òåîðåìà 12 Äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìå 11. Îñíîâíîå îòëè÷èå çàêëþ÷àåòñÿ

â òîì, ÷òî â êà÷åñòâå îñíîâíîãî ôóíêöèîíàëüíîãî ïðîñòðàíñòâà ñëåäóåò âçÿòü ïðî-

ñòðàíñòâî ðàâíîìåðíî ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòåé ôóíêöèé âèäà (116) ñ íîð-

ìîé, àíàëîãè÷íîé C∞.

Äëÿ ïîëó÷åíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ íåïîñðåäñòâåííî óðàâíåíèÿ (6) äîñòàòî÷-

íî â (116) ïîëîæèòü s = 0. Â êà÷åñòâå ïåðâîãî ïðèáëèæåíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ

ñëåäóåò âçÿòü ïðèáëèæåíèå, îïðåäåëÿåìîå ðåøåíèåì ρ∗(ψ), θ∗(ψ) ñèñòåìû óðàâíåíèé
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(65)-(66), êîòîðîå áóäåò èìåòü âèä

y∗(τ ;ψ, ζ) = ζu∗1(0, τ ;ψ, 0) + ζ2u∗2(0, τ ;ψ, 0) +O(ζ3) = ζ
∑

n=±1,±3

z∗k(τ, ψ)−

− ζ2b2/2pk1k2
∑

(k1,k2)∈Ω2

z∗k1(τ, ψ)z∗k2(τ, ψ) +O(ζ3), (117)

τ = π − ζ cosψ + ζ2 cosψ +O(ζ3), (118)

ãäå ôóíêöèè z∗k(τ, ψ) îïðåäåëåíû â (69).

0.01 0.02 0.03 0.04 0.05
ε1

0

0.01

0.02

ε 2

D2

D4
D6D8

D0

D0

D2

D4

D8

D10

Ðèñ. 2.1: Êàðòèíà D - ðàçáèåíèé ïëîñêîñòè ïàðàìåòðîâ (ε1, ε2)

2.6 ×èñëåííîå èññëåäîâàíèå íîðìàëüíîé ôîðìû

Íà ðèñ. 2.1 ïðèâåäåíà êàðòèíà D-ðàçáèåíèé [38] ïëîñêîñòè ïàðàìåòðîâ (ε1, ε2).

Íà íåé èçîáðàæåíû êðèâûå, íà êîòîðûõ óðàâíåíèå (9) èìååò êîðíè, ëåæàùèå íà

ìíèìîé îñè. Ýòè êðèâûå ÿâëÿþòñÿ ãðàíèöàìè îáëàñòåéD - ðàçáèåíèé. Ïðè çíà÷åíèÿõ

ε èç îáëàñòè D0 âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (9) íàõîäÿòñÿ â ëåâîé

êîìïëåêñíîé ïîëóïëîñêîñòè, ïðè ε ∈ D2 îäíà ïàðà êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé

íàõîäèòñÿ â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè, ïðè ε ∈ D4 äâå ïàðû êîìïëåêñíî-

ñîïðÿæåííûõ êîðíåé íàõîäÿòñÿ â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè, à îñòàëüíûå-
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â ëåâîé, è ò.ä. Ïóíêòèðíîé ëèíèåé îáîçíà÷åíû ãðàíèöû ïîñëåäóþùèõ îáëàñòåé D -

ðàçáèåíèé, àíàëîãè÷íûå îïèñàííûì âûøå.

Çàôèêñèðóåì çíà÷åíèÿ ïàðàìåòðîâ ψ = 1.51, ζ = 0.1. Ïîñòðîèì ïåðèîäè÷åñêèå

ðåøåíèÿ óðàâíåíèÿ (6) ïî ôîðìóëàì (117)-(118). Äëÿ ýòîãî íåîáõîäèìî ïîñëåäîâà-

òåëüíî óâåëè÷èâàòü ÷èñëî óðàâíåíèé (65)-(66) è íàõîäèòü èõ ðåøåíèÿ äî òåõ ïîð,

ïîêà îòíîñèòåëüíûé ïðèðîñò íîðìû ||ρ∗(ψ)||l12 íå äîñòèãíåò çàäàííîé òî÷íîñòè. Óäà-

ëîñü íàéòè ïÿòü óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé. Îíè ïðèâåäåíû íà ðèñ. 2.2.

Íà ðèñóíêå òàêæå ïðèâåäåíû ãðàôèêè òî÷íûõ ðåøåíèé(òîíêàÿ ëèíèÿ), ïîëó÷åííûå

ïóòåì ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèÿ (6) ìåòîäîì Ýéëåðà ñ ïîñòîÿííûì âû-

áîðîì øàãà, ïðè ýòèõ æå çíà÷åíèÿõ ïàðàìåòðîâ. Øàã èíòåãðèðîâàíèÿ óìåíüøàëñÿ

äî ïîëíîé ñòàáèëèçàöèè ðåçóëüòàòîâ âû÷èñëåíèé. Â êà÷åñòâå íà÷àëüíûõ çíà÷åíèé

ïðè èíòåãðèðîâàíèè óðàâíåíèÿ (6) âûáèðàëèñü ôóíêöèè, ïîëó÷åííûå ñîãëàñíî (117)-

(118).

Çàôèêñèðóåì òåïåðü çíà÷åíèå ïàðàìåòðà ψ = 1.51 è áóäåì óâåëè÷èâàòü ζ. Ýòî-

ìó ñëó÷àþ áóäåò ñîîòâåòñòâîâàòü òî÷å÷íàÿ ëèíèÿ íà ðèñ. 2.1. Ðàññìîòðèì ïåðâîå è

âòîðîå íàéäåííûå ïåðèîäè÷åñêèå ðåøåíèÿ. Íà ðèñ. 2.3 ïðåäñòàâëåíû ïðîåêöèè ôàçî-

âûõ ïîðòðåòîâ ïåðèîäè÷åñêèõ ðåøåíèÿ íà ïëîñêîñòü (y(t), y(t−1)), ñîîòâåòñòâóþùèå

ïåðåõîäó îò ðåãóëÿðíûõ êîëåáàíèé ê õàîòè÷åñêèì. Ñ ðîñòîì ζ íàáëþäàåòñÿ ðîñò àì-

ïëèòóäû è ïåðèîäà êîëåáàíèé. ×èñëåííûå èññëåäîâàíèÿ ïîêàçàëè, ÷òî ïðîèñõîäèò

ïåðåõîä îò ðåãóëÿðíîé äèíàìèêè ÷åðåç êàñêàä áèôóðêàöèé óäâîåíèÿ ïåðèîäà ê õàî-

òè÷åñêèì êîëåáàíèÿì.

Äëÿ çíà÷åíèé ïàðàìåòðîâ ψ = 1.55, ζ = 0.1 áûëî íàéäåíî ñåìü óñòîé÷èâûõ ïåðèî-

äè÷åñêèõ ðåøåíèé. Îíè ïðåäñòàâëåíû íà ðèñ. 2.4. Ðàññìîòðèì âòîðîå è òðåòüå ðåøå-

íèå è áóäåì óâåëè÷èâàòü ζ. Ïåðèîäè÷åñêèå ðåøåíèÿ äëÿ çíà÷åíèé ζ = 0.1, 0.2, 0.4, 0.8

ïðèâåäåíû íà ðèñ. 2.5.

Â çàêëþ÷åíèå îòìåòèì, ÷òî äëÿ íàõîæäåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé (6) èñïîëü-

çîâàëàñü ïðîãðàììà, íàïèñàííàÿ ñ ïîìîùüþ ñðåäñòâ ÿçûêà ïðîãðàììèðîâàíèÿ Python,

à äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì

àðãóìåíòîì èñïîëüçîâàëñÿ ïàêåò dde23 ÿçûêà Python.
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Ðèñ. 2.2: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (6) è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ íà

ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.51
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Ðèñ. 2.3: (à), (á), (â): Ïðîåêöèè ôàçîâûõ ïîðòðåòîâ ïåðâîãî ïåðèîäè÷åñêîãî ðåøåíèÿ

óðàâíåíèÿ (6) íà ïëîñêîñòü (y(t), y(t − 1)) äëÿ çíà÷åíèé ψ = 1.51, ζ = 0.2, 0.4, 0.8

ñîîòâåòñòâåííî; (ã), (ä), (å): ïðîåêöèè ôàçîâûõ ïîðòðåòîâ âòîðîãî ïåðèîäè÷åñêîãî

ðåøåíèÿ óðàâíåíèÿ (6) íà ïëîñêîñòü (y(t), y(t − 1)) äëÿ çíà÷åíèé ψ = 1.51, ζ =

0.2, 0.4, 0.8 ñîîòâåòñòâåííî
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2.7 Âûâîäû

Â äàííîé ãëàâå ïðîâåäåí àíàëèç ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ Ìýêêè - Ãëàñ-

ñà ñ ïîìîùüþ ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè ñèíãóëÿðíî âîçìóùåííûõ íåëèíåé-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì. Ïîëó÷åíû ñòðî-

ãèå òåîðåìû îá óñëîâèÿõ áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé è ïîñòðîåíû àñèìïòî-

òè÷åñêèå ôîðìóëû ïåðèîäè÷åñêèõ ðåøåíèé. Äëÿ îäíèõ è òåõ æå çíà÷åíèé ïàðàìåòðîâ

âîçìîæíî ñîñóùåñòâîâàíèå íåñêîëüêèõ óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé, ÷òî ïî-

êàçûâàåò âîçìîæíîñòü áèôóðêàöèè ìóëüòèñòàáèëüíîñòè â ýòîì óðàâíåíèè. Íàéäåí

ñöåíàðèé ïåðåõîäà îò ðåãóëÿðíîé äèíàìèêè ê õàîòè÷åñêèõ êîëåáàíèÿì.
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Ðèñ. 2.4: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (6) äëÿ ζ = 0.1, ψ = 1.55
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Ðèñ. 2.5: (à), (á), (â), (ã): Ïðîåêöèè ôàçîâûõ ïîðòðåòîâ âòîðîãî ïåðèîäè÷åñêîãî ðå-

øåíèÿíà ïëîñêîñòü (y(t), y(t− 1)) äëÿ çíà÷åíèé ψ = 1.55, ζ = 0.1, 0.2, 0.4, 0.8; (ä), (å),

(æ), (ç): ïðîåêöèè ôàçîâûõ ïîðòðåòîâ òðåòüåãî ïåðèîäè÷åñêîãî ðåøåíèÿ íà ïëîñ-

êîñòü (y(t), y(t− 1)) äëÿ çíà÷åíèé ψ = 1.55, ζ = 0.1, 0.2, 0.4, 0.8
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Ãëàâà 3

Àíàëèç îñîáåííîñòåé ïîâåäåíèÿ

ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ

Èêåäû

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäûâàþùèì àðãóìåíòîì,

îïèñûâàþùåå äèíàìèêó ïàññèâíîãî îïòè÷åñêîãî ðåçîíàòîðà. Èçó÷åíà äèíàìèêà ñî-

ñòîÿíèé ðàâíîâåñèÿ â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ è èññëåäîâàíà èõ óñòîé-

÷èâîñòü. Ñ èñïîëüçîâàíèåì ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè ñèíãóëÿðíî âîçìó-

ùåííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì

èçó÷åíû áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé ðàññìàòðèâàåìîãî óðàâíåíèÿ èç ñîñòî-

ÿíèé ðàâíîâåñèÿ ïðè ïîòåðå èõ óñòîé÷èâîñòè.

Ââåäåíèå

Â ðàáîòàõ [8,9] äëÿ îïèñàíèÿ äèíàìèêè ïàññèâíîãî îïòè÷åñêîãî ðåçîíàòîðà áûëî

ïðåäëîæåíî óðàâíåíèå ñ çàïàçäûâàþùèì àðãóìåíòîì

ẋ = µ sin(x(t− τ)− c)− x, (1)

â êîòîðîì ïåðåìåííàÿ x(t) îïðåäåëÿåò ñäâèã ôàçû ýëåêòðè÷åñêîãî ïîëÿ â íåëèíåéíîé

ñðåäå êîëüöåâîãî ðåçîíàòîðà, τ � âðåìÿ ðàñïðîñòðàíåíèÿ ñâåòà â êîëüöåâîì ðåçîíà-

òîðå, 0 ≤ c < 2π � ïîñòîÿííûé ôàçîâûé ñäâèã, µ > 0 � êîýôôèöèåíò, õàðàêòåðè-

çóþùèé èíòåíñèâíîñòü ëàçåðíîãî èçëó÷åíèÿ. Óðàâíåíèå (1), ïîëó÷èâøåå íàçâàíèå
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óðàâíåíèÿ Èêåäû, øèðîêî èñïîëüçóåòñÿ â íåëèíåéíîé îïòèêå äëÿ îáúÿñíåíèÿ íåëè-

íåéíûõ îïòè÷åñêèõ ýôôåêòîâ. Îíî èçó÷àëîñü â ðÿäå ðàáîò [17�21], â êîòîðûõ íà

îñíîâå ÷èñëåííîãî èíòåãðèðîâàíèÿ ïîêàçàíî ñóùåñòâîâàíèå ðàçíîîáðàçíûõ ïåðèîäè-

÷åñêèõ ðåøåíèé, à òàêæå ñëîæíûõ, â òîì ÷èñëå õàîòè÷åñêèõ êîëåáàíèé. Â ðàáîòå [21]

íà îñíîâå óðàâíåíèÿ Èêåäû ïðåäëîæåíà è èññëåäîâàíà ëèíèÿ ïåðåäà÷è èíôîðìàöèè

ñ èñïîëüçîâàíèåì õàîòè÷åñêîé íåñóùåé.

Óðàâíåíèå (1) â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ c è µ ìîæåò èìåòü áîëü-

øîå êîëè÷åñòâî ðàçëè÷íûõ óñòîé÷èâûõ è íåóñòîé÷èâûõ ñîñòîÿíèé ðàâíîâåñèÿ. Íåêî-

òîðûå ñîñòîÿíèÿ ðàâíîâåñèÿ ìîãóò âîçíèêàòü ïàðàìè - óñòîé÷èâîå è íåóñòîé÷èâîå.

Ïîòåðÿ ñîñòîÿíèåì ðàâíîâåñèÿ óñòîé÷èâîñòè ïðè èçìåíåíèè ïàðàìåòðîâ ïðèâîäèò ê

áèôóðêàöèè îïðåäåëåííîãî êîëè÷åñòâà (â çàâèñèìîñòè îò õàðàêòåðà èçìåíåíèÿ ïà-

ðàìåòðîâ) óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé, ò.å. èìååò ìåñòî áèôóðêàöèÿ ìóëü-

òèñòàáèëüíîñòè. Ïðè äàëüíåéøåì èçìåíåíèè áèôóðêàöèîííûõ ïàðàìåòðîâ êàæäîå

òàêîå ïåðèîäè÷åñêîå ðåøåíèå ÷åðåç ñåðèþ áèôóðêàöèé óäâîåíèÿ ïåðèîäà ïåðåõîäèò

â õàîòè÷åñêèé àòòðàêòîð. Â äèíàìèêå ðåøåíèé óðàâíåíèÿ íàáëþäàåòñÿ õàîòè÷åñêàÿ

ìóëüòèñòàáèëüíîñòü. Èçó÷åíèþ ýòèõ âîïðîñîâ è ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà. Â êà-

÷åñòâå ìåòîäà èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä ðàâíîìåðíîé íîðìàëèçàöèè, ïðåä-

ëîæåííûé â [26].

3.1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è, àíàëèç ñî-

ñòîÿíèé ðàâíîâåñèÿ

Â ðåàëüíûõ îïòè÷åñêèõ ñèñòåìàõ âðåìÿ çàïàçäûâàíèÿ τ ñóùåñòâåííî áîëüøå õà-

ðàêòåðíîãî âðåìåíè êîëåáàíèé ýëåêòðè÷åñêîãî ïîëÿ. Â ñâÿçè ñ ýòèì ïåðåéäåì â óðàâ-

íåíèè (1) ê áåçðàçìåðíîìó âðåìåíè t′ = t/τ (øòðèõ â äàëüíåéøåì îïóñòèì). Â ðå-

çóëüòàòå, ïîëîæèâ ε1 = τ−1 � 1, èìååì óðàâíåíèå

ε1ẋ(t) + x(t) = µ sin(x(t− 1)− c). (2)

Îïèøåì ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(c, µ) óðàâíåíèÿ (2), êîòîðûå îïðåäåëÿþòñÿ êîð-

íÿìè óðàâíåíèÿ

x = µ sin(x− c) (3)
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â çàâèñèìîñòè îò c è µ è èññëåäóåì èõ óñòîé÷èâîñòü. Óñòîé÷èâîñòü x∗(c, µ) îïðåäå-

ëÿåòñÿ, êàê ëåãêî çàìåòèòü, ðàñïîëîæåíèåì êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P (λ; ε1) = ε1λ+ 1− µ cos(x∗(µ, c)− c) exp(−λ) = 0. (4)

Ïðè |µ cos(x∗(µ, c) − c)| < 1 âñå êîðíè óðàâíåíèÿ (4) ëåæàò â ëåâîé îòêðûòîé

êîìïëåêñíîé ïîëóïëîñêîñòè. Â ýòîì ñëó÷àå ñîñòîÿíèå ðàâíîâåñèÿ x∗(c, µ) àñèìïòî-

òè÷åñêè óñòîé÷èâî. Ïðè |µ cos(x∗(µ, c) − c)| > 1 óðàâíåíèå (4) èìååò êîðíè, ïðèíàä-

ëåæàùèå ïðàâîé îòêðûòîé êîìïëåêñíîé ïîëóïëîñêîñòè, ò.å. ñîñòîÿíèå ðàâíîâåñèÿ

x∗(c, µ) íåóñòîé÷èâî [49]. Ïîãðàíè÷íûì ÿâëÿåòñÿ ñëó÷àé |µ cos(x0(µ, c)− c)| = 1. Ýòî

ðàâåíñòâî îïðåäåëÿåò â ïëîñêîñòè c, µ ìíîæåñòâî òî÷åê áèôóðêàöèè ïåðèîäè÷åñêèõ

ðåøåíèé èç ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(c, µ).

Óðàâíåíèå (3) èìååò åäèíñòâåííîå ðåøåíèå âèäà x∗(µ, c), limµ→0 x∗(µ, c) = 0 ïðè

0 < c < 2π. Ïðè ýòîì −π < x∗(µ, c) < 0, åñëè 0 < c < π, x∗(µ, π) ≡ 0, 0 < x∗(µ, c) < π,

åñëè π < c < 2π. Ïðè c = 0 óðàâíåíèå (3) èìååò ðåøåíèå x∗(µ, c) ≡ 0, à òàêæå ïðè

µ > 1 äâà ðåøåíèÿ ±x∗(µ, c), x∗(µ, c) > 0, limµ→1 x∗(µ, c) = 0.

Êðîìå òîãî, ïðè êàæäîì c ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü çíà÷åíèé 0 < µ1(c) ≤

µ2(c) ≤ ..., ïðè êîòîðûõ â óðàâíåíèè (3) ïîÿâëÿþòñÿ êðàòíûå êîðíè x−∗ (µk(c), c) =

x+
∗ (µk(c), c), µk(c) cos(x±∗ (µk(c), c)) = 1, êîòîðûì ïðè µ > µk(c) îòâå÷àþò ïàðíûå

(óñòîé÷èâîå è íåóñòîé÷èâîå) ñîñòîÿíèÿ ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c) óðàâíåíèÿ (2).

Ïðè äàëüíåéøåì óâåëè÷åíèè ïàðàìåòðà µ ñîñòîÿíèå ðàâíîâåñèÿ x−∗ (µ, c) òåðÿåò óñòîé-

÷èâîñòü ïðè íåêîòîðîì µ∗ è ïðè ýòîì µ∗ cos(x−∗ (µ∗, c)) = −1.

Íà ðèñ. 3.1 ïðèâåäåíû äèàãðàììû ñîñòîÿíèé ðàâíîâåñèÿ óðàâíåíèÿ (2) äëÿ ðàç-

íûõ çíà÷åíèé ïàðàìåòðà c è 0 ≤ µ ≤ 10. Íà äèàãðàììàõ óñòîé÷èâûå ñîñòîÿíèÿ

ðàâíîâåñèÿ îòìå÷åíû òîëñòîé ëèíèåé, íåóñòîé÷èâûå � òîíêîé. Ñîñòîÿíèÿ ðàâíîâå-

ñèÿ x∗(µ∗(c), c), òåðÿþùèå óñòîé÷èâîñòü ïðè óñëîâèè µ∗(c) cos(x∗(µ∗(c), c)) = 1 îòìå-

÷åíû òåìíûì êðóæî÷êîì, ïðè óñëîâèè µ∗(c) cos(x∗(µ∗(c), c)) = −1 � ñâåòëûì. Ïðè

äàëüíåéøåì óâåëè÷åíèè ïàðàìåòðà µ êàðòèíà ñîñòîÿíèé ðàâíîâåñèÿ óðàâíåíèÿ (2)

êà÷åñòâåííî íå ìåíÿåòñÿ � ïîÿâëÿþòñÿ íîâûå ïàðíûå (óñòîé÷èâîå è íåóñòîé÷èâîå)

ñîñòîÿíèÿ ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µk(c), c), ïåðâîå èç êîòîðûõ â äàëüíåéøåì òåðÿåò

óñòîé÷èâîñòü ïðè íåêîòîðîì µ∗ ïðè óñëîâèè µ∗ cos(x−∗ (µ∗, c)) = −1.

Èç ñêàçàííîãî ñëåäóåò, ÷òî â óðàâíåíèè (2) âîçìîæíû òðè âèäà ïîòåðè óñòîé÷èâî-

ñòè ñîñòîÿíèé ðàâíîâåñèÿ: êîãäà ñîñòîÿíèå ðàâíîâåñèÿ x∗(µ, c) òåðÿåò óñòîé÷èâîñòü

74



0 2 4 6 8 10
µ

10

5

0

5

10

x

c=0

0 2 4 6 8 10
µ

10

5

0

5

10

x

c=π/3

0 2 4 6 8 10
µ

10

5

0

5

10

x

c=2π/3

0 2 4 6 8 10
µ

10

5

0

5

10

x

c=π

0 2 4 6 8 10
µ

10

5

0

5

10

x

c=4π/3

0 2 4 6 8 10
µ

10

5

0

5

10

x

c=5π/3

Ðèñ. 3.1: Ñîñòîÿíèÿ ðàâíîâåñèÿ óðàâíåíèÿ (1) â çàâèñèìîñòè îò ïàðàìåòðà c
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ïðè íåêîòîðîì µ∗ ïðè óñëîâèè µ∗ cos(x−∗ (µ∗, c)) = −1 , ïðè c = 0 ñîñòîÿíèå ðàâíîâå-

ñèÿ x∗(µ, 0) ≡ 0 â òî÷êå µ∗ = 1 òåðÿåò óñòîé÷èâîñòü ïðè óñëîâèè µ∗ cos(x−∗ (µ∗, 0)) = 1

è â òî÷êå ïîÿâëåíèÿ êðàòíîãî êîðíÿ óðàâíåíèÿ (3) ïðè ðîæäåíèè ïàðíûõ ñîñòîÿíèé

ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c). Ðàññìîòðèì ýòè ñëó÷àè ïîäðîáíåå.

3.2 Áèôóðêàöèîííûé àíàëèç ïîòåðè óñòîé÷èâîñòè ñî-

ñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, c), limµ→0 x∗(µ, c) = 0, 0 <

c < 2π

3.2.1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è, àíàëèç óñòîé÷èâî-

ñòè ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, c)

Ðàññìîòðèì ïåðâûé ñëó÷àé. Âûïîëíèì â óðàâíåíèè (2) çàìåíó x(t) = x∗(µ, c)+y(t)

è ïðåäñòàâèì íåëèíåéíóþ ÷àñòü óðàâíåíèÿ (2) ðÿäîì Òåéëîðà, ñ÷èòàÿ µ â îêðåñòíî-

ñòè µ∗. Â ðåçóëüòàòå, â îêðåñòíîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, c) ïîâåäåíèå ðåøåíèé

óðàâíåíèÿ (2) áóäåò îïðåäåëÿòüñÿ ñëåäóþùèì óðàâíåíèåì

ε1ẏ(t) + y(t)− µ cos(x∗(µ, c)− c)y(t− 1) + f(y(t− 1)) = 0, (5)

â êîòîðîì f(y) = b2(µ, c)y2 + b3(µ, c)y3 + o(y3) àíàëèòè÷åñêàÿ â îêðåñòíîñòè y = 0

ôóíêöèÿ, ãäå

b2(µ, c) = x∗(µ, c)/2, b3(µ, c) = µ cos(x∗(µ, c)− c)/6. (6)

Óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ (5) îïðåäåëÿåòñÿ ïîâåäåíèåì ðåøåíèé åãî ëèíåé-

íîé ÷àñòè

ε1ẏ(t) + y(t)− µ cos(x∗(µ, c)− c)y(t− 1) = 0, (7)

êîòîðîå, â ñâîþ î÷åðåäü, îïðåäåëÿåòñÿ ðàñïîëîæåíèåì êîðíåé õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ

P (λ; ε1) = ε1λ+ 1− µ cos(x∗(µ, c)− c) exp(−λ) = 0 (8)

óðàâíåíèÿ (7).

Ïðè µ = µ∗(c) èìååì µ∗(c) cos(x∗(µ(c), c)− c) = −1. Ãðàôèê ôóíêöèè µ∗(c) ïðèâå-

äåí íà ðèñ. 3.2.
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Ðàññìîòðèì óðàâíåíèå

(µ∗(c) + µ) cos(x0(µ∗(c) + µ, c)− c) = −1− ε2, |ε2| � 1, (9)

Òàê êàê ((µ∗(c) + µ) cos(x0(µ∗(c) + µ, c) − c))µ|µ=0 = −(1 + µ∗(c)2)/(2µ∗(c)) 6= 0,

íàéäåì èç (9) µ = µ(ε2) è ïîäñòàâèì â (5). Â ðåçóëüòàòå èìååì

b2(ε2, c) = x0(µ∗(c) + µ(ε2), c)/2 = x0(ε2, c)/2, b3(ε2, c) = −(1 + ε2)/6, (10)

à õàðàêòåðèñòè÷åñêîå óðàâíåíèå (8) ïðèìåò âèä

P (λ; ε) = ε1λ+ 1 + (1 + ε2) exp(−λ) = 0. (11)

Òàêèì îáðàçîì ïîëó÷èëè, ÷òî óðàâíåíèå (5) ñâåëîñü ê óðàâíåíèþ âèäà (2.1).

Íà ðèñ. 3.3, 3.4 ïðèâåäåíû ãðàôèêè ñåìè óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé,

ïîëó÷åííûõ äëÿ çíà÷åíèé ïàðàìåòðîâ c = π/3, ψ = 1.55, ζ = 0.1.

Äâà äðóãèõ ñëó÷àÿ ïîòåðè óñòîé÷èâîñòè ñîñòîÿíèé ðàâíîâåñèÿ òðåáóþò áîëåå äå-

òàëüíîãî ðàññìîòðåíèÿ.
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Ðèñ. 3.3: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.55
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Ðèñ. 3.4: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.55
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3.3 Áèôóðêàöèîííûé àíàëèç ïîòåðè óñòîé÷èâîñòè ñî-

ñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, 0) ≡ 0 â ñëó÷àå c = 0

3.3.1 Àíàëèç óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, c) ≡ 0

Â ñëó÷àå c = 0 ïîòåðÿ óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ x∗(µ, 0) ≡ 0 ïðîèñõîäèò

â òî÷êå µ∗ = 1. Ïîëîæèì µ = 1+ε2, |ε2| << 1 è çàïèøåì óðàâíåíèå (2) â îêðåñòíîñòè

x∗(µ, 0) ≡ 0 â âèäå

ε1ẏ(t) + y(t)− (1 + ε2)y(t− 1) + f(y(t− 1); ε) = 0, (12)

ãäå f(y) = (1 + ε2)/6y3 + o(y3) àíàëèòè÷åñêàÿ ôóíêöèÿ.

Ëèíåéíàÿ ÷àñòü óðàâíåíèÿ (12) èìååò ñëåäóþùèé âèä

ε1ẏ(t) + y(t)− (1 + ε2)y(t− 1) = 0. (13)

Èçó÷èì ðàñïîëîæåíèå êîðíåé å¼ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P (λ; ε1) = ε1λ+ 1− (1 + ε2) exp(−λ) = 0, λ = γ + iδ. (14)

Óðàâíåíèå (14) èìååò îäèí âåùåñòâåííûé êîðåíü λ0(ε) = γ0(ε), êîòîðûé ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ

γ + ln(1 + ε1γ) = ln(1 + ε2), (15)

â îáëàñòè 1− ε−1
0 < γ, è îïðåäåëÿåòñÿ ôîðìóëîé

γ0(ε) = ln(1 + ε2) − ln (1 + ε1(ln(1 + ε2)− ln(1 + ε1(ln(1 + ε2)− . . . )))) (16)

Ðàññìîòðèì îáëàñòü Imλ > 0. Çàïèøåì óðàâíåíèå (14) â âèäå

eλ(ε1λ+ 1) = (1 + ε2),

÷òî ýêâèâàëåíòíî ïîñëåäîâàòåëüíîñòè óðàâíåíèé

eλ+ln (1+ε1λ) = eln (1+ε2)+iπk, k = 2, 4, . . . ,

çäåñü ln z = ln |z|+ i arg z (−π < arg z < π).
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Äëÿ îïðåäåëåíèÿ êîðíåé óðàâíåíèÿ (14) äîñòàòî÷íî ðàññìîòðåòü ïîñëåäîâàòåëü-

íîñòü óðàâíåíèé

λ+ ln (1 + ε1λ) = ln (1 + ε2) + iπk, k = 2, 4, . . . (17)

Êàæäîå èç ýòèõ óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé

λk(ε) = iπk + ln (1 + ε2) + λ1(iπk + ln (1 + ε2); ε1), (18)

ãäå ôóíêöèÿ λ1(w; ε1) îïðåäåëåíà â ï. 2. Äîêàçàòåëüñòâî ýòîãî ïî÷òè äîñëîâíî ïîâòî-

ðÿåò äîêàçàòåëüñòâî ðàçðåøèìîñòè óðàâíåíèÿ (2.13). Ìíîæåñòâî êîðíåé óðàâíåíèÿ

(14) ìîæíî çàïèñàòü â âèäå

λk(ε) = γk(ε)+i(πk+σk(ε)) = iπk+ln (1 + ε2)− ln (1 + ε1(iπk + ln (1 + ε2)))+O(|ε|2),

γk(ε) = ln (1 + ε2)− ln ((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)/2 +O(|ε|2),

σk(ε) = − arccos ((1 + ε1 ln (1 + ε2))/((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)1/2) +O(|ε|2), (19)

ãäå ðàâåíñòâà âûïîëíÿþòñÿ ðàâíîìåðíî îòíîñèòåëüíî k = 0,±2,±4, . . . è λ−k(ε) =

λ̄k(ε), λ0(ε) = γ0(ε).

Âîïðîñ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèÿ (13) ñâîäèòñÿ ê àíàëèçó ôóíêöèé γk(ε),

ÿâëÿþùèõñÿ àíàëèòè÷åñêèìè â òî÷êå ε = 0 è èìåþùèõ ðàäèóñ ñõîäèìîñòè ñîîòâåò-

ñòâóþùèõ ðÿäîâ rk = O(k−1). Ïðè ýòîì èìååì

γk(ε) = ε2 − ε2
1(πk)2/2− ε1ε2 − ε2

2/2 + o(|ε|3), k = 0, 2, 4, . . . , (20)

ò.å. ïðè ìàëûõ ε è âûïîëíåíèè íåðàâåíñòâà ε2 > ε2
1(πk)2/2 k-é êîðåíü õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ (14) èìååò ïîëîæèòåëüíóþ âåùåñòâåííóþ ÷àñòü.

3.3.2 Ïîñòðîåíèå íîðìàëüíîé ôîðìû

Ïîñòðîåíèå íîðìàëüíîé ôîðìû óðàâíåíèÿ (12) ïðîâîäèòñÿ ïî ñõåìå, èçëîæåííîé

â ãëàâå 2.

Îáîçíà÷èì ÷åðåç l2 ïðîñòðàíñòâî êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé âèäà z =

(z0, z2, z−2, z4, z−4, . . . ), z0 ∈ R, zk ∈ C, k = 2, 4, . . . , z−k = z̄k, ||z||2l2 =
∑∞

k=0 |zk|2 <

∞. ×åðåç l12 îáîçíà÷èì ïîäïðîñòðàíñòâî l2 êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé z =

(z0, z2, z−2, z4, z−4, . . . ) äëÿ êîòîðûõ ||z||2l12 =
∑∞

k=0 |λk(ε)|2|zk|2 <∞ è ||
∑∞

k=−∞ zkλk(ε)∗
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∗ek(s; ε)||C <∞. Â äàëüíåéøåì s(r0) = {z ∈ l2, ||z||l2 ≤ r0}, s1(r0) = {z ∈ l12, ||z||l12 ≤

r0}.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

żk = λk(ε)zk +
∑

(k1,k2,k3)∈Ω3
k

dk1k2k3(ε)zk1zk2zk3 (21)

â ïðîñòðàíñòâå l2 ñ îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè s1(r0), ãëàäêî çàâèñÿùåé îò

ε, â êîòîðîé Ω3
k = {(k1, k2, k3) : k1, k2, k3 = 0,±2,±4, . . . , k1 ≤ k2 ≤ k3, k1 +k2 +k3 = k},

dk1k2k3(s; ε)(s; ε) = (ε1 − (1 + ε2)(e−λk1k2k3 (ε) − e−λk(ε))/(λk1k2k3(ε)− λk(ε)))−1∗

∗ (1 + ε1 + λk(ε))fk1k2k3(ε).

fk1k2k3(ε) = −pk1k2k3(1 + ε2)ek1(−1; ε)ek2(−1; ε)ek3(−1; ε)/6, ek(s; ε) = eλk(ε)/(1 + ε1 +

λk(ε)), pk1k2k3 = 1, åñëè k1 = k2 = k3; pk1k2k3 = 3, åñëè k1 = k2 6= k3, ëèáî k1 = k3 6= k2,

ëèáî k2 = k3 6= k1; pk1k2k3 = 6, åñëè k1 6= k2 6= k3, íàçûâàåòñÿ íîðìàëüíîé ôîðìîé

óðàâíåíèÿ (12). Ïîñòðîåíèå ñèñòåìû óðàâíåíèé (21) ïðîâîäèòñÿ àíàëîãè÷íî ï.2.

3.3.3 Àíàëèç íîðìàëüíîé ôîðìû

Ïåðåéäåì â ñèñòåìå óðàâíåíèé (21) ê ïîëÿðíûì êîîðäèíàòàì â ïëîñêîñòÿõ (zk, z−k),

k = 2, 4, . . . , ïîëîæèâ zk = ρke
iτk (ρk ≥ 0,−∞ < τk <∞) è îáîçíà÷èì äëÿ åäèíîîáðà-

çèÿ z0 = ρ0. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

ρ̇k = γk(ε)ρk +Rk(ρ, τ ; ε), k = 0, 2, 4, . . . , (22)

τ̇k = πk + σk(ε) + Tk(ρ, τ ; ε), k = 2, 4, . . . , (23)

â êîòîðîé γk(ε) è σk(ε) îïðåäåëåíû â (19), ρ = (ρ0, ρ2, ρ4, . . . ), ρk ≥ 0,
∑∞

k=0 k
2ρ2
k <

∞, τ = (τ2, τ4, . . . ), ôóíêöèîíàëû Rk(·), Tk(·) ãëàäêî çàâèñÿò îò âõîäÿùèõ ïåðåìåííûõ

è ïàðàìåòðîâ, 2π-ïåðèîäè÷åñêèå ïî τj.

Ñòðóêòóðà ñèñòåìû (22)-(23) ïîçâîëÿåò ââåñòè îäíó �áûñòðóþ� ïåðåìåííóþ è

ñ÷åòíîå ÷èñëî �ìåäëåííûõ� ïåðåìåííûõ. Êàê ýòî ñäåëàòü ïîêàæåì ñíà÷àëà íà ïðè-

ìåðå �óñå÷åííîé� ñèñòåìû. Ðàññìîòðèì íîðìàëüíóþ ôîðìó (21), â êîòîðîé ïîëîæèì

zk = 0, k = ±6,±8, . . . Â ðåçóëüòàòå èìååì ñèñòåìó óðàâíåíèé

ż0 = λ0(ε)z0+d000(ε)z3
0+d−202(ε)z−2z0z2+d−404(ε)z−4z0z4+d−2−24(ε)z2

−2z4+d−422(ε)z−4z
2
2 ,

(24)
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ż2 = λ2(ε)z2 + d−222(ε)z−2z
2
2 + d−424(ε)z−4z2z4 + d−204(ε)z−2z0z4 + d002(ε)z2

0z2, (25)

ż4 = λ4(ε)z4 + d−444(ε)z−4z
2
4 + d−224(ε)z−2z2z4 + d004(ε)z2

0z4 + d022(ε)z0z
2
2 . (26)

Óðàâíåíèÿ äëÿ z−2, z−4 ïîëó÷àþòñÿ ñîïðÿæåíèåì (25)-(26) ñ ó÷åòîì ðàâåíñòâ λ̄k(ε) =

λ−k(ε), z̄k(ε) = z−k(ε). Îáîçíà÷èâ d∗(ε) = a∗(ε)+ib∗(ε), A∗(ε) = |d∗(ε)|, β∗(ε) = argd∗(ε),

ïåðåéäåì ê ïåðåìåííûì ρ0, ρ2, ρ4, τ1, τ2. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

ρ̇0 = (γ0(ε)+a−202(ε)ρ2
2 +a−404(ε)ρ2

4)ρ0 +a000ρ
3 +A−2−24(ε)(cos(−2τ2 +τ4 +β−2−24(ε))+

+ cos(2τ2 − τ4 − β−2−24(ε)))ρ2
2ρ4, (27)

ρ̇2 = (γ2(ε)+a−222(ε)ρ2
2+a−424(ε)ρ2

4)ρ2+a002ρ
2
0ρ2+A−204(ε) cos(−2τ2+τ4+β−204(ε))ρ0ρ2ρ4,

(28)

ρ̇4 = (γ4(ε)+a−224(ε)ρ2
2+a−444(ε)ρ2

4)ρ4+a004ρ
2
0ρ4+A022(ε) cos(2τ2−τ4+β022(ε))ρ0ρ

2
2, (29)

τ̇2 = 2π+σ2(ε) + b−222(ε)ρ2
2 + a−424(ε)ρ2

4 + b002ρ
2
0 +A−204(ε) sin(−2τ2 + τ4 +β−204(ε))ρ0ρ4,

(30)

τ̇4 = 4π + σ4(ε) + b−224(ε)ρ2
2 + b−444(ε)ρ2

4 + b004ρ
2 +A022(ε) sin(2τ2 − τ4 + β022(ε))ρ0ρ

2
2/ρ4.

(31)

Ïåðåéäåì â (27)-(31) ê ïåðåìåííûì ρ0, ρ2, ρ4, θ2 = −2τ2 + τ4 è τ = τ2. Â ðåçóëüòàòå

ïîëó÷èì ñèñòåìó óðàâíåíèé

ρ̇0 = (γ0(ε)+a−202(ε)ρ2
2+a−404(ε)ρ2

4)ρ0+a000ρ
3
0+A−2−24(ε)(cos(−θ2+β−2−24(ε))+cos(θ2))∗

∗ ρ2
2ρ4, (32)

ρ̇2 = (γ2(ε)+a−222(ε)ρ2
2+a−424(ε)ρ2

4)ρ2+a002ρ
2
0ρ2+A−204(ε) cos(θ2+β−204(ε))ρ0ρ2ρ4, (33)

ρ̇4 = (γ4(ε) + a−224(ε)ρ2
2 + a−444(ε)ρ2

4)ρ4 + a004ρ
2
0ρ4 +A022(ε) cos(−θ2 + β022(ε))ρ0ρ

2
2 (34)

θ̇2 = δ2(ε)−2(b−222(ε)ρ2
2+a−424(ε)ρ2

4+b002ρ
2
0+A−204(ε) sin(θ2+β−204(ε))xρ4)+b−224(ε)ρ2

2+

+b −444(ε)ρ2
4 + b004ρ

2
0 + A022(ε) sin(−θ2 + β022(ε))ρ0ρ

2
2/ρ4, (35)

�ìåäëåííûõ� ïåðåìåííûõ, ãäå δ2(ε) = −2σ2(ε) + σ4(ε), è óðàâíåíèå �áûñòðîé� ïåðå-

ìåííîé

τ̇ = 2π+σ2(ε) + b−222(ε)ρ2
2 + a−424(ε)ρ2

4 + b002xρ
2
0 +A−204(ε) cos(θ2 +β−204(ε))ρ0ρ4. (36)
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Çàìåòèì, ÷òî ïðàâàÿ ÷àñòü (32)-(35) íå çàâèñèò îò τ .

Ïóñòü òåïåðü â (21) âñå zk(t) 6= 0. Ââåñòè ïåðåìåííûå θk ìîæíî íå åäèíñòâåí-

íûì ñïîñîáîì, îäíàêî îíè âñå ñâÿçàíû ìåæäó ñîáîé ëèíåéíûìè ñîîòíîøåíèÿìè. Â

êà÷åñòâå îäíîãî èç âîçìîæíûõ ñïîñîáîâ ââåäåíèå θk ìîæåò áûòü ïðåäëîæåí ñëåäó-

þùèé. Â êà÷åñòâå �áûñòðîé� ïåðåìåííîé áåðåì τ2 è ðàññìàòðèâàåì �óñå÷åííûå� êî-

íå÷íîìåðíûå ñèñòåìû ïîñëåäîâàòåëüíî ïîëàãàÿ â (21) zk = 0, k = ±6,±8, . . . , çàòåì

k = ±8,±10, . . . è ò.ä. Ïåðâûé ñëó÷àé ðàññìîòðåí âûøå. Âî âòîðîì ñëó÷àå ê ñèñòåìå

(32)-(35) äîáàâëÿþòñÿ äâà íîâûõ óðàâíåíèÿ äëÿ ïåðåìåííûõ z6 è z−6. Ïðè ýòîì â

ïðàâîé ÷àñòè óðàâíåíèÿ äëÿ ρ0 ïîÿâëÿþòñÿ ðåçîíàíñíûå ìîíîìû z−6z4z2 è z6z−4z−2,

â ïðàâîé ÷àñòè óðàâíåíèÿ äëÿ z2 ïîÿâëÿþòñÿ ðåçîíàíñíûå ìîíîìû z6z−2z−2, z−6z4z4,

z−4z0z6. Â êà÷åñòâå íîâîé �ìåäëåííîé� ïåðåìåííîé θ4 áåðåì âûðàæåíèå τ6 − τ4 − τ2.

Îñòàëüíûå çàâèñèìîñòè îò τ2, τ4, τ6 ÿâëÿþòñÿ ëèíåéíîé êîìáèíàöèåé θ2, θ4. Â ðåçóëü-

òàòå èìååì äâå äîïîëíèòåëüíûå �ìåäëåííûå� ïåðåìåííûå ρ6, θ4. Ñèñòåìà óðàâíåíèé

äëÿ ρ0, ρ2, ρ4, ρ6, θ2, θ4 áóäåò èìåòü âèä, àíàëîãè÷íûé (32)-(35), ïðàâàÿ ÷àñòü êîòîðîé

òàêæå íå áóäåò çàâèñåòü îò τ . Â ïðàâîé ÷àñòè óðàâíåíèÿ (36) äëÿ τ ïîÿâÿòñÿ íîâûå

ñëàãàåìûå, çàâèñÿùèå îò ρ6, θ4. Ïðè ðàññìîòðåíèè ñëåäóþùåé �óñå÷åííîé� ñèñòåìû

â ïðàâîé ÷àñòè óðàâíåíèÿ äëÿ ρ0 ïîÿâÿòñÿ ðåçîíàíñíûå ìîíîìû z−8z2z6, z8z−2z−6,

z−8z4z4 è z−4z−4z8, à ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíàòàì ñëàãàåìûå, çàâèñÿùèå

îò âûðàæåíèé τ8 − τ6 − τ2 = θ6. Èìååì äâå íîâûå �ìåäëåííûå� ïåðåìåííûå ρ8, θ6. Â

îáùåì ñëó÷àå íà î÷åðåäíîì øàãå äîáàâëÿþòñÿ äâå íîâûå �ìåäëåííûå� ïåðåìåííûå

ρk0 , θk0−2 = τk0 − τk0−2 − τ2. Ïðîäîëæàÿ ýòîò ïðîöåññ îñóùåñòâèì ïåðåõîä ê �ìåäëåí-

íûì� ïåðåìåííûì ρ = (ρ0, ρ2, ρ4, . . . ), θ = (θ2, θ4, . . . ) è �áûñòðîé� τ , à ñîîòâåòñòâóþ-

ùàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ èõ îïðåäåëåíèÿ áóäåò èìåòü âèä

ρ̇k = γk(ε)ρk +Rk(ρ, θ; ε), k = 0, 2, 4, . . . , (37)

θ̇k = δk(ε) + Θk(ρ, θ; ε), k = 2, 4, . . . , (38)

τ̇ = 2π + σ1(ε) + T (ρ, θ; ε), (39)

â êîòîðîé ôóíêöèîíàëû Rk(·), Θk(·), T (·) − 2π− ïåðèîäè÷åñêèå ïî θk, îñòàëüíûå

èõ ñâîéñòâà è ôóíêöèè δk(ε)(δk(0) = 0) îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíêöèé è ôóíê-

öèîíàëîâ, âõîäÿùèõ â (22)-(23). Îñîáî îòìåòèì, ÷òî ïðàâàÿ ÷àñòü (39) íå çàâèñèò îò

ïåðåìåííîé τ .
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Ôàçîâûì ïðîñòðàíñòâîì ñèñòåìû óðàâíåíèé (37)-(39) áóäåò ïðîèçâåäåíèå ïðî-

ñòðàíñòâ l2 ⊗ c = E ⊗ R1, çäåñü l2 = {ρ = (ρ0, ρ2, ρ4, . . . )}, ρk ≥ 0, k = 2, 4, . . . , ||ρ||2l2 =∑∞
k=0 ρ

2
k < ∞, c = {θ = (θ2, θ4, . . . )}, ||θ||c = supk |θk| < ∞. Îáëàñòüþ îïðåäåëåíèÿ

ïðàâîé ÷àñòè (37)-(39) ÿâëÿåòñÿ ïðîèçâåäåíèå ïðîñòðàíñòâ l12 ⊗ c0 = E1
0 ⊗ R, çäåñü

l12 = {ρ ∈ l2, ||ρ||2l12 =
∑∞

k=2 k
2ρ2
k <∞}, c0 = {θ = (θ2, θ4, . . . ) ∈ c, 0 ≤ θk < 2π}.

Ââåäåì â îáëàñòè {(ε1, ε2), ε1 > 0, |ε| < ε0} ïåðåìåííûå ζ ≥ 0 è π/2 < ψ < π/2,

ïîëîæèâ

ζ = (ε2
1 + |ε2|)1/2, ε1 = ζ cosψ, ε2 = ζ2 sin2 ψsignψ. (40)

Ïîäñòàâèì (40) â (37)-(39) è íîðìèðóåì ρk → ζρk, t → t/ζ2. Â ðåçóëüòàòå ïîëó÷èì

ñèñòåìó óðàâíåíèé

ρ̇k = γ∗k(ψ, ζ)ρk +Rk(ρ, θ; ψ, ζ)(Rk(ρ, θ; ψ, 0) ≡ Rk(ρ, θ)), k = 0, 2, . . . , (41)

θ̇k = δ∗k(ψ, ζ) + Θk(ρ, θ; ψ, ζ), (Θk(ρ, θ; ψ, 0) ≡ Θk(ρ, θ)) k = 2, 4, . . . , (42)

ãäå γ∗k(ψ, ζ) = γk(ψ, ζ)/ζ2, δ∗k(ψ, ζ) = δk(ψ, ζ)/ζ2 ñîãëàñíî (18)-(19) íåïðåðûâíûå ôóíê-

öèè π/2 ≤ ψ ≤ −π/2, 0 ≤ ζ ≤ ζ0. Ïðè ýòîì

γ∗k(ψ, 0) = γk(ψ) = sin2 ψsignψ − π2k2 cos2 ψ/2, δ∗k(ψ, 0) = 0. (43)

Â (41)-(42) ñâîéñòâà ôóíêöèé è ôóíêöèîíàëîâ îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíêöèé è

ôóíêöèîíàëîâ ñèñòåìû (37)-(39).

Ðàññìîòðèì ãëàâíóþ ÷àñòü ñèñòåìû óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ (41)- (42)

ρ̇k = γ∗k(ψ)ρk +Rk(ρ, θ), k = 0, 2, . . . (44)

θ̇k = Θk(ρ, θ), k = 2, 4, . . . , (45)

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðîì ψ ñèñòåìà óðàâíåíèé (44)-(45) èìååò ýêñïîíåí-

öèàëüíî óñòîé÷èâîå èëè íåóñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ (ρ∗(ψ), θ∗(ψ)) ∈ E1
0 . Â

ïîñëåäíåì ñëó÷àå m õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé (ñ ó÷åòîì êðàòíîñòåé) ëèíå-

àðèçîâàííîé íà (ρ∗(ψ), θ∗(ψ)) ñèñòåìû óðàâíåíèé ïîëîæèòåëüíû. Òîãäà ñóùåñòâó-

åò òàêîå ζ0 > 0, ÷òî ïðè 0 < ζ < ζ0 óðàâíåíèå (12) ñ ó÷åòîì âûðàæåíèé (40) èìååò

ïåðèîäè÷åñêîå ðåøåíèå òîãî æå õàðàêòåðà óñòîé÷èâîñòè. Ïðè ýòîì ðàçìåðíîñòü
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íåóñòîé÷èâîãî ìíîãîîáðàçèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ ðàâíà m. Äëÿ ïåðèîäè÷åñêîãî

ðåøåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

y∗(τ ;ψ, ζ) = ζ(ρ∗0(ψ) + 2
∞∑
k=1

ρ∗2k(τ, ψ) cos (kτ +
2k−2∑
j=1

θ∗2j(ψ)) + O(ζ3), (46)

τ̇ = 2π − ζ cosψ + ζ2 cosψ2 +O(ζ3). (47)

3.3.4 Ðåçóëüòàòû ÷èñëåííîãî àíàëèçà íîðìàëüíîé ôîðìû

Ïðèâåäåì ðåçóëüòàòû ÷èñëåííîãî àíàëèçà íîðìàëüíîé ôîðìû (21). Íà ðèñ. 3.5

ïðèâåäåíà êàðòèíà D-ðàçáèåíèé ïëîñêîñòè ïàðàìåòðîâ (ε1, ε1), îïðåäåëåííàÿ â ñîîò-

âåòñòâèè ñ (20). Íà íåé èçîáðàæåíû êðèâûå, íà êîòîðûõ óðàâíåíèå (14) èìååò êîðíè,

ëåæàùèå íà ìíèìîé îñè, è îáëàñòè, ñîîòâåòñòâóþùèå îïðåäåëåííîìó ÷èñëó êîðíåé

óðàâíåíèÿ, ëåæàùèõ â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè.

0.01 0.02 0.03 0.04 0.05
ε1

0

0.01

0.02

ε 2

D3D5

D1

D0

D2

D4

D8

D10

Ðèñ. 3.5: Êàðòèíà D-ðàçáèåíèÿ îáëàñòè ïàðàìåòðîâ ε1, ε2 óðàâíåíèÿ Èêåäû äëÿ c = 0

Ïðè çíà÷åíèÿõ ïàðàìåòðîâ c = 0,ψ = 1.0 íàõîäèìñÿ â îáëàñòè D1, ñîîòâåòñòâóþ-

ùåé íàëè÷èþ îäíîãî êîðíÿ óðàâíåíèÿ (14) â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè. Äëÿ

ýòîãî ñëó÷àÿ áûëî íàéäåíî øåñòü óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé. Ýòè ðåøåíèÿ

ïðèâåäåíû íà ðèñ. 3.6, 3.7. Æèðíîé ëèíèåé èçîáðàæåíû ðåøåíèÿ, ïîñòðîåííûå ïî
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ôîðìóëàì (46)-(47), òîíêîé ëèíèåé èçîáðàæåíû ãðàôèêè òî÷íûõ ðåøåíèé, ïîëó÷åí-

íûå ÷èñëåííûì èíòåãðèðîâàíèåì óðàâíåíèÿ (12). Â êà÷åñòâå íà÷àëüíûõ çíà÷åíèé

ïðè èíòåãðèðîâàíèè óðàâíåíèÿ (12) âûáèðàëèñü ôóíêöèè, ïîëó÷åííûå ñîãëàñíî (46)-

(47).

Àíàëîãè÷íàÿ êàðòèíà ñîõðàíÿåòñÿ è äëÿ çíà÷åíèé ïàðàìåòðîâ èç îáëàñòè D3

(ðèñ. 3.8, 3.9).

Ïðè äàëüíåéøåì óâåëè÷åíèè ïàðàìåòðà ψ è ïåðåõîäå â îáëàñòü D5 âîçíèêàþò

íîâûå óñòîé÷èâûå ïåðèîäè÷åñêèå ðåøåíèÿ. Ðåøåíèÿ äëÿ çíà÷åíèé ïàðàìåòðîâ ψ =

1.49, ψ = 1.51, ψ = 1.55 ïðèâåäåíû íà ðèñ. 3.10, 3.11, 3.12, 3.13, 3.14, 3.15. Òàêèì

îáðàçîì, â ïîâåäåíèè ðåøåíèé óðàâíåíèÿ (12) íàáëþäàåòñÿ ìóëüòèñòàáèëüíîñòü.

Çàôèêñèðóåì çíà÷åíèå ïàðàìåòðà ψ = 1.51 è áóäåì óâåëè÷èâàòü ζ. Ýòîìó ñëó-

÷àþ áóäåò ñîîòâåòñòâîâàòü òî÷å÷íàÿ ëèíèÿ íà ðèñ. 3.5. Ïðè óâåëè÷åíèè çíà÷åíèÿ

ïàðàìåòðà ζ ïðîèçîéäåò ïåðåõîä îò ïåðèîäè÷åñêèõ êîëåáàíèé ê áîëåå ñëîæíûì, â

äàëüíåéøåì - õàîòè÷åñêèì. Ýòîò ïåðåõîä äëÿ îäíîãî ðåøåíèÿ óðàâíåíèÿ (12) ïðèâå-

äåí íà ðèñ. 3.16.

3.4 Áèôóðêàöèîííûé àíàëèç ïîâåäåíèÿ ðåøåíèé óðàâ-

íåíèÿ Èêåäû ïðè ðîæäåíèè ïàðíûõ ñîñòîÿíèé

ðàâíîâåñèÿ x−∗ (µ, c) è x+
∗ (µ, c)

3.4.1 Àíàëèç óñòîé÷èâîñòè ñîñòîÿíèé ðàâíîâåñèÿ x−∗ (µ, c) è x+∗ (µ, c)

Ðàññìîòðèì ñëó÷àé ðîæäåíèÿ ïàðíûõ ñîñòîÿíèé ðàâíîâåñèÿ äëÿ îïðåäåëåííîñòè

â ñëó÷àå c = π/3. Â ýòîì ñëó÷àå ïðè µ1(π/3) = µ∗ ≈ 2.4, x∗ ≈ 2.2 ïîÿâëÿþòñÿ êðàòíûå

êîðíè x−∗ (µ∗, π/3) = x+
∗ (µ∗, π/3) = 2.2, µ1(c) cos(x±∗ (µ∗, π/3)) = 1. Ýòèì êîðíÿì ïðè

µ > µ1(c) îòâå÷àþò ïàðíûå ñîñòîÿíèÿ ðàâíîâåñèÿ x−∗ (µ, π/3) è x+
∗ (µ, π/3) óðàâíåíèÿ

(2).

Èçó÷èì ïîâåäåíèå ðåøåíèé óðàâíåíèÿ (2) â îêðåñòíîñòè ñîñòîÿíèé ðàâíîâåñèÿ

x−∗ (µ, π/3) è .x+
∗ (µ, π/3). Äëÿ ýòîãî ïðåäñòàâèì x∗(µ) â âèäå ôîðìàëüíîãî ðÿäà ïî

ñòåïåíÿì µ

x∗(µ) = x∗ + µ1/2x1 + µx2 + µ3/2x3 + . . . (48)

87



0.0 0.5 1.0 1.5 2.0
0.30

0.32

0.34

0.36

0.38

0.30 0.32 0.34 0.36 0.38
0.30

0.32

0.34

0.36

0.38

0.0 0.5 1.0 1.5 2.00.15

0.20

0.25

0.30

0.35

0.40

0.15 0.20 0.25 0.30 0.35 0.400.15

0.20

0.25

0.30

0.35

0.40

0.0 0.5 1.0 1.5 2.0

0.39

0.36

0.33

0.30

0.27

0.39 0.36 0.33 0.30 0.27

0.39

0.36

0.33

0.30

0.27

0.0 0.5 1.0 1.5 2.0

0.38

0.34

0.30

0.26

0.22

0.38 0.34 0.30 0.26 0.22

0.38

0.34

0.30

0.26

0.22

Ðèñ. 3.6: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè èõ ôàçîâûõ ïîðòðå-

òîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.0
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Ðèñ. 3.7: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.0
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Ðèñ. 3.8: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.4
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Ðèñ. 3.9: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è èõ ïðîåêöèè èõ ôàçîâûõ ïîðò-

ðåòîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.4
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Ðèñ. 3.10: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.49
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Ðèñ. 3.11: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè èõ ôàçîâûõ ïîðò-

ðåòîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.49
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Ðèñ. 3.12: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.51
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Ðèñ. 3.13: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè èõ ôàçîâûõ ïîðò-

ðåòîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.51
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Ðèñ. 3.14: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè ôàçîâûõ ïîðòðåòîâ

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.55
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Ðèñ. 3.15: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè èõ ôàçîâûõ ïîðò-

ðåòîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.55
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Ðèñ. 3.16: Ïðîåêöèè ôàçîâûõ ïîðòðåòîâ ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ Èêåäû

íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.2, 0.8, 1.0, 1.2, ψ = 1.51

è ïîëîæèì µ = µ∗(1 + µ). Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ µ,

ïîëó÷àåì ñëåäóþùèå ôîðìóëû äëÿ ñîñòîÿíèé ðàâíîâåñèÿ

x±∗ (µ, π/3) = x∗ ± µ1/2 + µ
1

3x∗
∓ µ3/2

√
2

2
(1 +

1

9x2
∗
) +O(µ2) (49)

è ñëåäóþùåå âåðíîå ðàâåíñòâî

µ∗(1 + µ) cos (x±∗ (µ)− π/3) = 1∓ x∗
√

2µ1/2 + . . . (50)

Âûïîëíèì â óðàâíåíèè (2) çàìåíó x(t) = x−∗ (µ, π/3) + y(t), ïðåäñòàâèì íåëèíåé-

íóþ ÷àñòü óðàâíåíèÿ (2) ðÿäîì Òåéëîðà è ó÷èòûâàÿ (49), (50) ïîëó÷èì ñëåäóþùåå

óðàâíåíèå

ε1ẏ(t)+y(t)−(1+x∗
√

2µ1/2+. . . )y(t−1)+1/2x∗y
2(t−1)+1/6(1+x∗

√
2µ1/2+. . . )y3(t−1)+. . .

(51)

Ïîëîæèì ε2 = x∗
√

2µ1/2. Óðàâíåíèå (51) ïðèìåò âèä

ε1ẏ(t) + y(t)− (1 + ε2)y(t− 1) + 1/2x∗y
2(t− 1) + 1/6(1 + ε2)y3(t− 1) + . . . (52)

Ëèíåéíàÿ ÷àñòü óðàâíåíèÿ (52) èìååò ñëåäóþùèé âèä

ε1ẏ(t) + y(t)− (1 + ε2)y(t− 1) = 0, (53)
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à êîðíè å¼ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ñëåäóþùåé ôîðìóëîé

λk(ε) = γk(ε)+i(πk+σk(ε)) = iπk+ln (1 + ε2)− ln (1 + ε1(iπk + ln (1 + ε2)))+O(|ε|2),

γk(ε) = ln (1 + ε2)− ln ((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)/2 +O(|ε|2),

σk(ε) = − arccos ((1 + ε1 ln (1 + ε2))/((1 + ε1 ln (1 + ε2))2 + ε2
1π

2k2)1/2) +O(|ε|2),

k = 0,±2,±4, . . . . (54)

3.4.2 Ïîñòðîåíèå íîðìàëüíîé ôîðìû

Ïîñòðîåíèå íîðìàëüíîé ôîðìû óðàâíåíèÿ (52) ïðîâîäèòñÿ ïî ñõåìå, èçëîæåííîé

â ãëàâå 2.

Îáîçíà÷èì ÷åðåç l2 ïðîñòðàíñòâî êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé âèäà z =

(z0, z2, z−2, z4, z−4, . . . ), zk ∈ C, z−k = z̄k, ||z||2l2 =
∑∞

k=0 |zk|2 < ∞. ×åðåç l12 îáîçíà÷èì

ïîäïðîñòðàíñòâî l2 êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé z = (z0, z2, z−2, z4, z−4, . . . ) äëÿ

êîòîðûõ ||z||2
l12

=
∑∞

k=0 |λk(ε)|2|zk|2 <∞ è ||
∑∞

k=−∞ zkλk(ε)ek(s; ε)||C <∞. Â äàëüíåé-

øåì s(r0) = {z ∈ l2, ||z||l2 ≤ r0}, s1(r0) = {z ∈ l12, ||z||l12 ≤ r0}.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

żk = λk(ε)zk +
∑

(k1,k2)∈Ω2
k

dk1k2(ε)zk1zk2 (55)

â ïðîñòðàíñòâå l2 ñ îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè s1(r0), ãëàäêî çàâèñÿùåé îò

ε, â êîòîðîé Ω2
k = {(k1, k2) : kj = 0,±2, ±4, . . . , k = k1 + k2}, íàçûâàåòñÿ íîðìàëüíîé

ôîðìîé óðàâíåíèÿ (52).

Ôóíêöèè dk1k2k3(s; ε) èìåþò ñëåäóþùèé âèä

dk1k2(s; ε) = (ε1 − (1 + ε2)(e−λk1k2 (ε) − e−λk(ε)/(−λk1k2(ε) + λk(ε)))
−1(1 + ε1 + ελk(ε))∗

∗ (−1

2
)p, p = 1, 2, (56)

λk1k2(ε) = λk1(ε) + λk2(ε).

3.4.3 Àíàëèç íîðìàëüíîé ôîðìû

Ïåðåéäåì â ñèñòåìå óðàâíåíèé (55) ê ïîëÿðíûì êîîðäèíàòàì, ïîëîæèâ z0 =

ρ0, zk = ζ2ρke
iτkx−1

∗ (ρk ≥ 0,−∞ < τk < ∞). Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâ-
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íåíèé âèäà

ρ̇k = γk(ε)ρk +Rk(ρ, τ ; ε), k = 0, 2, 4, . . . (57)

τ̇k = πk + σk(ε) + ζ2Tk(ρ, τ ; ε), k = 2, 4, . . . , (58)

â êîòîðîé γk(ε) è σk(ε) îïðåäåëåíû â (54), ρ = (ρ0, ρ2, . . . ), ρ0 ∈ R, ρk ≥ 0,
∑∞

k=0 k
2ρ2
k <

∞, τ = (τ2, τ4, . . . ), ôóíêöèîíàëû Rk(·), Tk(·) ãëàäêî çàâèñÿò îò âõîäÿùèõ ïåðåìåííûõ

è ïàðàìåòðîâ, 2π-ïåðèîäè÷åñêèå ïî τj.

Ðàññìîòðèì íîðìàëüíóþ ôîðìó (55), â êîòîðîé ïîëîæèì zk = 0, k = ±6,±8, . . .

Â ðåçóëüòàòå èìååì ñèñòåìó óðàâíåíèé

ż0 = λ0(ε)z0 + d00(ε)z2
0 + d−22(ε)z−2z2 + d−44(ε)z−4z4, (59)

ż2 = λ2(ε)z2 + d02(ε)z0z2 + d−24(ε)z−2z4, (60)

ż4 = λ4(ε)z4 + d04(ε)z0z4 + d22(ε)z2
2 . (61)

Óðàâíåíèÿ äëÿ z−2, z−4 ïîëó÷àþòñÿ ñîïðÿæåíèåì (60)-(61) ñ ó÷åòîì ðàâåíñòâ λ̄k(ε) =

λ−k(ε), z̄k(ε) = z−k(ε). Îáîçíà÷èâ d∗(ε) = a∗(ε)+ib∗(ε), A∗(ε) = |d∗(ε)|, β∗(ε) = argd∗(ε),

ïåðåéäåì ê ïîëÿðíûì ïåðåìåííûì x, ρ2, ρ4, τ2, τ4. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâ-

íåíèé

ρ̇0 = γ0(ε)ρ0 + a00(ε)ρ2
0 + a−22(ε)ρ2

2 + a−44(ε)ρ2
4, (62)

ρ̇2 = γ2(ε)ρ2 + a02(ε)ρ0ρ2 + A−24(ε) cos(τ4 − 2τ2 + β−24(ε))ρ2ρ4, (63)

ρ̇4 = γ4(ε)ρ4 + a04(ε)ρ0ρ4 + A22(ε) cos(2τ2 − τ4 + β22(ε))ρ2
2, (64)

τ̇2 = 2π + σ2(ε) + b02(ε)x+ A−24(ε) sin(τ4 − 2τ2 + β−24(ε))ρ4, (65)

τ̇4 = 4π + σ4(ε) + b04(ε)ρ0 + A22(ε) sin(2τ2 − τ4 + β22(ε))ρ2
2/ρ4. (66)

Ïåðåéäåì â (62)-(66) ê ïåðåìåííûì ρ0, ρ2, ρ4, θ2 = τ4 − 2τ2 è τ = τ2. Â ðåçóëüòàòå

ïîëó÷èì ñèñòåìó óðàâíåíèé

ρ̇0 = γ0(ε)ρ0 + a00(ε)ρ2
0 + a−22(ε)ρ2

2 + a−44(ε)ρ2
4, (67)

ρ̇2 = γ2(ε)ρ2 + a02(ε)ρ0ρ2 + A−24(ε) cos(θ2 + β−24(ε))ρ2ρ4, (68)

ρ̇4 = γ4(ε)ρ4 + a04(ε)ρ0ρ4 + A22(ε) cos(−θ2 + β22(ε))ρ2
2, (69)
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θ̇2 = δ2(ε)+b04(ε)ρ0+A22(ε) sin(θ2+β22(ε))ρ2
2/ρ4−2(b02(ε)x+A−24(ε) sin(θ2+β−24(ε))ρ4),

(70)

�ìåäëåííûõ� ïåðåìåííûõ, ãäå δ2(ε) = σ4(ε)− 2σ2(ε), è óðàâíåíèå �áûñòðîé� ïåðåìåí-

íîé

τ̇ = 2π + σ2(ε) + b02(ε)x+ A−24(ε) sin(τ4 − 2τ2 + β−24(ε))ρ4. (71)

Ïîëîæèì òåïåðü â (55) âñå zk(t) 6= 0. Ïîêàæåì îäèí èç âîçìîæíûõ ñïîñîáîâ ââå-

ñòè ïåðåìåííûå θk. Ëþáîé äðóãîé ñïîñîá ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ââåäåííûõ

ïåðåìåííûõ. Â êà÷åñòâå �áûñòðîé� ïåðåìåííîé áåðåì τ2 . Ðàññìàòðèâàåì �óñå÷åííûå�

êîíå÷íîìåðíûå ñèñòåìû ïîñëåäîâàòåëüíî ïîëàãàÿ â (55) zk = 0, k = ±6,±8, . . . , çà-

òåì k = ±8,±10, . . . è ò.ä. Ïåðâûé ñëó÷àé ðàññìîòðåí âûøå. Âî âòîðîì ñëó÷àå ê

ñèñòåìå (67)-(70) äîáàâëÿþòñÿ äâà íîâûõ óðàâíåíèÿ äëÿ ïåðåìåííûõ z6 è z−6. Ïðè

ýòîì â ïðàâîé ÷àñòè óðàâíåíèÿ äëÿ ρ0 ðåçîíàíñíûõ ìîíîìîâ íå ïîÿâëÿåòñÿ, â ïðà-

âîé ÷àñòè óðàâíåíèÿ äëÿ z2 ïîÿâëÿåòñÿ ðåçîíàíñíûé ìîíîì z−4z6, à â ïðàâîé ÷àñòè

óðàâíåíèÿ äëÿ z6 - ìîíîì z2z4. Ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíàòàì ýòî ïðèâî-

äèò ê ïîÿâëåíèþ ñëàãàåìûõ, çàâèñÿùèõ îò âûðàæåíèé τ6 − τ4 − τ2, −τ6 + τ4 + τ2.

Â êà÷åñòâå íîâîé �ìåäëåííîé� ïåðåìåííîé θ4 áåðåì âûðàæåíèå τ6 − τ4 − τ2. Â ðå-

çóëüòàòå èìååì äâå äîïîëíèòåëüíûå �ìåäëåííûå� ïåðåìåííûå ρ6, θ4. Ñèñòåìà óðàâ-

íåíèé äëÿ x, ρ2, ρ4, ρ6, θ2, θ4 áóäåò èìåòü âèä, àíàëîãè÷íûé (67)-(70). Ïðè ðàññìîò-

ðåíèè ñëåäóþùåé �óñå÷åííîé� ñèñòåìû â ïðàâîé ÷àñòè óðàâíåíèÿ ïîÿâÿòñÿ ðåçî-

íàíñíûå ìîíîìû z−6z8, z−4z8, z−2z8 äëÿ ïðàâûõ ÷àñòåé äëÿ óðàâíåíèé z2, z4, z6

ñîîòâåòñòâåííî, à ïðè ïåðåõîäå ê ïîëÿðíûì êîîðäèíàòàì ñëàãàåìûå, çàâèñÿùèå îò

âûðàæåíèé τ8 − τ6 − τ2 = θ6. Èìååì äâå íîâûå �ìåäëåííûå� ïåðåìåííûå ρ8, θ6. Â

îáùåì ñëó÷àå íà î÷åðåäíîì øàãå äîáàâëÿþòñÿ äâå íîâûå �ìåäëåííûå� ïåðåìåííûå

ρk0 , θk0−2 = τk0 − τk0−2 − τ2. Ïðîäîëæàÿ ýòîò ïðîöåññ îñóùåñòâèì ïåðåõîä ê �ìåäëåí-

íûì� ïåðåìåííûì ρ = (ρ0, ρ2, . . . ), θ = (θ2, θ4, . . . ) è �áûñòðîé� τ , à ñîîòâåòñòâóþùàÿ

ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ èõ îïðåäåëåíèÿ áóäåò èìåòü âèä

ρ̇k = γk(ε)ρk +Rk(ρ, θ; ε), k = 0, 2, 4, . . . , (72)

θ̇k = δk(ε) + Θk(ρ, θ; ε), k = 2, 4, . . . , (73)

τ̇ = 2π + σ1(ε) + T (ρ, θ; ε), (74)
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â êîòîðîé ôóíêöèîíàëû Rk(·), Θk(·), T (·) − 2π− ïåðèîäè÷åñêèå ïî θk, îñòàëüíûå

èõ ñâîéñòâà è ôóíêöèè δk(ε)(δk(0) = 0) îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíêöèé è ôóíê-

öèîíàëîâ, âõîäÿùèõ â (67)-(70). Îñîáî îòìåòèì, ÷òî ïðàâàÿ ÷àñòü (74) íå çàâèñèò îò

ïåðåìåííîé τ .

Ôàçîâûì ïðîñòðàíñòâîì ñèñòåìû óðàâíåíèé (72)-(74) áóäåò ïðîèçâåäåíèå ïðî-

ñòðàíñòâ l2 ⊗ c × R, çäåñü l2 = {ρ = (x, ρ2, ρ4, . . . )}, ρk ≥ 0, ||ρ||2l2 = x +
∑∞

k=2 ρ
2
k <

∞, c = {θ = (θ2, θ4, . . . )}, ||θ||c = supk |θk| < ∞. Îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè

(72)-(74) ÿâëÿåòñÿ ïðîèçâåäåíèå ïðîñòðàíñòâ l12 ⊗ c0 × R, çäåñü l12 = {ρ ∈ l2, ||ρ||2l12 =∑∞
k=0 k

2ρ2
k <∞}, c0 = {θ = (θ2, θ4, . . . ) ∈ c, 0 ≤ θk < 2π}.

Ââåäåì â îáëàñòè {(ε1, ε2), ε1 > 0, |ε| < ε0} ïåðåìåííûå ζ ≥ 0 è π/2 < ψ < π/2,

ïîëîæèâ

ζ = (ε2
1 + |ε2|)1/2, ε1 = ζ cosψ, ε2 = ζ2 sin2 ψsignψ. (75)

Ïîäñòàâèì (75) â (72)-(74), íîðìèðîâàâ òàêæå ρk → ζ2ρk. Â ðåçóëüòàòå ïîëó÷èì

ñèñòåìó óðàâíåíèé

ρ̇k = γk(ψ, ζ)ρk + ζ2Rk(ρ, θ; ψ, ζ), k = 0, 2, 4, . . . , (76)

θ̇k = δk(ψ, ζ) + ζ2Θk(ρ, θ; ψ, ζ), k = 2, 4, . . . , (77)

τ̇ = π + σ1(ψ, ζ) + ζ2T (ρ, θ; ψ, ζ), (78)

â êîòîðîé ñâîéñòâà ôóíêöèé è ôóíêöèîíàëîâ îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíêöèé è

ôóíêöèîíàëîâ ñèñòåìû (72)-(74).

Íîðìèðóåì âðåìÿ t→ t/ζ2. Â ðåçóëüòàòå èìååì

ρ̇k = γ∗k(ψ, ζ)ρk +Rk(ρ, θ; ψ, ζ), (Rk(ρ, θ; ψ, 0) ≡ Rk(ρ, θ)), k = 0, 2, 4, . . . , (79)

θ̇k = δ∗k((ψ, ζ) + Θk(ρ, θ; ψ, ζ), (Θk(ρ, θ; ψ, 0) ≡ Θk(ρ, θ)), k = 2, 4, . . . , (80)

ãäå γ∗k(ψ, ζ) = γk(ψ, ζ)/ζ2, δ∗k(ψ, ζ) = δk(ψ, ζ)/ζ2 ñîãëàñíî (54) íåïðåðûâíûå ôóíêöèè

π/2 ≤ ψ ≤ −π/2, 0 ≤ ζ ≤ ζ0. Ïðè ýòîì

γ∗k(ψ, 0) = γk(ψ) = sin2 ψsignψ − π2k2 cos2 ψ/2, δ∗k(ψ, 0) = 0. (81)

Ðàññìîòðèì ãëàâíóþ ÷àñòü ñèñòåìû óðàâíåíèé �ìåäëåííûõ� ïåðåìåííûõ (79)- (80)

ρ̇k = γk(ψ)ρk +Rk(ρ, θ), k = 0, 2, 4, . . . , (82)

θ̇k = Θk(ρ, θ; ψ, ζ), (Θk(ρ, θ; ψ, 0) ≡ Θk(ρ, θ)), k = 2, 4, . . . , (83)
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Òåîðåìà 2. Ïóñòü ïðè íåêîòîðîì ψ ñèñòåìà óðàâíåíèé (82)-(83) èìååò ýêñïîíåí-

öèàëüíî óñòîé÷èâîå èëè íåóñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ (ρ∗(ψ), θ∗(ψ)) ∈ E1
0 . Â

ïîñëåäíåì ñëó÷àå m õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé (ñ ó÷åòîì êðàòíîñòåé) ëèíå-

àðèçîâàííîé íà (ρ∗(ψ), θ∗(ψ)) ñèñòåìû óðàâíåíèé ïîëîæèòåëüíû. Òîãäà ñóùåñòâó-

åò òàêîå ζ0 > 0, ÷òî ïðè 0 < ζ < ζ0 óðàâíåíèå (52) ñ ó÷åòîì âûðàæåíèé (81) èìååò

ïåðèîäè÷åñêîå ðåøåíèå òîãî æå õàðàêòåðà óñòîé÷èâîñòè. Ïðè ýòîì ðàçìåðíîñòü

íåóñòîé÷èâîãî ìíîãîîáðàçèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ ðàâíà m. Äëÿ ïåðèîäè÷åñêîãî

ðåøåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

y∗(τ ;ψ, ζ) = ζ2(ρ∗0(ψ) + 2
∞∑
k=1

ρ∗2k(τ, ψ) cos (kτ +
2k−2∑
j=1

θ∗2j(ψ)) + O(ζ3), (84)

τ̇ = 2π − ζ cosψ + ζ2 cosψ2 +O(ζ3). (85)

3.4.4 Ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ ïåðèîäè÷åñêèõ ðå-

øåíèé íîðìàëüíîé ôîðìû

Ïðèâåäåì ðåçóëüòàòû ÷èñëåííîãî àíàëèçà íîðìàëüíîé ôîðìû. Ïðè çíà÷åíèÿõ

ïàðàìåòðîâ ψ = 1.51, ζ = 0.1 óäàëîñü ïîñòðîèòü øåñòü óñòîé÷èâûõ ïåðèîäè÷åñêèõ

ðåøåíèé óðàâíåíèÿ (52) ïî ôîðìóëàì (84)-(85). Îíè ïðèâåäåíû íà ðèñ. 3.17, 3.18.

Íåîáõîäèìî îòìåòèòü, ÷òî îäíîâðåìåííî ñ êàæäûì èç óñòîé÷èâûõ ïåðèîäè÷åñêèõ

ðåøåíèé ðîæäàåòñÿ îäíî íåóñòîé÷èâîå ðåøåíèå. Ïðè óâåëè÷åíèè ïàðàìåòðà ζ íàé-

äåííûå ðåøåíèÿ òåðÿþò ñâîþ óñòîé÷èâîñòü.

3.5 Âûâîäû

Â äàííîé ãëàâå ðàññìàòðèâàëîñü óðàâíåíèå Èêåäû. Íàéäåíû ñîñòîÿíèÿ ðàâíîâå-

ñèÿ äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ, èññëåäîâàíà èõ óñòîé÷èâîñòü. Âûäåëåíû

òðè âèäà ïîòåðè óñòîé÷èâîñòè ñîñòîÿíèé ðàâíîâåñèÿ. Ñ ïîìîùüþ ìåòîäà ðàâíîìåð-

íîé íîðìàëèçàöèè ïîñòðîåíû ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû äëÿ ýòèõ

ñëó÷àåâ. Èçó÷åíû áèôóðêàöèè ïîëó÷åííûõ ðåøåíèé â çàâèñèìîñòè îò ïàðàìåòðîâ

óðàâíåíèÿ. Ïîêàçàíà âîçìîæíîñòü ÿâëåíèé ìóëüòèñòàáèëüíîñòè è õàîòè÷åñêîé ìóëü-

òèñòàáèëüíîñòè.
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Ðèñ. 3.17: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè èõ ôàçîâûõ ïîðò-

ðåòîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.51
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Ðèñ. 3.18: Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû è ïðîåêöèè èõ ôàçîâûõ ïîðò-

ðåòîâ íà ïëîñêîñòü (y(t), y(t− 1)) äëÿ ζ = 0.1, ψ = 1.51
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Çàêëþ÷åíèå

Â ïåðâîé ãëàâå ðàññìîòðåíî äèôôåðåíöèàëüíî - ðàçíîñòíîå óðàâíåíèå âòîðîãî

ïîðÿäêà, ñîäåðæàùåå íåëèíåéíûå çàïàçäûâàþùèå ñëàãàåìûå îò íåèçâåñòíîé ôóíê-

öèè è îò åå ïðîèçâîäíîé.

1. Ïðîâåäåí àíàëèç åãî ëèíåéíîé ÷àñòè è èçó÷åíî ðàñïîëîæåíèå êîðíåé õàðàêòå-

ðèñòè÷åñêîãî óðàâíåíèÿ ñ ïîìîùüþ ìåòîäà D - ðàçáèåíèé. Ïîêàçàíà âîçìîæ-

íîñòü ïîòåðè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ, ñâÿçàííàÿ ñ ïðîõîæäåíèåì ÷åðåç

ìíèìóþ îñü äâóõ ïàð ÷èñòî ìíèìûõ êîðíåé õàðàêòåðèñòè÷åñêîãî êâàçèïîëèíî-

ìà, íàõîäÿùèõñÿ â ðåçîíàíñíîì ñîîòíîøåíèè 1:3.

2. Èçó÷åíû áèôóðöèðóþùèå àâòîêîëåáàòåëüíûå ðåøåíèÿ â êðèòè÷åñêîì ñëó÷àå

âíóòðåííåãî ðåçîíàíñà 1:3. Íàéäåíû çíà÷åíèÿ ïàðàìåòðîâ, âáëèçè êîòîðûõ ìî-

ãóò áûòü íàéäåíû õàîòè÷åñêèå êîëåáàíèÿ. Äëÿ ïîëó÷åííîãî õàîòè÷åñêîãî àò-

òðàêòîðà âû÷èñëåíû ëÿïóíîâñêèå ïîêàçàòåëè è ëÿïóíîâñêàÿ ðàçìåðíîñòü.

Âî âòîðîé ãëàâå äëÿ óðàâíåíèÿ Ìýêêè - Ãëàññà èññëåäîâàíû ïåðèîäè÷åñêèå ðå-

øåíèÿ, áèôóðöèðóþùèå èç åäèíñòâåííîãî ïîëîæèòåëüíîãî ñîñòîÿíèÿ ðàâíîâåñèÿ ñ

ïîìîùüþ ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè ñèíãóëÿðíî âîçìóùåííûõ íåëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì.

1. Ïðîâåäåí àíàëèç óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ, äëÿ ýòîãî èçó÷åíî

ðàñïîëîæåíèå êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ëèíåéíîé ÷àñòè.

2. Ïîñòðîåíà íîðìàëüíàÿ ôîðìà - ñ÷åòíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé, ñîäåðæàùèõ óðàâíåíèÿ äëÿ �áûñòðûõ� è �ìåäëåííûõ� ïåðå-

ìåííûõ. Ïðîâåäåí àíàëèç ñîñòîÿíèé ðàâíîâåñèÿ óðàâíåíèé �ìåäëåííûõ� ïåðå-

ìåííûõ è ïîñòðîåíû ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Ìýêêè - Ãëàññà. Èçó-
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÷åíû áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâ-

íåíèÿ è èõ óñòîé÷èâîñòü.

3. Ïîêàçàíà âîçìîæíîñòü ÿâëåíèÿ ìóëüòèñòàáèëüíîñòè - îäíîâðåìåííîé áèôóðêà-

öèè áîëüøîãî ÷èñëà óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèé è õàîòè÷åñêîé ìóëü-

òèñòàáèëüíîñòè - îäíîâðåìåííîãî ñîñóùåñòâîâàíèÿ íåñêîëüêèõ õàîòè÷åñêèõ àò-

òðàêòîðîâ.

Â òðåòüåé ãëàâå ðàññìîòðåíî óðàâíåíèå Èêåäû.

1. Èçó÷åíà äèíàìèêà ñîñòîÿíèé ðàâíîâåñèÿ â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíå-

íèÿ è èññëåäîâàíà èõ óñòîé÷èâîñòü. Âûäåëåíû òðè âèäà ïîòåðè óñòîé÷èâîñòè

ñîñòîÿíèé ðàâíîâåñèÿ.

2. C ïîìîùüþ ìåòîäà ðàâíîìåðíîé íîðìàëèçàöèè ñèíãóëÿðíî âîçìóùåííûõ íåëè-

íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì ïîñòðîå-

íû ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Èêåäû äëÿ ýòèõ ñëó÷àåâ è èçó÷åíû áè-

ôóðêàöèè ïîëó÷åííûõ ðåøåíèé â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ. Ïî-

êàçàíà âîçìîæíîñòü ìóëüòèñòàáèëüíîñòè è õàîòè÷åñêîé ìóëüòèñòàáèëüíîñòè.
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